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In the third part of this work, we consider the most general form of a
system of balanced functional equations on quasigroups and give formulas of
general solution for it.

We ilustrate obtained results by few examples.
For undefined notions and notation see [7] and [1].

*

Lemma Any system I of general, balanced functional equations on qua-
sigroups is equivalent to the following system: first part I'= of the system is com-
posed of equations explicitely expressing reducible operations of T in terms of its
irreducible retracts. Second part T of the system consists of equations of some
irreducible retracts of operations occuring in I, with some new operations. Third
part T* of the system we obtain from T substituting all reducible operations by their
irreducible retracts, making use of equations from I'= and substituting any opera-
tion each time with a new operation according to equations from L. T'* is irre-
ducible system of general balanced functional equations on quasiqroups.

Proof: System I is consistent. The proof is same as in [7].

Let a solution of I" (on a set S) be given. We interpret operational sym-
bols from I' as respective quasigroups from the given solution. The obtained
system we denote by I'[S].

Let us introduce, for any quasigroup A occuring in I'[S] more than once,
a new operation B replacing 4 in one occurence.” Equality of 4 and B we add
to the new system obtained from I'[S].

After a finitely many steps, we obtain a general system FT[S] with added
equations F [S]
Equivalence of Ty [S] and T'[S] is a consequence of T, [S]
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146 A. KrapeZ

If Ti[S] is reducible, we transform it to an equivalent irreducible systemn
in a following way.

Reducibility implies that there is at least one locally reducible operatron B.
Repeating the procedure from Lemma of [7 (II)], we have:

(1) B(Zl, ceey Zk)=BLI(Zs1, ooy BIT’OLBL(Z']: cee s er), cen s qu)
(1) constitutes system Iy [S]-T 2[S] we obtain from I'i[S] substituting

By (tsy, ooy BopaBy(try, ooy 1), .., ts,) for B(t,, ..., ;).
T,[S] is T,[S]
Equivalence of I'3[S] and I'{[S] is a consequence of (1) ie. Tz [S].

(@ If B does not occur in I',[S], we repeat the procedure with a new lo-
cally reducible operation, if any.

(b) If B occurs in T,[S] and I'[S], then B occurs more than once in I'[S].

By T, ,[S] introduced some new operations equal to B. Let C be one of them.
According to (1): ;

(2) C(zys .o s 2)=Br(zs, ..., BL,nLBL(z,,, s TRy ey Zs,)

We introduce new operatlons D, E and F by:

(3) D(Zsl,..., Xy oon qu)zBL’(ZSu---y Xy vuvy qu) :
4 Ex=Br~LX
(5) F(Zrl, ey er)=BL(Zr1, ey ~rp)

and we obtained:
(6) C(Zl, e Zk)=D(Zs1, cee s E—IF(Zrl, Cee s er), e s Zs)

Substituting D(tsl, vees ETYF (e, ..., trp), -, tsp)for C(t, ..., ) in
s [S], we obtain Is [S]. T3 [S] is T2 [S] and T, [S] we obtain from F [S] re-
placing equality of B and C with (3), (4) and (5)

~ Analogously, we get reduction formulas for all operations equal to B
(according to l" [S’])
(c) If B occurs in 1" [S] but not in I‘[S], then B is a new operation. From
I,[S] it follows that B.is equal to some operation C which occurs both in
T,[S] and T[S]. (2) is then valid for such C.

