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1. Introduction:

Recently Ciri¢ [2] proved some fixed point theorems when the mapping T
of a metric space (M, d) satisfies an inequality of the type

(1) min{d(Tx, Ty), d(x, Tx), d(p, Ty)} —min {d (x, Ty), d (y, TX)}<ad (x, )

for x,y&cM and O<a<l. He also showed that the mapping should be
orbitally continuous. In a recent paper we [1] have further extended this idea
of Cirié. (

The chief aim of the present paper is to introduce and to study the fixed
points of a mapping I' by using symmetrical rational expression and which
satisfies the inequality

min{d(Tx,Ty)d(x, y), d(x, Tx)d(p, Ty)} — min{d(x, Tx)d(x, Ty), d (y, Ty)d(y, Tx)}<
min {d (x Tx), d (3, Ty)} h
) <ad(x,y)
for x,yEM, 0<a<l and d(x, Tx)#0, d(», Ty)+O0.

Localized version of the main theorem and sequence of mappings which satisfy
(2) are also discussed. '
Before going into the theorems we state the following definitions.

Definition 1 ((’Ziriéj [3}). A mapping T on a metric space M is
orbitally continuous if lim 7" x =u implies lim 77" x = Tu for each x& M.
i i {

Definition 2 (Cirié [3]). A space M is 'T-orbitally complete if every
Cauchy sequence of the form {T™x}? , x& M converges in M.

* Rc;;arch supported by C.S.I R.
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2. Fixed point theorems.

Theorem 1. Let M be T-orbitally complete metric space and T: M —M
be an orbitally continuous mapping on M. If T satisfies the following condition
min {d (Tx, TY) d (x, y), d (x, Tx) d (y, Ty)}—min {d (x, Tx) d (x, Ty), d(y, Ty) d (», Tx)}<

min {d (x, Tx), d (y, Ty)}
3 <ad(x, y)

SJor some O0<a<1, x,y& M, d(x, Tx)#0, d(y, Ty)40. Then for each x&M,
the sequence {I™ x}% ; converges to a fixed point of T.

Proof. We define a sequence of elements {x,} of M as follows: Let x,
be any element of M. Let

X, =Tx,, x,=Tx=Tx,, ... x,=Tx

Nl oot

Now

min{d(Tx,, Tx,) d(x,, x,), d(xy, Tx,) d(x,, Tx))}—min{d(x,, Tx,) d(x,, Tx)) d(x,, Tx,)d (x;, Txo)}
min {d (x,, Tx,), d(x,, Tx,)}

<ad(x,, x,)
min {d (x;, X,) d (x5, %), d(xy, x,)d (%, X))}
- min {d(x,, X)), d(x;, x,)}
d(x, x,) d (xy, X;)
min {d (x,, x,), d(x;, xz)}
Now if d(x;, x,) is minimum, then we get
d(x,, x)<ad(xy, X;)
and if d(x,, x,) is minimum then we have
- d(x, x)<ad (%, %)

which is a contradiction since a<1l.
So we get

i.e.

<od (%, x)

Lad(xy, x;)

d(x;, x,)<ad(x,, x,)
Proceeding in this manner we obtain
d(x,, Xy ) <od(x, ;, xn)éazd(xn—-z’ Xy )+ <t d(xy, X,) ;
Hence for any integer p one has - ‘ '
» ntp—1 n+p—1
A X )< S d(x, xj¥1)<(» S oa)do%, )<= d (G, %)
Jj=n j=n - .
Hence it follows that the sequence {x,} is Cauchy. M being T-orbitally complete,
there is some u& M such that u=I1im 7" x. By orbital continuity of T
Tu=limTT "x=u

and hence u is a fixed point of T.
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Theorem 2. Let °
A= 45y, = (xEM | d (s, 1)1}

where (M, d) is an orbitally complete metric space. Let T be an orbitally continuous
mapping of A into M and satisfies

