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Abstract: In [1], [2], [3], [4], [10], [11] and [15] some fixed point
theorems in probabilistic metric and random normed space (S, % , t) are proved
where t=min. We shall prove in this paper a fixed point theorem in complete
Menger spaces (S, . ,t) where f is a continuous 7-norm such that the
family {T, (x)}uen is equicontinuous at the point x=1, where;

T, (x)_z(t(t( S, %), X)), x), x&[0, 1], nEN.

e tlmes

An example of such T-norm is given. A similar result for matric spaces
is obtained in [8]. We shall also give, using the method from [3], a short
proof of Theorem 1 from [4].

A probabilistic metric space (S, F ) i formed by a nonempty set S
together with a. mapping . which assigns to each (x, y)&S xS a distribution
function F_ , such that the following conditions are satisfied;

Xs Y
(F1) F, ,(t)=1 for all >0 if and only if x=y.

(F2) For every (x, y))&SxS:F, ,(0)=0.

(F3) For every (x, ))CSxS: F,,=F,,

F4 IfF,,(r)=1and F, ,(s)=1 then F, (r+s)=1.

By a Menger space (S, % ,t) we mean [13] a probabilistic metric space (S, .5 )
with (F 4) replaced by the condition;

(F4) For every (x,y, 2)&ES xS xS and every r, s>0;
F, . (r+9=2t(F, ), F,.(5)
where ¢t is a T norm [13].

The (s, A)-topology is introduced by the family {U,(, 7\)} 001) where
U,(e, y={u|F,,(&)>1—2} and this topology is metrisable if sup t(x x) =1 [13].
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Further we shall use the following Theorem ([9] p.p.. 45): If tis a
continuous T-norm and I=[0,1] then:

IxI=(\U J, xJ) U C(U T xJ)
kck kekK

where the set K is at most denumerable, for every k&K is J, an open interval,
J NJ,=@ for ks“r and the restriction t|J, xJk is an Archimedean semigroup
ie. t(x, x)<<x for every x<J;.

A semigroup ?:{4, Bl x[4, B]—>[A4, B} is strict if for every x& (4, B) the
inequality x, <x, (x,, x,&[4, B]) implies that 7(x, X)<E (%, X,).

In the next Theorem we shall denote ¢|J, xJ, by f, (k€ K).

Theorem Let (S, 7 ,1) be a complete Menger space with continuous
T-norm t such that the family {T,(x)}.en is equicontinuous at the point x=1
and for every k&K the semigroup 1, is strict. Further, let the mapping H:.S— S
be such that for every r;>0 (i=1, 2, 3, 4, 5) and every u, v S:

o (S0 ) o). 5o (2)
renl2) 5 2)

where a, b, ¢, d, ecR* and a+b+c+d-+e<1. Then there exists. a unique fixed
point of the mapping H.

Proof; Let us prove that there exists a sequence {a,}.cnC (0, 1) such
that lima,=1 and that the family {d}.cy of preudometrics defines the

Br00

(s, M)-topology, where; 7
¢y d,(x, y)=sup{t| F,,,()<a,} (EN; x,yES)

Suppose that, for every k&K, J, =(c;, by). If the set K is empty i.e. t=min
we can take for {a,}.cy an arbitrary sequence from the interval (0, 1) such
that lim ¢,=1 and from [3] it follows that for every n<N is d, pseudometric.

Further, it is obviuous that the family {d,}.cn defines the (g, A)-topology. If
the set K is finite say K={1, 2,...,m} then b,<1 or b,=1. In the case
that b,,<<1 the restriction #|[b,,, 1]1x[b,, 1]=min and we can take for {a,},cn
an arbltrary sequence from the interval (b,, 1) such that lima,=1. We shall

show that the relation b,,= 1 leads to a contradiction with the asssuption that
the family {7, (*)}en 1s equlcontmuous at the point x=1. Namely, if b, =1
then the restriction t![¢,,, b,] %[, b,s] is an Archimedean semigroup such
that for every x&J,,=(c¢,,, 1): lim T,(x)=c,, which fact was proved by Cho-

n—>o

-Hsin Ling ([9]). So if A&(0,1) is such that 1-—A>c, then there is
no 1 (1) &(0, 1) such that; ‘
x>n0) » T,E)>1-2

which is. a contradiction. Suppose now that the set K is infinite. If there
exists b&(0, 1) such that b,<b for every mcK then we can take, as before,
for {a,}nenC (0, 1) an arbitrary sequence such that a,>b, for every nEN,
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and lima,=1. In the case that there is no »&(0, 1) such that b,<b for

H—>w

every mcC K then there exists a subsequence {¢,o)tnen such that limc,q,=1.

