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(Received November 7, 1978)

Gr. C. Moisil [3] has given new interpolation formulas for switching func-
tions, making use of Sheffer functions alone or in combination with disjunc-
tion or conjunction. E. L. Post [4] (cf. R. Wille [5]) and independently
M. Carvallo [1] have found a very general iaterpolation formula for functions
of the form f:E"—~E, where E is a finite set. The Post-Carvallo theorem
generalizes several known results and provides a tool for obtaining new inter-
polation formulas in various concrete cases; yet it does not include Moisil’s for-
mulas. The aim of this note is to point out that Moisil’s ideas yield naturally
a common generalization of the above mentioned results.

*

Let E, ..., E, be n finite nonempty sets (not necessarily pairwise dis-
tinct) and p=|E, x - - - x E,|. Let further E be a set containing two distin-
guished elements o and e, with w=£e, and endowed with a unary operati-
on*: E—FE, a partially defined p-ary operation o:E?—>E and a partially

defined (n+1)-ary o:E"+*!'-° E. Whenever the values o (y,,..., y,) and
o(zy, 2z, ..., z,) are defined, they will be denoted by Yio¥,e -+ -+y, and
Zye2Zye - - - o Z,, Tespectively. Finally suppose the given operations fulfil

(1) O T 0 R 6 /AR - TR PR

o(y,.*-s. T '5)'(_)7“1'3,-“,1- e ‘Bi+1,n)o t

o(VpeBpie B =Y

for every y,,..., VCE, every BuClw, e (h=1,...,i-1, i+1,..., p;
k=1,..., n) such that Bumw=w for every h=1,...,i-1, i+1,... , P
and some k(W)&{1, ..., n}, and for every i=1, ..., p. The exact meaning
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of this axiom is that the elements (y;+ By« - - - B ) (h=1,...,i—1,i+1,...,p),
(¥*eee----g), as well as the left side of (1), exist and the equality holds.

Theorem. Under the above assumptions every function
2) SiE x++-xE —~E
SJulfils the identity

B) s X)=arerr, O e [ (s« e s d )P exTe e e o],

where the right side stands for the result of the operation o applied to the p
elements of the form indicated within the brackets, while for every x, «CE,
(k=1,..., n), x* is defined by

4 xuz[s 1.f X =,
o if x££«
Proof. Take an arbitrary but fixed vector (x, ..., x)E

E x...xE,. Then

SO s X)X e X = (F (X v s X)) eee s eg,

while for every («,,..., a)#(x,,..., x,) there is an index k such that
®, 7 X, , hence xi¥ =w; on the other hand xt o, xae{w, g}, Now (3)
follows from (1).

Remark. The operation o (as well as .) is not assumed to be sym-
metric i.e., if (i, ..., {,) is a permutation of (I,..., p), the elements
yio-- -0y, and yjo- - .0y, need not be equal; as a matter of fact, they need
not even exist simultaneously. Yet the equality (3) has been established inde-
pendently of the p! possible orderings of the vectors (2, ..., ) from
E x:--xE,.

*

As a first example, take E;= ... =E,=E{0, 1}; here p=2" For each
integer g2 Gr. C. Moisil [3] has defined the g-ary operations A, V, T, L
(conjunction, disjunction and the Sheffer functions) as follows:

1if x,=-+-=x,=1
Xi A AX, = 1 9 ’
! “lo otherwise;
0if x,=-..=x =0
x\/...\/x: 1 q ’
! |1 otherwise;
N v - 1 if Xj=+--=x,=0,
1T T 0 otherwise
0if x,=-..=x =1,
x L cedlx, = e ] q
1 otherwise;
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thus x, T---Tx, —x1 B ¢ -Ax; and x, L .. clx,=x"V - - Vx,/, where
stands for negation, i.e., 0’ =1 and 1'=0. Now the elght 1nterpolat10n
formulas given by Moisil (I—VIII in [3], pp. 223—226) can be obtained from
the above Theorem as shown in the following table:

No. 1 11 III v v VI VII  VIII

\ A \Y A L 4 T T

. A V T L 1 Vv T A
»* y y y ¥y y Y y y
® 0 1 1 0 0 1 1 0

(v}
—
o
o
Pt
—
(=]
(=3
=

For in cases I, II, VI and VIII we have y«B,«:-:cwe:-..f, =0,

Zege-+-eg=2z and ©o- - - 0w0zowo - - - oy =2z*, therefore (1) follows taking

z=y*, whereas in cases III, IV, V and VII we have y.83,+---cwe--..0 =¢,

Zege - +oe=2 and go...ogozogo-..0e=(z*), hence (1) follows from
E0 ¢ o o oso(yi*-eo DRI -5)030 « s s 0=