Choose set {y,, ..., ¥} ={x;|iE=M} of variables in such a way that

y:& fe(@) (e y; occurs in i-th argument of C) in some equation from > [S].
Let z;={c, y;>y; for i=1,

(7) and (8) are L'- and L -consequences of (2), where L' N L={r}.
() Bu(@ss oo BonwBuorzos ooy 25)=Cr @iy oo s Zrys o on s Zs,)

®) BLior BOALBL (Zryy - 2e))=Cp(2ryy .-, 2,) .
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* with: |
BL’ﬁL-x=BL (x, <C, yr2> brz, cee s <C, yrp> brp)
BrorX=Br ({¢, ys, D bsys ooy Xy vy (€5 Ysy) bs,)

- where b;=a; if y;=x; for j=1,..., k and corresponding i& M. {r,}-consequ-
ence of (2) is: » :

: o1
&) BriarBrarBpnrx= CparLx

From (2), using (7), (8) and (9), we obtain:

(10) C@sever 2)=Cr(zs;, ooy COhLCplEny oy Zn)y oov s Zs,)

We see that (10) is completely analogous to (1).
‘From (10) and equality of B and C, we obtain:

(11) Bz, oo 2)=Cu(zsys oy ConrCrry oy Zrp)s oo s 2s,)
Introducihg new operations D, F and F with:

(12) D(zs;yovos X5 iy Zs))=Cr(Zsyy ooy Xy 0., Zsp)

(13) Ex=CpnLx

(14) F(zryy ooy 20))=Cp(2rys .. 5 2ry)

we obtain:

(15) Bz ..., 2)=D@sys .oy ETVF(Zrs iy Zrp)s ov s Zsy)
In this case we get s [S] from I‘;[S] substituting k

D(tsl, cee s E_IF(trl, cee s trp), ey tsz)
for
—1
By (tsys oo s Bupr Bty ooy tr)y ovs ts,)
and :
—1
Cr(tsyy ooy ConrCrltry «ooy tr))y.nn s ts)

for C(t;, ..., t). I's [S] we get from TI,[S] replacing (1) with (10) and r,[S]
from I, [S] replacing equality of B and C with (12), (13) and (14).

As in a previous case, we obtain reduction formulas for all operations
equal to C (according to T,[S]). In both cases (b) and (c), we then repeat
" the procedure with new localy reducible operation, if any. T > [S] and I3 [S]
- are equivalent as follows from (1)—(6) ((2) and (7)—(15)).

In such a way we get sequence (I [S], f‘j [S1, I [S]) j=1,...,1 of equiva-
lent systems. The last member of this finite sequence must be the system of
desired form. ‘

The procedure and formulas did not depend on S. So I, r, I is equ-
ivalent to I"' where ,,retracts’“ are new functional letters.

10*
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Theorem Let I' be a system of balanced functional equations on quasig-
roups. Let T, T=, T be the system obtained from T as in Lemma, and T=
be system of formulas:

A(xl, «cw s xk)"“T;(AL, A’AM, PN A(m)AN, xl‘, sy xk)

Sfor any (reduczble) operation A from I'. The general solution of T' is given by:
* A(xl,..., Xp) =
= (o0 DT (QFF, QUi s QUEN, (o D Apxs o, <"A>A{k}xk)

where { for all operations B, C occurring in I'¥*):
(1) S is any nonempty set
(2) Qp~=Qc~ for B~C iff diisotopy of B and C is.a consquence of T,
- (3) all permutations =gz (B~C) on {i,...k} are uniquely determined if
one of them is given.

(4) Qp~ is any k-ary foop on S (satisfying (8)) iff in every term of Ir*
occurs at most one operation from B~

(5) Rp~ is any binary group on S (satisfying (8)) iff in some term of r*
occur at least two operations from B~

(6) Op~ is any binary abelian group on S iff no excisange of some ope-
rations occurring in I'* (B™) with dual operations, tmns_‘forms I*(B™) in a system
of the first kind.

%) - ‘ oo Ay s A -
are permutations on S for which the following equations hold:
(s Xp1=C"s X,
Sfor any variable x; occuring in any equation of T'*. (-, x;), is a composition
-, x;> on the left (r=1) or right (r=2) term of equation. .
® . Co BTN QR BY By x4y, (s BY By xi) =

=5 ©DTTQE s €D CrypXes - s {4 (C)) Cry %) ,
if B is a new operation and C irreducible retract of (C), such that equality
Bx,, ..., x)=C(x(, ..., x) 15 from I

Proof: Follows from Lemma and Theorem of [7 (ID].