Then by definition a@,=c,, for every n<N. In [7] is proved that the
family {d,}sen from (1) is also a family of pseudometrics which defines the
(s, M-topology, using the method from [3] and the facts that 7 (a,, a,)=a,, for
every n& N, and that for every k<K the semigrup f, is strict. Now, we shall
prove that for every nE€N and every u, v=S the following relation holds;

d,(Hu, H<e-d,(u,v)+d-d,(u, Hu) +c-d, (v, Hv)+b-d,(v, Hu) +
+a-d,(u, Hv)
Suppose, on the contrary, that there exist nC N and w, vES such that;
d,(Hu, Hv)>e-d, (u, v)+d-d,(u, Hu) +c-d,(v; H))+b-d, (v, Hu) +
‘ ‘ +a-d,(u, Hv). '
Then there exist r,, r,, ry, 1y, rs&R* such that;
e-d,(u,vy<ry; d-d,(u, Hyy<r,; c-d,(v, H)<ry; b-d,(v, Hu<rg
a- d,(u, Hv)<ry and d,(Hu, Hv)> Z r,. Using the definition of pseudome-

i=1

trlcs d, from this it follows that;

(2) Fu,v<£)>an: Fu,Hu <’r£)>aﬂ: Fv,Hv (ﬁ)>an:
e d c
¥ F 3
3) F,, (;4)>a,,: Fu,Hv(:zi)>an: FHu,Hv(Z ri)ga
i=1

Let us prove that from (2) and (3) it follows that;

an<l(t(t(t(Fu,Hv(ﬁ)’ Fv,Hu(”:‘L))’ Fv,Hv(ﬁ>)> Fu,Hu<2))’ Fu,v(i)'

a b ¢ d e
First, we shall show that for everv xc(a,, 1):T,(x)>aq, for every s&N by
induction. Suppose that s=1. If 7=min or there exists 5(0, 1) such that
t|[b, I]=min, using the definition of the sequence {a,}.cy We conclude
that #(x, x)=x and so T (x)=t(x, X)=x>a,. If there is no H&(0, 1) such
that | [b, 1]=min then #(a,, a,) = a,= and choose &, @ from the interval

oty = Cmtay O} such that @, <a<o<x. Since f,, Is strict semigroup it
folows that:

a,=t(a,, a)<t(@, &)<t (@ a))<r(x, x)

and so T, (x)>a, is all cases. Suppose now that T,(x)>a, for some s N and
prove that T, (x)>a,. Since we proved that y>a, implies that ¢(y, y)>a, it
follows that;

4 a,<t(T;(x), T,(x)
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Further T-norm min is the strongest 7-norm and so for every mc N we have
that 7, (x)<min {x, x, ..., x}=x. Using (4) we conlucude that;

”‘t?mes
a, <t(T;(x), T,(x))<t(T(x), x)="T,,, (x)
Because from (2) and (3) it follows that;

a,< min {F(G) Fy i (L) F, n (ﬁ) F, H( "—“), Fom (15)}
e d ¢ b a

and so;

an<T4 (min Fu,v("ri)7 Fu,Hu(”’:g")a Fv,Hv (Ié), Fv,Hu(Ii)’ Fu,Hv <—r—5)})’
e d c b a

From this it folows that;

{5 o) renf)

)
i))glyb’mﬂv(Z"z')\<~an
€

e
<
o ———

which is a contradiction,.
Now we have;

d, (Hu, Hv)<ed,(u, v)+d-d,(u, Hu)+c-d, (v, Hv)+b-d, (v, Hu) '
+a-d,(u, H)<(e+d+c+b+a)ymax{d,(u, v)d,(u, Hu), d,(v, Hv),
d, (v, Hu), d,  Jus Hv)}

and using the same method as 1j. Ciri¢ in [5] it follows that there exists one

and only one fixed pomt x* of the mapping H and lim H"x, = x* which ™

n—roo

completes the proof.

