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Zoran Markovié

~ “Intuitionistic* in the title refers to the fact that we are” dealing with the
logic whose syntax consists in Heyting’s predicate calculus and the semantics
in so called Kripke models. The approach is classical and con equently no
claims are made as to the intuitionistic validity of the results, so the term
“intuitionistic’* might be somewhat misleading, but it is still used (in the ab-
sence of a more precise term) in order to avoid a cumbersome multi-line title.
Some explanation is also due of what is meant here by “‘omitting types theo-
rem*. Different equivalent formulations of OTT in classical case might give
rise to different theorems in the present setting. However, many of such theo-
rems would not make much sense from model-theoretic point of view. Hope-
fully, the present one does, and though some improvements might be possible,
only those weakening the “locally omitting* condition would be. meaningful.

§ 1. Notation

Let _% be a countable, first-order language, T'— a consistent (intuitionis-
tic) theory in &, and X (x) a set of formulas in _% with at most x free.
We say that T locaily omits T ifi for any sentence Ixo(x) in &, consistent
with T, there exists o (x)EX such that 3 x(p (x) A o (x)) is consistens with T.
By a model of T we mean a Kripke model M={.%; U;:s&S) (where =
(S, <, 0) is a p.o. set with the least element 0 and 2 are classical structu-
res) such that O|—¢ for every o&T. We say that T has a model omitting X
if for each element ¢ of the universe 4, of the model A, at the base node
there is a formula o (x)&X such that 0j—o[c]. An _F-saturated theory T is
a consistent, deductively closed set of sentences satisfying:’

(1) if V$ET then ¢&T or Y&T
(2) if Ix9(x)ET then ¢(c)&T for some individual constant c& ¥

For the details about Kripke models, and saturated theories the reader
should consult [1] or [4]. All other notation is standard, as in e.g. [2].
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§2

Theorem. }f T locally omits %, then T has a modef with a countable
universe at each node, omitting Z. :

Proof: Let C be a countable set of ‘“new* constants, i.e. i”‘mc =
and let &' =_FUC. We will prove the theorem by extending 7" to an _%'-
saturated theory 7, having the property that for every individual constant
cc ' there is a o*(x)eZ such that o(c)& T, (the result we obtain will in-
fact be slightly stronger; namely for some o (x)&2, actually To{(0)&T, secu-
ring thus that o ()& T’ for every extension T’ of 7). Then the canonical mo-
del obtained from S={T":T,CT", T is (& U )saturated for some coun-
table set of “new* constants C'} is the desired model omitting Z.

Let E,={3x;(x):iC0w, ¢; in the language '} and D,={o;V ¢;1iCw,
o V{; in the language 7'} be the lists of all existential and disjunctive cen-
tences, respectively, in the Ianguage ', let {¢;1i€ o} be an enumeration of
C and let T,=T. Define T,,,, E,,,, D,,,, for nCw, inductively as follows:

Case 1: n=3k.

Let 3xo(x) be the first sentence from E, such that T, }~3x<p(x) and
let ¢ be the first constant from C-not occurring in T, or <p(x) Then set
Tn+1”TU{(?(C)} En«s«l”E '”{EIXCP(X)} Dn+I_D It is obvious that Tn—ﬂ
consistent (if T, is).-

Case 2: n=3k+1.

Let V¢ be the first sentence from D, such that T,—o¢V . If T, is
consistent with o, let 7,,,=T7,U{p}. If not, ¢ has to be consistent with 7,,,
so put T, =T,U{{}. In either case }et D, .,=D,~{oV{}, E E,. Bvicently
T,., is consistent (if T, is).

Case 3: n=3k+2.

Thus far we have constructed T, =T"U{p,, ..., @,}. Let all the individual
constants from C occurring in 7, (i.e. in @, ..., @), be among ¢, ,..., ¢,
e (ki 1e{l, ..., m}). Let @(c;,..., ¢, c)=@ A" -Ag, and let
e(x)=3x--Ix,0(x, ..., X,, X) where x,, ..., x,, x are individual variab-
les not occurring in ¢(¢;, ..., ¢ , ¢). Then Ixo(x) is a sentence in =z
consistent with 7, so there is a formula ¢ (X)X such that Ix{e(X) AT o (x)
is consistent with 7. Let T,,,=T,U{1¢(c)}, E,o1=E,, D, ,=D,. Obviously

T,., Is consistent if T, is.

Finally, let T, = U T,. To show that T, is & ’~saturated we have to

show the following four facts

(1) T, is deductively closed, ie. T, f-<p implies & 7. We should observe .
that T, i—~¢ f T, |~¢ for some kS, But if Tit-¢ then Ty oV, so for
some 3n+ 12k, ¢V will be the first consequence of Ty,,, in the list D,, .,
cand Ty, =15, U{e}, s0 €T,

-2y T. is consistent, ie. T, A (where /\ is the symbol for absurdzty)
For suppose T, |~ A. Then T, I-A for some k, but this is impossible since
the construction was performed in such a way that each 7, 1s consxstent pro-
vided T is conmsistent and omits X,
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3) If pV4ET, then 9T, or ¢ET,. oV IET, means that for some
k, 9V Y&T,. But then for some 3n+1 ¢V{¢ is the first consequence of

" Ty, in the list D, and consequently either T, ,=T,,.,U{e} or T,,,,=

T3n+1LJ{"I)}‘

(4) If Ixo(x)ET, then ¢ ()T, for some cc . As before, I x¢(x)
€T, means 3x¢(x)&T;, for some k; and also for some 3n, Ixq¢(x) is the
first consequence of T, in the list E,,. Then for some c¢&C, T,,,,=T,,U
{e (@}, s0 9(OET,. '

Obviously no ¢;&C can realize X, since Tjp.3=T5,,U{10(cr)} for
some o (x)&2X. If dis an individual constant occurring in T, then T3 x(x=d)
and 3x(x=d)&E, so for some n, 3x(x=d) is the first consequence of T,,
in the list E,,. For some ¢,&C then (¢, =d)&T,, so d cannot realize X.

3n+
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