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In M. Rabin’s fundamental paper [1] it was proved that there is no
algorythm to decide for every given finite presentation Il whether the group
Gp determined by that presentation is decomposable into

1° a nontrivial direct product, or into
2° a nontrivial free product, or else into

(e}

a free product of finite groups.

The result 3° (Theorem 2.11 in [1]) is the solution of the problem posed
originally by S. Kochen. One is of course immediately led to pose a number
of analogous problems concerning free products of Abelian, cychc free, torsion-
-free, solvable, simple etc. groups.

In [2] an efficient test was derived to characterize Markov properties of
finitely presentable (f.p.) groups (a property P is a Markov property if it is
algebraic and nontrivial, and if there exists a group K which cannot be em-
bedded into a group enjoying P). Making use of this test we are now in
position to resolve all of the above problems, augmenting thus the claim of
its applicability. Furthermore, some of the similar problems concerning deci-
dability of decomposability into a direct product can also be settled in
this way.

In the sequel, let K denote the class of all f.p. groups, and }/ the class
of all universal f.p. groups (i.e those f.p. groups that contain isomorphic copies
of all the fip. groups).

Lemma: There is no universal f.p. group U decomposable into a free
product of non-universal f.p. groups, i.e.
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Proofl Let G, and G, be. non—unwersal groups, and suppose groups H,
and H, fulfill :

1@ H,))(H/ <G, A\ H/=~H)
1Q &) (B, <G\ Hy=H)

(i.e. H,, H, are not embedable into G,, G, respectively).
Let further
G=G,*G,.

According to Kurosh’s theorem on the subgroups of a free producf {31, each
subgroup H of G is of the form

HoeF % H* G/

where F is a free group -and G, are groups conjugated in G to subgroups of
G, and G,. Thus, H is either a trivial (i.e. of order one) group or a free group
or else a free product of some subgroups of G,, G, and perhaps of F. Hence,
if H x H, is (isomorphic to) a subgroup of G, then H, x H, is a free group
or a free product of some groups. But these both are impossible. Indeed, a
free group is not decomposable into a nontrivial direct product; also, none of
the groups are simultaneously decomposable into a nontrivial direct and free
product (in [3], Theorem of Baer R. and Levi F.). So, group H,x H, is not
embeddable into G, and G is not a universal group. |

Theorem: Let P be an arbitrary Markov property of fp. graups Tken
there is no effective algorythm to decide for every finite presentation I1 whether
the group G can be decomposed into a free product of groups enjoying the
property P.

Proof: Let P be a Markov property as required and let R, denote the
property .of “bemg decomposable into a free product of groups enjoying P, i.e.

®  R(G) & @nEN)GH,, ..., HYPH)A -
AP{HIANG=H, - - -x H).

Accordmg to the mentxoned test (Theorem 1 m [2]), for a nontrivial algebraic
property P one has ‘

%(P) ® YUelDIPU)

ie. P is a Markov property iff none of the universal groups enjoys P

Hence, groups H,, ..., H, in (*) are not universal. Using the preceeding
Lemma, each group G en;oymg R, is also a non-universal one. Making once
more use 'of [2], one .concludes that R, is a Markov property, and hence
(using [1]), algorythmicaly unrecognizable. | :

Now, a next natural step is to extend the mvestrganon to other: group
construction, first of all being the direct product By analogous arguments one
can’ prove ‘the following: :

One cannot algorythmicaly recogmze the propertles of belng decomposable
into a (fxmte) drrcct product of finite, Abelxan, torsion-free, solvable, etc.
groups. . S B A TR :
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Namely, the product groups obtained by finite direct products are also
finite, Abelian, ..., etc. respectively, and hence non-universal themselves.

But the reader should note that it remains still open whether one can
extend this to every Markov property P, ie. whether the analogue of the
Theorem given above holds for the direct product also.

REFERENCES

[1} M. Rabin: Recursive unsolvability of group theoretic decision problems, Ann. of
Math. 67 (1958),

[21 N. BoZovié On Markov properties of finitely presented groups, Publ, de I'Inst.
Mathematique, nouv, ser, 21 (35) (1977).

[31 A. G. Kurosh: Theory of Groups, Chelsea, New York, 1955,



	61.tif
	62.tif
	63.tif