3) - S Sor. x;ycA and -

C))] d(x,, Tx)<(I~o) r

Then T has a fixed point. R
Proof.. By (4) we have

x,=Tx,E4 (xo; r)

and by (2) . . e

mln {d(Txo, Tx,) d(xo, Xx,), d(xo, Txyd(x,, Txl)} min {d(xo, Txo) d(xo, Tx,), a’(x1 , Txl)d(x1 s Txo)
min {d (x5 Txy), d(x,, Tx)}

\ Sod(x,, x,)

Followihg lines of arguments of Theorem 1 we get

cd(xy, x)<ad (xy, x) <o (1 —a) 7
Hence
d(xy, X)<d(xy, X;)+d(x,, x,) ‘ [xz =‘T?C1] ,
K=-wr+a(l-—-a)yr=(1 +o) (1-a)r.
Suppose that ‘ -
d(%gs X)<(1 ot - - +om1) (1 =) r
and that , _
dpgs ¥)<e"= (1= r " [x, =“7_"36,,_1]
Then ' :
min {d(x,, Txn)d(x,, %), d(x,,,x,, 1)d(x,,,Tx,,)} mm{d (x,,,x,, I)d(x,, 15 T%), d (%, T ) (X, %)
min {d Xy Xn— s d(xy, Txp)}

<ocd(xn 15 Xp)

That is
d(x,, T )<ocd(x,,_1, n)<oc (1~oc)r
Therefore
d(xy, Xns1) <‘d~(7‘€p s Xt d (X5 X, 1) K

S +oad ) Q- rtar(l—a)r -
KA4a+- - +aH)(I-—x)r<r
Thus the sequence x,, x,,,=7x,, n>¢ is contained in A. Also
d(Xps Xm) <A X5 Xy )+ - +d Xy, X,)

<@+ - -+ (1 ——oc)rgocf’r——»O
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as n—>0. Since A is orbitally complete, so u=1iﬂnT"x for some uc=A. By
orbital continuity of T we have

Tu=limTT"x=u
n

Thus u is a fixed point of T and hence the proof.

3. Sequence of mappings.

Theorem 3. Let (M, d) be a compact metric space. {I,} be a sequence
of orbitally continuous functions of M into itself and satisfies

min.{d(;nx’ Tn+1g)d(§:y)’ d(xa Tnx)d(y, Tn+1y)}‘“
5 e LA 0y, 40 TN d0 LI g

min {d (x, T, %), d(, Tpy17)}

for some O0<a<l and al x,yeEM, d(x, T,x)#0, d(», T,.,y)70 and each
n=1,2, ... . If {T,} converges pointwise to the function T, then T has a fixed
point. Indeed every cluster point of a sequence {x,} of fixed points x, of T, is
a fixed point of T.

»)

Proof. Let x&M be aribitrary and construct and construct the cequence
Xo=%, X;=Tyx,, X,=T, %, ... X,=T, X4, ...
By (5) we have

min{d(Tn'xn—l’ Tn+1xn)d(xn9 xn—l)’ d(xn—‘l’ Tnxn—-l)d(xn’ Tn+1xn)}_
—min {d(x —1 Tn‘xn—l)d(‘xn—l’ Tn+1xnd(xnﬂ Tn+1xn)d(xn’ Tn xn:;_)_}_<

min {d(‘x -1 Tn xn—-l) d(xn’ Tn+1xn)}

<Lad(x,_,%,)
which implies
d X1y X) <t d (X, X1
Proceeding in this way one gets
d (%ps1s X< d (X, X, )<« - - <a"d (%, X))
By routine calculation one can show that the following inequalities hold

i-1 odd(x,, x)) . .
A0 ) <3 d o 3y =D o

k=i —a
Thus the sequence {x,} is Cauchy. Since M is complete and {T,} are orbitally
continuous, T, bas a fixed point for infinitely many of n’s. So there is a
subsequence {T,q} of {T,} such that each T, has a fixed point, say Xx.
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By compactness we may (by taking a subsequence) assume that {x:}
converges to some x in M. We shall show that x is a fixed point of T. If
x,#x for only finitely many of k’s, then

Tx=lim T,q,x

k 00
= lim Tn(k) Xz
k—roo

= {im X,
K 300

=X

So we may assume that x,#x for infinitely many of k’s. This completes the
proof of the theorem. '
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