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A family of theories in the language of the first-order is treated. Correc-
pondig families of Lindenbaum algebras are defined. The relations of the limits
‘of these families are examined. =~

Let 7 be a theory in the language & of predicate calculus of the firct
- order and let S be a set of formulas in _&. A binary relation < is defined
in S, so that for all p, g&S,

p<gq if and only if 7, plgq.

The relation <C is preorder in S. M a binary relation ~ is defined so
that for all p, g€S, ‘

p~q if and only if p<g and ¢g<p
then ~ is an equivalence relation on S. The reletion < induces in S/~ a
partial order < (using the same designation), such that for all p¢, ¢°=S/~,
p°<g° if and only if p<g,

where p¢ is an equivalence class of p according to ~.

Further S/~ is designated by P and it is assumed that P= (P, <> is a
directed partial order, i.e. for all p, g P, there exitts ré&=P such that p, g<r.
For every pCP, T, is a deductive closure of T U{p}. conservative extension
of 7.

Lemma 1. If p<gq, then T,27,.

Proof. Trivial since g7 ,.

Let B, be a Lindenbaum algebra of theory 7 ,, pCP. If ¢ is a formu Ia
in the Ianguaoe F then

={¢:T b9 > 4}

is an element of Lmdenbaum algebra B,. Since 7,, pEP is a theory of the
first-order, then the algebra B,, pcP is a Boolean algebra.
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For all p, g€P, p<q a mapping Ty i By~ B such that Ay, (9,) =, is

Lemma 2. For all p, &P, if p<gq then hyy is an embedding.

Proof. Let h, (¢,)=h,,(},), then T |- . But since & T,
then T -0 ¢, 1e ¢p=1,. If ,<¢,, then 7 e, and if 7, }-'|(<p<—>4)),
then smce pgq, ']p(cp<—> ¢), ie. 7, is an inconsi.tent theor y, and lemma
holds. If 7, is consxstent then cpqga{;q, ie. h,, is an embedding.

Since P is a set of formulas in the language %, for all p, qCP r<gq
there exists cpquq, c0 that T @ «>p. Let F be a filter in the a'gebra B,
generated with @ . F induces a homomorphism g,,:B,—B,, for all p<q So
we have following.

Lemma 3. If p<gq, then there exists an epzmarphzsm hqp of the algebra
B, on 10 B,.

Proof. Let q;f be an element of Byr, where { is an arbitrary formula

in the ]anguage F, then for any formula o, oquI/g if and only if ¢, & {,EF, ‘
ie. (o, © ¢ )<9, Since T |-9<«>p then T l-p—>(c<>¢). According to.
p<q, Tp—c ¢ and finally ¢f=¢,.

 According the lemma 2, to the family of theories ‘7 »PEP a famﬂy
D={B,, hy,: p<q} of Boo! ean algebras and embeddings is associated. It is
obvious that P is a directed family in the category of Boolean algebras and
embeddings [1], [2]. According the lemma 3, to the family &/ ,, p&P is asso-
ciated an inver:e family 7 ={B,, g,, p<q} in the category of Boolean al-
gebras and epimorphisms. The foilowmg theorem describes the relation of limits
of these two families. ~ : :

) Theorem 1. If B.j‘ is a Lindenbaum algebra of the theory then
Hm T .%‘nglim D. ‘ ‘

Proof. Let as show that Bj_..hmg Let B» ba a domam of the algebra
him §7 Recall that B ={f E II B,: f(D)=8,f @, p<q}. We sholud notice

that for each f&=B, there exxsts a formula ¢ in the language _% so that
f=<{9,:pEP). So, for an arbitrary- p&P, f(p)EB, and f(p)=¢, for some
formula ¢ in _#. Since P is a directed partial order, so for any ¢q&P, there
exist r&P, such p, g<r. According to the definition of homomorphisms g,
we have that g,,(¢,)=¢, and g,, (9)=1¢,, 1.e. f(g)= -y for every g& P.

