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Introduction

O. Let P be a non-void set and f:P— P. The mapping f has a fixed
point if there exists an element a in P such that f(e)=a. If P is a partially
ordered set and f:P— P has the poperty

V(l) a, bEP and a<b imply f(a)< (D),

then f is said to be isotone (or increasing).
If 1 satisfies the condition

2) . a, beP and a<b imply f(a)=/(b),

then f is said to be antitone (or decreasing). Since Tarski’s famous theorem [6],
that every isotone mapping of a complete lattice into itself has a fixed point,
many papers appeared concerning fixed points of mappings in partially ordered
sets. Among them some papers deal antitone mappings (see [1] to [5]). In
this note we treat two kinds of mappings (defined by (3) and (4) bellow) of
a complete lattice into itself and obtain results which generelize results of [5].

Let L be a complete lattice. The mapping f: L — L satisfying the condition
A3) : f(@nf M)=supf (M) for any o £A#MCL

where f(M)={f(x)|x =M} and inf M (resp. supM) is another notation
for A{x|x&M} (resp. V{x|x&M}) is called a meet antimorphism..
Similarly, if f satisfies the condition

@ fGup M)=inff (M), for @ £MCL,

then such an f is said to be a join antimorphism.

It is easily seen that if f, defined in a complete lattice L and satisfying
(3) and (4), (we call such mappings antimorphisms), then it must also
satisfy (2).
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Let us note that we shall write aAb (resp. aVbd) and not inf {a, b}
(resp. sup {a, b}).

In this paper we examine fixed points of such antitone mappings /: L - L
which are comparable to the identity mapping i:L— L, in the sense that for
any x&L is f(x)<<x or f(x)>=x. It appears that such mappings are antimo-
phisms. More precisely, the following proposition is valid.

Proposition O. Let L be a complete lattice and f:L— L an antitone

mapping satisfying the condition: (Nx € LY(f?(x) < x). Then f is a meet
antimorphism.

Remark. f?=ff.

Proof. Let @ sACL and m=inf A. Then f(m)>=f(x) for every x4,
ie. f(m) is an upper bound for f(4). Let s=supf(4). Evidently
() IS (m). .
From f(x)<{s, it follows f2(x)=f(s), or (since x=f%(x)) x=f(s). We
conclude that f(s) a lower bound for 4. Then f (s)<{m, which implies /2 (s)=f (m), or
® ' - s=f(m)

Our conclusion follows from (x) and (B), that is f (inf A)=supf(4).
Anaiogoas statement for join antimorphism is also valid.

1. Fixed pomts of meet antimorphisms
. Theorem 1. Let L be a complete lattice satisfying the following
condition:

(ac) There exists an ant'chain ACL such that every x<L is either a join
or a meet of elements of A.

Let f:L— L be an antitone mapping such that
(i) For every x=L is f2(x)<x;

(i) for every xS A is f(x) comparable to x;
(i) {(xE4|x=f ()} # 2.

Then there exists a fixed point of f.

Proof. Denote be Pf(L) the family of all subsets B of L satlsfymg
f(inf B)<inf B. By (iii) Pf(L) is nonempty.

Lemma. Under the assumption of the theorem Pf(L) ordered by mcfuszon
has a maximal element.

Proof of the lemma. Let {B;licI} be a chain in (Py(L), C) and put
inf B;=b;, By=J{B;|icI}. We shall show that B,&P,(L). Let i, j&L We
may assume B,<Bj and so b, >b;>f (b)) =f (). It fol]ows that 1nf{b |} =1 (b))
for each i1, and so mf{b \]el}ysup {f(b) i<}, Since f is, by propOSItmn
O, a meet antimorphism, we obtain ‘

inf{b!|bEB}=inf{b,|ic}=sup{f(b j}!jEI}=
f@nf {b;|jED)}=f(inf B, proving that B,EP.(L).
The assertion of the lemma follows now from Zorn’s lemma.
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Proof of the theorem. Put
A= {a€ A|a>f @)
Af={ac A |a<f(a)}.
By the lemma, there exists B, Py(L) such that f(by)<(b,, where b, =inf B,.

If f(b))=b, we are done. Suppose f(b,)<<b,. Then, since L satisfies the
condition («), there exists a4, a non-comparable to b,, such that

€y f(b0)<bo/\ a.
We distinguish two cases.

Case 1° acd; Then f(by)<<a implies f(a)<f?(b,)<b,. From this
and f(a)<a (since a=A4;) we obtain

@ : f@<b,Aa.
The relations (1) and (2) imply
S Vf(@<b,Na.
But f(b)VSf(@)=f(byNa), hence f(b,Aa)<<byAa, contradicting maxi- .
ma‘lity of B,. :
Case 2° a&Af, Then (1) yields

J2 (o) = (b)) Vf (@)
or, by (i)
by=f (b V(@ =f (@>a,

contradicting the hypothesis that b, and a are incomparable.

The hypothesis f(b,) <b, must be rejected, and (since f(b,)<b,)f (b,)=b,
follows.

Remark 1. The following will show that neither of the conditions of
theorem 1 may be individually dropped.

