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In a recent paper [5], M. K. Singal and S. P. Arya have introduced a
new class of topological spaces called nearly paracompact spaces. These are
characterised by the following property: “Every regular open covering of the
space admits a locally finite open refinement*“. The class of nearly paracom-
pact spaces contains the class of paracompact spaces. In another paper [3],
another class of spaces called almost paracompact spaces has been introduced.
A space is said to be almost paracompact iff for every open cover of the
space there exists a locally finite family of open sets which refines it and
the closures of whose members cover the space. The class of almost para-
compact spaces contains the class of nearly paracompact spaces.

In the present paper, it is proposed to present some further results on
nearly paracompact spaces. Notation is standard except that «(4) will be
used to denote interior of the closure of 4. The topology t* is the semi re-
gularisation of © and has as base the regularly open sets from r.

1. Definition and characterisations

Definition 1.1. A space X is said to be almost normal iff for every
pair of disjoint sets A and B, one of which is closed and the other is regu-
larly closed, there exist disjoint open sets U and V such that ACU, BCV [5],

Lemma. 1.1. Let X be an almost normal space. If ]}/ ={Uy:aC1I} is any
regular open locally finite cover of the space X, there is regular open locally

finite refinement Y =1{Vy: a1} such that VoC U, for each ol

Proof Similar to the proof of the corresponding result for normal
space.

Theorem 1.1. For an almost normal space X, the following are equi-
valent.
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(a) X is nearly paracompact,
(b) every regular open cover of X has a regular open locally finite refinement,
(c) every regular open cover of X has a locally finite, closed refinement,

(d) ever regular open cover of X has a locally finite, regularly closed refinement.

Proof. (a)—(b). Let }/ be any regular open cover of X. Then there
exists a locally finite open- refinement % of }/. Consider the family Z%: =
{a(V):VEY}. Then 94 is a locally finite regular open refinement of }/.

(b)—(c). It follows easily from lemma 1.1.
(¢) —>(d). It follows easily from lemma 1.1. in [5].

(d)—>(a). Let }/ be any regular open cover of X There exists a locally
finite regular closed refinement 20 of }/. Since the family 9 is locally finite,
for each x& X there exists an open set 0, such that x&0, and 0, intersects
finitely many members of 2. Then «(0,) is a regular open set, such that
xEa(0,), which intersects finitely many members of .

Now, consider the regular open covering §={«(0,):x&X} of X. Then
there exists a locally finite, regular closed refinement §' of §.

Let
V*=X\uU{G:Geqg, GNV=g}

Clearly, V* is open and contains V. Moreover, GNV*#4 g @GN V+# 3.
Since 2! is a refinement of }/, for each V&%, there exists a U, such that
VCU,. Let

W={V*NUy: VEY}.

24 is an open, locally finite refinement of )/, thus X is nearly paracompact.

Definition 1.2. ([5]). Let 4 be a family of subsets of a space X.
The star of a point x& X, St(x, 4), in 4 defined to be the union of all
members of .4 which contain x. A family 4 of subsets of a space X is
said to be a star refinement of another family Z of subsets of X iff the
family of all stars of points of X in 4 forms a covering of X which refines 2.

Theorem 1.2. Let X be an almost normal nearly paracompact space.
Then. every regular open covering of X has a regular open star refinement.

Proof. Let }/={U} be any regular open covering of X. Since X is
almost normal and nearly paracompact, there exists, by theorem 1.1, a locally
finite, regular closed refinement ! of }/. For each V&%, there exists a
Uy&]/ such that VCU,. For each point xEX, let

M. =N {Up:xeVeaWN{N{X\V: x¢VeW}
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Since 2 is a locally finite family of regularly closed sets and every
subfamily of a locally finite family is locally finite, it follows that U{V:x&
Ve is regularly closed ([5]). Therefore

XNV :xZVEW =X\ U{V:x& VY

is regularly open Also, U being locally finite, each point of X can belong
to at most a finite number of %! and therefore the intersection of finitely
many regularly open sets being regularly open, it follows that WUy xeVeEW
is regularly open. Thus each M, is regularly open set. Consider, now, the
family f{={M,:xEX}. Let xcX. Then either xS VC U or x VY. Thus
in any case x&M, and therefore g is a regular open covering of X. We
shall prove that g/ is a star refinement of }/. Let mEX be fixed. Since
covers X, there exists V<<% such that mEV. We shall show that St (m, 1)
CUy. Let M, be any member of _// which contains m. If x¢ ¥, then mcM,
CX\V by the definition of M,. But this is a contradiction. Therefore x
must belong to ¥, and then M,CU,. Thus every member of _# contains m,
is contained in Uy, and therefore St(m, M)CU,. Hence _ is a regular
open star refinement of the regular open covering }/.