Using some known facts from the theory of quasigroups,. conditions (4),
{5) and (6) (with conditio (8)) can be reformulated in such a way that they
are independent of (8).
If Joops Qp~ and Qc~ (from (8)) are d1fferent then from equality of B
and C it follows that
Oy (p, o s X)=

nensl '
m<" B>\<;’ (C)>W1 ch B (< y (C>>C{1}B{£}i<‘) B>—1x1, T

. (-5 (€ Ca By < BY™' %) |
so (p~ can be eliminated from formulas of general solution of T
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If loops Qp~ and Q. ~ are equal, then Q.~ is diisotopic to itself, or
equivalvatly (e, ..., o, «) is a arbitrary =, T:El-autotopy

PP A
(0@~ s s )= 0LE™ (yrs ooy X))
where: ‘
s By={-, (C)
o;{+» B)By=_-, (C))Cy forall i=1,..., k
If Qp~ is a loop and Qq~ an (abelian) group (dualy) isotopic to it, then
there are elements ¢ and b from S, such that:

Qp~ (%, 1) =5 By -, (OO, Byt xeab- (-, ()<, B)~'y)
(or @5~ (x, )=+ BY (-5 (C)7HK (€ (o5 By~lyrab-{ -, (C)) (-, B)™' X))
where-is Q-~ and
’ (5 (€)) Cupx =<+, (C)) By x-a
(5 (€ Cryx=b-(+, (C)) Cryx.

If (abelian) groups Qp~ and Q. ~ are equal, then there is an automorp-
hism ¢ of - (i.e. Qr~) an elements a and b such that:

<-,B>x=a-cp<-, (C)>x'b
(I<'9 B>x=a'§o<'9 (C)>Xb)
(O Cyx=C+, (C))Buyx-o~'b

(s (C)>C{2}x=cp“la-<-, (C)>B{2]X
where Ix=x"1,

General solutions of general systems of balanced functional equations on
quasigroups are in terms of arbitrary loops, (abelian) groups and some permu-
tations while general solutions of systems of balanced functional equations on
quasigroups are in terms of loops, (abelian) groups satisfying some conditions
(depending on a system) and also permutations, diisotopies of some operations
and, in some cases, elements of S.

For any given systém, we can transform general solution in the best po-
sible form; in the sense that operations occuring in formulas of general solu-
tion are connected by conditions in the simplest form.

*

In all examples, for the sake of simplicity, we write A,,; instead of Ay, 2 3
and analogously for other cases.

Example 1. Let following system I' be given:

A(B(xy, x,), X3, C(xy, X))=D(x;, A(x,, X5, X), Xs)
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According to procedure from Lemma, we replace I by:
A(B(X;, X,), X35 C(xy, x5))=D (x;, F(x,, X3, X,), X5)
F(x,, x5, X)) = A (X3, X3, X,)
Operations 4, D and F are reducible:
A (X, Y, Z)= A12 (x’ A2—1 423 (J’, Z))
D(x, y, z2)=Dy; (D1—1 Dy, (x, y), Z) _
F(x,y,2)=G(x, H'K(y, 2))
where G (x, y)=A4,,(x, ), H=A4, and K(x, y)=4,;(x, ).
T* is: . ‘
Ay, (B, %), Az Ay (x50 C gy X5)) =
=Dy (D7 Dy, (31, G(xps HTK (x50 %), %)
I'= consists of equalities:

Ax, y, 2)=4,, (x’ AZ_I Ay (¥ Z))

D(x,y, 2)=D, (D' Dy, (x, %), 2)

and T of equalities:
G(x,y)=4,(x,)

H=4,
K(x, y)=4,,(x,»)

System I'* is of the first kind and all the operations are in the same
equivalence class. The general solution of I'* is given by:

AL (x,y)=A,x-A,y

Ay (x, Y)=A,x- A5y
B(x,y)=A1i (4, B,x- 4, B,y)
C(x,y)= 45" (4,C,x-4;C,p)

Dy (x,y)=D;x-D,y

D,(x, =D, x-D,y

G(x,y)=D;'(D,G,x-D,G,y)
K(x,)=(D,G, H-)"(D,G, H 'K, x-D,G, H"' K, y)
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where: ,
4B, = D,
4, B,=D,G,
(16) , A,=D,G,H 'K,
A4;,C,=D,G,H 'K,
| 4;C,=D,

Using f we get:
CGix=A4,x-971b!

G,x=9'at 4,x

D,x=a-¢x-b

Ky x=d,x-0-1d~

K,x=0"1¢"1.4,x
D,G,H 'x=c-0x-d

for some automorphisms ¢, 0 and some elements a, b, ¢, d. Using (16) we ob-
tain that c=q and d=»5 and that o, 6 are trivial automorphisms.

General solution of I' is given by:
A(x,y,2)=A;x-A,y-A,z
- B(x,y) =A1_1(Alle-a-A1y)
C(x,)=A5"(4,x-b-4, C,y)
D(x,y,z2)=A,B, x-a-y-b-4,C,z

where - is an arbitrary group and 4,, 4,, 4,, B, and C, arbitrary permuta-
t'ons of S. . :

Example 2. Let the following system be given:
A(xy, B(x,, x3))=C(x,, D(x3, X))
A(x;, B(x,, x3))=E(x;, F(x;, x,))

System is same as system from Example 2 of [7 (ID)]. System from [7 (II)]
is-in the form of one extended equality while I" is in the form of two equa-
lities. The general solution of the first system is given by:

A, )=A;x*x A,y
B(x,p)=A3"(4,B, x » A, B,y)
C(x,»)=C,y*A4,B x
D(x,y)=Cy'(4,y+A,B,x)
E(x,y)=E,y*A4,B,x

F(x, y)=E2—1(A1x’?A2B1 »)
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where * is an arbitrary abehan group and 4,, 4,, B,, BZ, C, and E, arbit-
rary permutations.

Let us solve the system I'. We first introduce new operations G and H by:‘
G y)=A(xy) and H(xy)=B(x, ) |
I then becomes general system:
A(xy, B(x,, x,)=C(x,, D(xy, x;})
G(xl, Hix,, x3)) E(x3, F(x,, x,))

The general solution of this system is given by:

A(x,y)=A§x-A2y E(x,y)=E,y+E x
B(x,y)= A3 (4,B,y- 4, B, x) F(x,y) = Es ' (E,F,x+ E, F,y)
C(xsy):czy'clx ' G(x,J’)mG1X*G2y

D(x,)=C'(C D,y C,D%)  H(x,3) =G (G, HyxxG, H, )

where - and = are groups and 4,, ..., H, permutations such that:

>A1mCzDz’ ‘ GleZFI
A, B =C, .G H =E,F,
A4,B,=C,D, CG,H,=E,

Equality of G to 4 zmphes isotopy of - to * and by theorem of Albert, iso-
morphism as well. There is an element a such that:

xxy=a~t.-x-y-a
Gix=a-4,x
G,x=A4,x-a!

Using these equalities, from equality of H to B it follows that - is an
abelian group and that there are elements p and ¢ such that:

a=p-q
A, Hl‘x;q “A,B, x
and also:
' G x=pg-A, x
CGyx=(pg)'-4,x
X*y=x-y
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Finally we obtain general solution of I':
A, y)=4,x-4,y
B(x,y)=A5" (4, B,y- A, B,x)= A7 (4, B,x- 4, B, )
C(x,y)=C,y-4,B,x
D(x,y)= Cz_l(Aly'Aszx) _
E(x,y)=E,y-q7*-4,B,x
F(x,y)=E;'(q-4,x-4,B,y) |

Let Px=E,x-q~'. Then E3'(g-x)=P~'x and:
E(x,»=Py-4,B,x
F(x,y)=P~1(4,x-4,B,y)

The form of this general solution is same as solution of system from
Example 2 of [7 (II)]. We have similar situation in any such case. So we pre-
fer systems in extended equality form, if posible.