Corollary [I5] Let (S, F , min) be a complete Menger space and
H:§~S be such that for every r>0 and every u, v&S:

Fr, (g 1)2F,,, (r) where gE£(0, 1)

Then there exists one and only one fixed point x* of the mapping H and
Hm H*x,=x* for every x,&S.

Proof; If a, b, c, d>0 are such that a+b+c+d+g<1 then from:

.
Frp iy (11 + 1y 1y 1+ 1) > Fy g1, (D2 F,,, (?) -

= . D D Fa () (o (11 (Fun (%), rn(3))
a2 el )
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we conlucude that all the conditions of Theorem are satisfied and so there
exists' one and only one fixed point x* of the mapping H and lim H"x,=x*,

00
where x,&S is an arbitrary element of S. Now, we shall give an example of
T-norm ¢ such that the family {7, (x)}.en is equicontinuous at the point x=1
and that t, is strict for every k& K.

, Let z(x,y)=x-y for every x, yv[() 1] and let us define T-norm ¢ in
the following way;

1___2—nz+2~m—1 ;(2’"+1(x~*~1 +2~m}, 2m+1(y___1+2m)}

if (x, I X ™
t(x, y)= SR

min {x, y} ift (x, Y& U I X ™
. m=0

- where J,=[{1—-2-m 1-2-7-1 for m=0,1,2,.... It is easy to see that the
family { (x)},,tN is equicontinuous at the pomt x=1 since lim 1 ~2-"=1.

n—>0Q

In [4] Lj. Cirié proved the following fixed point theorem; Let (S, .5, min)
be‘ a complete Menger space, T:S— S and q<(0, 1) such that for every u, v&E S,

) Frp@0=min{F,, (%), F,n®F, 5,0, F5,Q%, F, 2%}

fos every x>0. Then there exists one and only one fixed poini x* of the
mapping T and x*=Nm T" x, for every x,&S.

Using the method from [3] we shall give a short proof of this theorem.

Proof: Let ac(0, 1) and d,:8x 8> R+ {0} be defined in the following
way; d,(x, W F, ,(O<l—a}. In [3} is proved that 4, is pseudometric and
that the family {d,}scq, 1) defines the (e, A)-topology. We shall show that for
every a&(0, 1) we have that; ;

d,(Tu, Tv)< g max {da (u, v), d,(u, Tu), d,(v, Tv), —-ln- d, (u, Tv),—l—da (v, Tu)}

for every u, v&S. Suppose on the contrary that there exist ¢ (0, 1) and u, v&=S
such that;

d,(Tu, Tv)> g max {da (@, v), d,(u, Tw), d, (v, TV), .-;— A, (u, T9), -;- 4,0, Tu)}
Then there exists #>0 such that; ‘
d,(Tu, Tv)>r>qmax {da ), d, (s T, d, 5, T, % d,(u, T7), _; -, 0, Tu)} :
Using the definition d, from this it follows that;
Fr, r,(r)<l—a and min{Fl,,v(—g-), F, 14 ({;)3 F, . (_’;),

» q
Fu,‘ Ty (E)Fv, Tu(zr)}> I
q q

which is a contradiction. Similarly as in [5] it follows the above cited Ciri¢’s
fixed point theorem.
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Remark; In Ciri€s fixed point theorem [4] we can replace the mequahty
(5) by the following weaker condition; For every u, v&S it follows;

(6) ' FT&:, Fid (qx)>mm {Fu. b4 (X), Fu. Tu (x) s Ty (.X') Fu, Fid (x)5 vy Tu (JC)}

~ The proof is similar as the above proof of Cirié’s result from [4] since
from (6) it follows; d,(Tu, Tv)<<2max{d,(u, v)d,(u, Tu)d,(u, Tv), d, (v, Tv),
d, (v, Tu)}‘and then we can apply Cirié’s result from [5] (after slight modlficatzon)
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