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In this paper we consider a generalization of the concept of nucleus of
a groupoid on the m-ary case. If (Q, -) is a groupoid, the left nucleus N; of
(Q, -) is the set of all @ in Q such that (Vx, yEQ) a (xy)=(ax)y. The mid-
dle nucleus N,, is similarly defined in terms of (xa)y=x(ay), and the right
nucleus N, in terms of (xy)a=x(ya). Obviously, (N;, +), (¥,,, +) and (N,, +).
are cemigroup:. If (@, -) is a quasigroup, they are groups.

Let (Q; »w) be an m-ary groupoid. The concept of nucleus may be genera-
lized in different ways. So, H. H. Buchsteiner [2] and MurathudZaev [3] have
introduced nuclei for n-ary quasigroup (Q, ®) as certain subsets of the set Q.
We define nuclei of an n-ary groupoid (Q, ®) as some subsets of the set 0" L.
This concept of nucleus is a generalization of left and right nuclei of the bi-

_ nary case. ‘

We shall use the following notations. According to V. D. Belousov [1],
the sequence x, Xx.,- - -x, will be denoted by xi. If k>m, xi will be con-

) ) 2
sidered empty, and if k=m, then xi is the element x,. By x we denote the
sequence x- - -x where x is repeated k times.

Let ai ' be an arbitrary element of 0""!, we shall denote it by 4. The
mapping L;(@:Q-—>Q (i=1,..., n) defined by
N AR
xL; (@) =ay ~ xa;
is called i-translation of the groupoid . (Q, ) by the sequence 4. -Obviously,
if (Q, ®) is an n-ary quasigroup, the mappings L,(a@) are bijections.

Definition I. Let (0, ®) be an n-ary groupoid. The mapping A:Q — Q
with the property

¢} (VXTEO) XToh=X, A« Xy AX, X;0; Ao+ = X, A

n

is called i-regular mapping of the n-ary groupoid (Q, ).
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The set A; of all j-regular mappings of (Q, ), with respect to the com-
position - of mappings, is a monoid, and the set II, of all i-regular bijections
is a group.

From the definition ! it follows immediately.

Lemma 1. If (Q, ®) is a quasigroup, then A;=1l;. In other words, every
i-regular mapping of a quasigroup is a bijection.

Proof. If 4 is an arbitrary element of Q" %, from (1) we have

(V xE Q) xL; (@) A= xL; (@),
where
dr=a h---a, | A

Since L,;(d) and L;(d3) are bijections, from x=L;(@») L, (@)~ it follows that
A is a bijection, too.

Definition 2. Let (Q, w) be an nm-ary groupoid, and N; (i=1, ..., n)
the set of all @ of Q"' such that the i-translation L,(d) is an i-regular map-
ping of (Q, w). The set N; is called i-nucleus of (Q, w).

Now we define binary operations ¢, i=1,..., n, of the set Q" ! by
the equality
_def _
do,b=aL,(b)
where dL;(b) denotes the sequence a, L;(b)- - -a,_, (b). That is, for example
if n=3, i=1: ab’s, cd=acdw bcd ».

Lemma 2. The set N; is a semigroup with respect to the operation 3.
If )\ is an arbitrary i-regular mapping of Q, and A< N,;, the sequence d ) belongs
to N;.

Proof. Let @ bEN, and ¥=x1"x7,1. Then we have

x; L (X)L;(do,b)=x;L; (X)L, (aL,(b)) (by definition of &)
—x, L, (F) L;@L;(5)  (since BEN))
=x;L; (XL, (@) L; (b) (since GEN))
=x;L; (x L; (@) L; (b)) (since bEN))
—x, L (FL;GL,;()))  (since BEN,)
=x;L; (X L;(d3,b)) (by definition of o))

Thus we obtain that @o,b& N;.
Now we prove associativity of ¢,. Let 4, b, ¢&N;. We have
@o,8) 6,6=aL; () o,¢ (by definition of &)

~aL,(B)L; (@)  (by definition of o)
—GL,(BL,(E)  (since CEN)
=d%s;b, L; (©) (by definition of o)
=d%,(bo,0) (by definition of o).
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If A\€A; and a&N;, we have
x; L (X)L; @2 =x; L; (X) L; (@) 1
=X L; (X Ly (@) A=x;L; XL, (@) ) =x; L; (x; L; (@),

thus 4 A& N;. This completes the proof of the lemma.
Let ¢:N;—> A; be the mapping introduced by
def
(2 ¢a=L; (). .
By definition of ~,, we have xL;(d ;)= xL;(aL;(b))=xL;(@) L;(b), for every
x of Q, thus ¢ is a homomorphism.

Theorem 1. If (Q, ®) is an n-ary quasigroup,y the nucleus N; has the
following properties:

(i) For every a&N;, the sequence aL; ! (@) is a right identity of (N;, o))

(i) (N;, ©,) is a regular semigroup.

(iii) If @:N,;— 1l is the mapping defined by (2) the homomorphic image
o N; of N; is the groupi.

Proof. (i) By lemma 1, we have L,-_I(d)EH,- and by lemma 2, del(d)E
EN;. If
BEN, bodLi' @=bL,@L" @)=bL@Li @=b,
thus L7 () is a right identity of (N;, o).
(i) For every d&N,, we observe that aL; > (@) o,a=alLi (@)
Thus, 5oidLi—2(d) °,d=a oidLi_l(d)=d, and the semigroup (N;, ©,)
is regular.

(i) If GEN,; and ACII;, we have GL7' (@) 2EN;, and

e@LT @M =1,
hence ¢ N;=1I,.
If the n-ary groupoid (Q, ®) has an identity element e, we obtain the
following two statements:

Lemma 3. The element "' of Q"' is a right identity for each of
WV, op, i=1,..., n,
Proof. Indeed, by definition of o,, if we put é=e*"!, we have do;é=

14

=dL,;(¢)=ad, because e is an identity of (Q, w).

Lemma 4. The monoid (A;, -) is a homomorphic image of (N;, ©),
i=1, ..., n ,

Proof. Let ¢:N;— A; be the mapping introduced by (2). Since ¢ is a
homomorphism, it remains to prove that it is a surjection. If A is an arbit-
rary i-regular mapping of (Q, ©), the sequence éX belongs to N;, and @ér=A.
Indeed, since A& A;, we have xL;(€2\)=xL; () »=xA. The lemma is proved.
As a consequence, we have:
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Theorem 2. If (Q, w) is a quasigroup,
. Ne#tg © @bE Q)Y xE Q) xL,(B)=x.
Using a result from [1], we get the following statement.

Theorem 3. Let (Q, w) be an n-ary quasigroup, with n>3. If, for every

i=1,..., n, N;=Q"1, there exists a commutative group (Q, +) such that
O (VxcQ)(r-2)x=0.
(i) xTo=x+ .- +x,.

Proof. If 9""'=N,, the quasigroup (Q, w) satisfies i-th Menger’s law
X Li(X)L; ()= X; L; (X L; (9)).

By theorem 3.4. of [1], if, for n>3, an n-ary quasigroup (Q, w) satisfies i-th
Menger’s law for every i=1, ..., n, there exists a commutative group (Q, +)
such that (i) and (ii) hold. The theorem is proved.
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