Example 3. Let
tsz(xl’ cees Xg_gs A(xk’ RN} xk+n—1)7 Xitns ++- > x2n—-1)

for k=1,..., n. System I': ¢,=-..=¢, is the system of n-ary associativity.
nary quasigroup A4 satisfying I' is called n-group.

In order to solve system I', we denote main operation of £, as 4% and
remaining one as 4”+k. So we obtain the system of general associativy for
n-ary quasigroups (example 3 of [7 (II)]). From general solution of this system
we see that:

A@x;, ooy X)=AO(x, ..., x)=4,x,-...-4,x,
for some group - and permutations 4,, ..., 4,. It follows that:
tk=A1 Xyt “Ap_y X1 - Ay (Al Xgtoo o 'An xk+n—]) 'Ak+1 Xiewn o v A, X2n-1

From t,=t, we see that 4, 4,-=A4,4, which implies that 4, x=x-a
and A, x=>b-x. '

t,=t, (k=2,..., n—1) then becomes:
Ay (X a'Az X1 ™o e+ ’An—1 Xirn—2 b xk+n~1):
(16)
=Akxk-..‘-A,,_Ixn_lob-x,,-wAzan-...-Akxk+n_1.
~Choose Xp,;, ... Xp4n_, i0 such a way that
Ay Xy Ay Xpg_p=a" 1+ b7}
Let Ay, Xppqreo Ay 1 Xy_1°b-x,-a-AyXpp ... A X4y, be denoted as by - a;

and let a,=a. Then:

A g Xpan_ ) = A X - by G- A Xy 4
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and there are automorphisms ¢, of - such that

Akx=a,{1-qux-bk:1 for k=2,...,n-1

Let: . :
pi=a-a;'=e (e is the unit of-)
Pe=bi'aity for k=2,..., n—-2
Poi=bilib
From (16) we get:
PePr PrcPr Xisy " PP+ PP P Put Xiern—2* PPt =
(17) =Pk Pt Xpwr Phest* o+ Py Py X 1 Pu_y Xy |

Py PoXpry Py e Pr—g Pt Xktn—p Pr21-

If x,=e for r=k+1,..., k+n-2 we see that:

O (Pi--- Puot) =Dk« Pu_yPi-+- Pi—1-

Let ¢c=p,...p,_, and ¢=¢,. Then gpc=c.
From (17) we can prove that:

(Prxz(pl s pr—l)—1 '(Pr’_yl X - (pl .. pr—l)

for f=2, ..., n—1 and ¢" tx=cxc L
Finally we get the general solution of I

A(xla e xn):xl'vcpxz'(szS.' . 'cpn;lxn'c
where - is an arbitrary group, ¢ any element and ¢ any automorphism of . for

which ¢" !x=cxc™! and pc=c.
So we obtained representation theorem for n-groups (Hosszi [4]).

Example 4. Let I' be a balanced functional equation ¢, = ¢, which con-
tain only one quasigroup symbol -. We denote by »the dual quasigroup of -.

We say that balanced equation #,=¢, is B-equation*) if: / ,
(a) at least ome of 7,, ¢, is not of the form xt, tx for some variable x

(b) there are no variables x and 'y such that f, contains xy as a sub-
term, and one of xy, yx is a subterm of ¢,.

x and y are separated in ¢ if neither xy nor yx occur in ¢

t=t¢ is trivial equality. Also, we take as trivial any (equivalent) equality
obtained from 7=¢ substituting ¢’ % ¢" for ¢"-¢' for some subterms ', t" of ¢.
t,=1, is almost trivial equality if replacing some of - with = transforms #,=t%,
into trivial equality.