=0+ ogo(y¥) oco - - - oe=((*))*) =¥

In cases I, IV, V and VIII we have w=0 and £=1, so that the func-
tions x* coincide with Moisil’s functions L, (x) and the reduction of tormula
(3) to the corresponding Moisil formulas is straightforward. In cases II, III, VI
and VII we have w=1 and £=0, so that x*=L, (x) and the reduction of (3)

to the corresponding formulas given by Moisil follows by an easy transformation
which we illustrate in case III:

s e s )= i L @y o e s @) o XTo e v o x =

e [ @y o s @)Y oLy, (X)) -+ - » Lo ()] =
\./ 7 { 4 ’

= 15 55 5 anE{O,l][(f (‘11 s ey O, )) 'Lax (xl)' e ’Lan (xn))]

*

As a second example, we shall obtain a slight generalization of the
Post-Carvalo formula by specialization of the above main Theorem.

Let again E be set containing two distinguished elements o and &, with
w#c. Now suppose E is endowed with two partially defined binary opera-
tions o, «:E?—F satisfying

“ yow=woy=y,
(5 yew=w and ye.e=Y,
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for every y&E. Define a collection of partial operations o,, o ,:E?-°E
(g=2, 3, 4,...) as follows: o,=0, «,=. and

6) Y10g 0¥ 19gYa=(P104 1" 01 Ya_1)Vgs

Q) Vica g Vacr a¥a=iram1 -2 1Ve1) Vg

for ¢g=3, 4, ... . The exact meaning of either recursive equation is that when-

ever the elements in the right s‘de exist, the left side exists too and the
equality holds. The subscripts g will be omitted in the sequel.

Proposition. Under the above assumptions and notation, (4)—(7), for

every n=1,2,3,... and every n finite nonempty sets E, ..., E,, each
Jfunction
2) fiE x+ - xE—E

Sulfils the identity

®) A CIPRT xn)=aerI,Q,a,.eE,.[f(mp s e X e s e X,

where () and x* have the same meanings as in the Theorem.

Proof It suffices to show that the identity operation y*=y and the
above defined partial operations o and . fulfil (1). But (5) implies w.w =0 and
wog=w, that is

©) w-B-w 1or BEf0, <},
while B.w =0 again by (5). Therefore
Y=Byec By g @By oB,=
= ((PBye e o Br )o@ e By ) s 2 )eB,=
=( (@ Brape ) B=( (@ Bryy)e )=
= =wf,=0
whenever B,, ..., Bi_ys Brers --- 5 B,E{0, €} As
yowo:: -ow=w and yegs.--.eg=y

follow immediately from (4) and (5), respectively, the left side of (1)
becomes

WO+ - 0WO J;oWo * -« OW=

=(. . '(((0.)00)0 P om)oyi)ow)o . .)o(,):

(- (@op)ow)o - - Yow=(- - - (ow)o - - Jow=
=Yiowo - - 0w =Y,

if 1<i<p and the proof is even simpler for i=1 or i=p.
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Scholium. Formula (8) can be also written in the form given by
Carvallo:

(10) f(xs .-, xn)=a1€Eh-Q,an€En[f(xl’ e w)emin(xyt, ..., x5,

where min refers to the ordering

< ={(0, w), (o, 9, (= &)}
Proof. We have to establish the identity

(11) y'ﬁl""'ﬁn=y°min(ﬁp---’ Bn)
for every yCE and every B, ..., B,E{w, c}. As

Pege . .g:y:y.5=y.min(e, ey 8),

it suffices to prove (11) in the case when B, =w for some k. But in this case
yemin(@,, ..., B,)=y.0=0w, while y.B,+-.-.B,=w was established in the
proof of the above Proposition.

Comments. 1. The remark that o, . may be partially defined is due
to Carvallo [I]; yet he makes the unnecessary assumptions that E is a totally
ordered set with & and ¢ as least and greatest elements, respectively, and
E=...<E =E.

2. The interpolation formulas III—VIII given by Moisil cannot be ob-
tained from the above Proposition, because if we start with the binary ope-
rations T and 1 and apply the recursion of type (6) we do not obtain the
g-ary functions T and L. Thus, e. g., (e, Tx)Tx3=(x,Vx,) Vx'y whereas
i Tx) T X3 =(x, VX)) AX'5; etc.

3. On the other hand, the hypotheses of the Proposition are more
simple and natural than those of the Theorem.

4. It is clear from the above discussion and the examples sketched in [1]
that our theorem embraces many interpolation formulas widely used in the
field of discrete mathematics. However there are also interpolation formulas
which do not fall under the scheme suggested by our Theorem, because those
formulas are based on quite different ideas; cf. M. Davio, J. — P. Deschamps
and A. Thayse [2].
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