1
Example 1. Let L be the lattice on the figure 1
and f:L-> L defined by
f= 0abl a b
(1 10 0) 7
The conditions (ii) and (iii) are fulfilled, but not 0
(i). No fixed point of f exists. Figure 1

Example 2. The same lattice as in example 1 with

(ool
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The conditions (i) and (iii) are fulfilled, but not (if). There is no fixed
point of f.

Example 3. The same lattice as in example 1 with f defined by

=G50

The conditions (i) and (ii) are fulfﬂ]ed but not (iii). No fxxed points
of f exists. ;

Remark 2. If the complete lattice L is coatomic, i.e. if every x&L,
xs1, is a meet of coatoms — elements of L covered by 1, then, if by C is
denoted the set of coatoms, C,= @ implies f(x)=1 for every x¢&L, so that
the condition (iii) can be omltted In this case we have the following

-Corollary 2. Let L be a complete coatomic lattice and f+L->L an
antitone. mapping such that

() f2(x)<x for every x&L:

(ii) f(a) is comparable to a for every a—C.

Then f has a fihed point. v

2. Fixed points of join antimorphisms
Let L be a complete lattice and f:L— L an antitone mapping. Then the
following theorem is valid. '

Theorem 3. Let L be a complete lattice satisfying the condition (&) of
theorem 1| and let f:L > L be an antitone mapping such that:

() for every x&L is f2(x)=x;

(ii) for every a=A is f(a) comparable to a;

(iii) {acA|a<f(a)}# 2.

Then f has a fixed point.

The proof of this theorem is similar to the proof of theorem 1 and
will be omitted.

Examples similar to the examples following theorem 1 can show that
neither of the conditions of theorem 3 may be individually dropped.

Remark 3. If the complete lattice L is atomic, i.e. if every x&L,
x#0, is a join of atoms-elements of L that cover O, then (if by 4 is denoted
the set of atoms) 4'= @ implies f(x)=0 for every x&L, so that the condition
(iii) can be dropped. In this case we have the following

Corollary 4. Let L be a complete atomzc lattice and let f:L~>L be a
an antitone mapping such that: t

() for every x=L is f2(x)=x;
(i) f(a) is compparable to a for every ac 4;
Then f has a fzxed point.
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Corollary 5. (I5], Theorem 1) Let L be a complete atomic lattice
and let f:L— L be an antitone mapping satisfying the cnndition (i} of corollary 4.
If f(@)=a for each atom a, then f has a fixed point.

3. Commuting mappings

Theorem 6. Let L be a complete lattice satisfying the condition («) of
theorem 1 and let f, g:L— L be two antitone mappings such that.

(i) for every x&L is f2(x)<x, g2 (N)<x;

(ii) for every ac A is f(a) comparable to a, g(a) is comparable to a;
(i) Ap=A,# 2

(iv) fg=gf. ,

Then f and g have a common fixed point.

Proof. If we put (fVg) (x) =f(¥) Vg (x), then (fV 8)*(¥)= (f V) (f () V

gEN=FUEIVEE)VE(F(D)VE NS (x)VEg* (x)<x, so that fVg fulfills
the condition (iii) of theorem 1. Evidently fVV g is a meet antimorphism.

Since fV g fulfills all the conditions of theorem 1, there exists a point b,
such that (fVg) (b))=b,. We know that b <{a for some ac 4.

. lzrom fO)<b,, gby)<b, we obtain (fg) (b,) =g (b,), (gf)(by)=f(by),
so tha

1) (78) (b)) =f (by) V g (by) = by .
 The condition (i) implies
@ F2(gB) =g (by), &8 (f (b)) =S (by).

From (1) it follows f2(g(b,))<*(b,) and g>(f(b))<g(b,). This and (2)
imply f(b)<g (by) <f(By), or f(by) =g (b)) = (fV &) (by) = b,, proving the theorem.
Corollary 7. Let L be a complete coatomic lattice with the set C of

coatoms an let f,g:L—L be two antitone mappings satisying conditions
(i) — (iv) of the theorem 6. Then f and g have a common fixed point.

, Theorem 8. Let L be a complete lattice satisfying the condition (o)
of theorem 1 and let f, g:L— L be two antione mappings such that:

(i) fos every x&L is f*(x)=x, g*(x)=x;

(i) for every ac A is f(a) comparable to a, and g(a) is comparable to a;

(iii) Af=A%+# @

(iv) fg=¢gf.

Then f and g have a common fixed point.

Proof of this theorem is analogous to the proof of theorem 6 and will
be omitted.

Corollary 9. Let L be a complete atomic lattice (with the set A of
atoms) ant let f, g: L— L be two antitone mappings satisfying the conditions
(@) — (@v) of the theorem 8. Then f and g have a common fixed point.



96 R. Dacié

Corollary 10. ([5], theorem 2) Let L be a comlete atomic lattice and
let f, g:L—L be antitone mappings which satisfy the condition (i) of the
theorem 8 and f(a)>=a, g(@=a for each atom a. If fg=gf, then f and g
possess a common fixed point.
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