In [3] Belousov proved:

*) Belousov calls B-equation recoxpamumoe moxcoecmeo. Denes and Keedwell transla-
ted this as irreducible identity. See [6] p. 69. .
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 Theorem 4.1. A quasigroup - which satisfies any B-equality T is iso-
‘fopic to a group. :
Recently, Tayior in {5} proved more general:

Theorem 4.2. Let t,=t, be a balanced equality with the property that
1, contains a subterm xy. and x and y are separated in t,. Then every quasigroup -
which satisfies t,=t, is a group isotope. :

But, there are balanced equalities which do not satisfy condition from
Th 4.2 and quasigroup which satisfies one of them still must be a group iso-
tope. x(yz-u)=(x-yz)u is such an equation,

Theorem 4.3. A quasigroup - satisfying any balanced equality T, which
is ‘not almost trivial, must be' a group isotope.

Proof: Replace in F all occurences of - by new different operat ons.
We get general balanced equality I'*.

Suppose - that for any operation 4(B) from I'* card4™ =2 i.e. A~B
iff A<>B. Eventualy replacing some of 4, B by dual operation, we get equa-
tion where 4 and B have same variables in the first (second) argument.

Repeating the procedure we obtain equation which, by replacing 4 (4%)
by -(x), becomes a trivial equality. So equality I’ must be almost trivial,
contrary to hypothesis.

It follows that card A" >2 for at least one of operations from I'*.
According to Theorem, - must be a group isotope.

Any equation which satisfies conditions of Th 4.2 cannot be almost tri-
vial and so Th 4.3 is a generalisation of Th 4.2.

Th 4.3 cannot be generalized by finding a wider class of equatlons (in a
language with one binary operation) as follows from:

Theorem 4.4. There is a quasigroup which satisfies all almost trivial
equations and which is not a group isotope.

Proof: Any commutative quasigroup sa’usﬁes any almost trivial equality.
Quasigroup - given by:
1123456

]

1,1 2 3 45 6
2y 21 6 5 3 4
3, 361 2 45
4, 4 5 21 6 3
5053461 2
6] 6 453 21
is a commutative loop. From 22.35£2.23 it follows that - cannot be isoto-

pic to a group.
On the contrary, from~ the proof of Th 4.3, we see that following theo-
rem holds.

Theorem 4.5. Let T be any system of balanced functional equations on
quasigroups (of various arities).



156 A Krapez

If some operation occurs more than once in T, replace all occurences of
this operation by new, different operations. Let the operation - be replaced by
A; (& D). If in at least one term from I' there is more than one operation in
some class AT, then - must be a group istope.

Problem 1. Does any group isotope satisfies some equation (in a
language with one binary operation) which is not allmost trivial?

If we allow wider language, the answer is trivially yes, because any group
isotope satisfies Reidemeister condition which is, by [3], equivalent to:

x (N W) =(x (¥\2), u)v

Problem 2. Find a condition for balanced equalities, such that any
guasigroup which satisfies some equation satisfying this condition, must be.
isotopic to an abelian group.

We give two simple sufficient conditions.

Lemma 4.6, Let t =t, be balanced equation which is not almost trivial.
If we can find variables x and y such that x occurs in t1 and ty while y occurs
in tlll and tlz, where t1=t'1‘t/1/ and t2=t;-t;, then - must be isotopic to an abe-
lian group.

Lemma 4.7. Let t,=t, be balanced equality. Replace - in t, —=t, by new,
different operations. If no exchange of some operations in new equality with dual
operations, transforms this equality into equality of the first kind, then - must be
isotopic to an abelian group.

It is interesting to find conditions such that for any equation which does
not satisfy this condition there is a quasigroup which satisfies equality and
which is not isotopic to an abelian group.

Equality (x-pz)u=(y-xz)u shows that conditions from L 4.6 and L 4.7
are not sufficiently strong.
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