" Define a mapping g: hm J—»By such that g(<cpp pEPYy= o, where ¢ & Br,

ie. cp ={¢: T -0« ¢} Obvxously g is onto. g is one to one, because if
E(ep:pEP)) =g ((b,:pEP)) then Ti-¢ <> §, so for all pEP T }-—QDH&P, ‘
ie. ¢,=¢,. Therefore (p,:p&P)=_b,:p&P). :
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igois.a’ homomorphism,fb&auée if {9, pEPY<{Y,:pEP) then for all
j)EP o<, I qS‘éBg, let as define a mapping g, :B7—>B,, so that
gp (9)=0,. Obkusly gp is a homomorphxsm so if (p$ {, then :ppﬁq)q, cont-
I‘adlCtIOIl )
' To prove that hm ‘ZNBg, let B be a domam of the algebra llm%

Recall that. B B/N where B= U B, x{p} and ~ an eqmvalency on B

defmed such that for all La, p> <b qBEB {a, p>~<b q) if there exists
r&P, p, g<r and h, (a)=h, (b).
Mapptngs h,:B, —>11m¢2) pEP defmed such that hy Kay p))= la, p], ‘where

[a, p] is an equivalence class accordmg to ~, are embeddmgs Instead of {a, p>
{a, ] we respectively write a4, [a,] - ; .

Let as defme the  mapping hA: hm 2B, such that h([cpp]) cp his

onto because for each formula ¢ in the language & there exists 9, & B, such
that A (fe,]) = . Let 2 (o) =h (], p, gSP, then T -9 9, s0 T r-<p<—+¢,
and T, ¢ <> ¢. If r&P such that p, g<r, then hy, (9,) = Ay (9,), 1.€. 9~
so h is one to one.

L Let [cpp]<[q; L ‘then there exists keP D, q<k,~so that ¢k<¢k Let
hy: Bk-+Bc7 so that /1, (0) = §. Iy is an embedding because, if &={ then
T« §, ie. Tl-oe> Y, 0 @e=y, and & is one to one. If @ <Y,
then Tpl-o—¢, and so if TT(e—{¢), then T -T(e—>¢) and T, is
an inconsistent theory, so the theorem trivially holds. If 7, is consistent then
T-o—, ie $<¢ and &, is an embedding. Therefore 4 is a homomorphism
and the theorem is proved.

Further are considered the families 9, 7 dual to the families 9, J. More
precisely, the relation > dual fo the relation < is considered. In that way
the direct family 9 is transmitted in an inverse family D={B,, h,,:p>q} of
Boolean algebras and embeddings. Similarely, the family & is transmitted in to
a direct family 7={B,, 8,5 :P=>q} of Boolean algebras and epimorphisms. The
following theorem is investigating the relation of limits of dual families.

Let Tp= UT ;,, and let B, be a Lindenbaum algebra of the theory
»EP

T p.
Theorem 2. limPH~B,~limY7.

Proof. Let as prove that Bpe<limJ. Let g:limJ—>B, defined by

g (lo,)) =¢p. It is obvious that for any formula ¢ in the language .7’ there
exists p&P so that ¢,&B,, ie. g is onto. Let g(le,)=g (¥, p.gEP.
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Hence T pl-¢ <> .. Since the proof for ¢ «»> ¢ in the theory 7, is final,
there exists a final sequence p;, ..., p,&P so that T, p;, ... pbo > .
Let r&P so that py, ..., p,<r, such r exists since P is directed, and. let
g, B,—>B,, be a mapping defined so that g, (¢,)=¢,. We should notice that
g, is an embedding, because if ¢, %y, and @p=1{¢p then Tplo¢ <> {,
TyDiseees Pul—@ & 4. But T, 1=T(e <> ¢) and p, ..., p,<r, s0 that
T Dyseees Pul=N o> ) i.e T, is an inconsistent theory and theorem
trivialy holds. If 7/, is consistent then @p#{p, so g, is one to one, and
hence g is one to one. It is obvious that g, is a homomorphism, hence g 1s
a homomorphism too.

To prove B :lun‘b we have to notice that the domain B* of the algebra
' thD B»={fc II B 1f(@) = by f (), >4} Every fEB= is of the form

{(pp pEPy, where <p is a formula in the language _&. Further on, we should
procede in essentially the same way as in the proof of the first part of Theorem 1.
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