Remark 1.1. If we change in theorems 1.1. and 1.2 “almost normal”
with “almost regular”, the corresponding result is well known ([5]). But in
general, almost normal nearly paracompact space is not necessarily almost
regular. Following is an example.

Example 1.1. Let X={a, b, ¢} and let 7 consist of X, &, {a}, {b}
and {a, b}. Then (X, 7) is almost normal nearly paracompact space. But (X, 1)
is not almost regular in as much as {b, c} is regular closed set not contai-
ning the point @ and there exist no disjoint open sets containing {a} and
{b, c} respectively.

(A space X is said to be almost regular iff for any regularly closed
set F and any point x¢ F, there exist disjoint open sets containing F and x
respectively, [5]).

Definition 1.3. An open cover }/ is S-even iff there exists aty-open
neighbourhood ¥ of the diagonal in (X x X, 7,) (where 7, is the product topology)
such that for each xC X, V[x]CU, for some vell Vixl={y:(x, v} (1D.

Theorem. 1.3. Let X be any almost normal nearly paracompact space
Then, every regular open cover is 3-even.

Proof. Let {Uy:acI} be any regular open covering of X. Let
U={Vy:BcJ} be any regular open star refinement of }/. Let V=U{Vgx
Ve:B&J}. Then ¥is v} -open neighbourhood of the diagonal in X x X. We shall
prove that, for each xcX, V[x]CU, for some a 1. If ye ¥V [x], then (x, y)EV
and hence there exists BEJ such that (¥, »)&VgxVs. Then x&V, and
Y&V Hence ycSt(x, ). Then V[x]CSt(x, 2. Since 2 is star refi-
nement of // therefore there exists « €7 such that ¥V [x]C St (x, PCU,. Hence
the result.
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A space X is said to be nearly Lindelof iff every regular open covering
of X has a countable subcovering ([5]).

Lemma 1.2. Let X be any almost regular nearly paracompact space.
Every regular open cover {U;:icI} admits a regular open locally finite refine-

ment {V;:ic€I} such that V,cU, for each icl.

Proof. Let {U;:icI} be any regular open cover of X. By almost
regularity, there exists a regular open refinement 4 of J/ such that for any

AE A, ACU, for some icl. Since X is mnearly paracompact there exists a
regular open locally finite refinement {B;:j€J} of 4. For each j&J, choose
i(j)EI such that B,CU,;. Let G= U ACU;. Then Gi= U A=
i()=i i(j)y=i
= U ZjCU,-. Then 2 ={«(G;):iEI} is a regular open locally finite refine-
(=i _
ment of 7/ such that «(G;)=V;CU, for each icl.

Theorem 1.4. Let X be any almost regular nearly paracompact space
such that there exists a dense nearly Lindeldf (that is nearly Lindelof set as a
subspace of X) set A. Then X is a nearly Lindeldf space.

Proof. Let }/={Uy:a&I} be any regular open cover of X. By pre-
ceding lemma, there exists a regular open locally finite refinement U ={V,:
:a& I} of J/ such that V, U, for each a &1 Then {ANVy,:a&I} is relati-
vely regular open covering of A, therefore by hypothesis, there exists a coun-
table set I,CI such that A= U{dNV,:a&1}. Then

X=A= U ANVy= U ANV,C U V4C U U,, and thus X
acly a el a&lp acly

is nearly Lindelof space.

Theorem 1.5. Let X be any locally nearly compact and nearly paracom-

pact space. Then X =\ V;, where V; are pairwise disjoint and o-nearly Lin-
acl

delof sets (that is every regular open in X cover of V; admits a countable
subcovering).

Proof. Let X be any locally nearly compact and nearly paracom pact
space. Since X is locally nearly compact, for each x& X there exists a regular
open set U, containing x, such that U, is a«-nearly compact subset of X.
Consider the regular open cover J/={U,:xE X} of the space X. Snce X is
nearly paracompact, then there exists a regular open locally finite ref rement
D={V;:icI} of }/. For VU, let 7, (V,) be a set of all YED, such that

there exists a sequence V,, V,,... ¥V, of members of 2 and V.=V,
ViV, = 2.
Let (V)= Fx(Vy) and S(F)=UL (V). Clearly, the family
k=1

&k (V) is finite, hence K (F(V,))<x,. For V,, V€U, S¥,), S¥,) are
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clopen sets, which S(V)=S¥) or S(V)NS(¥)=2. Then SF)= U V,

ve o)
hence S(V,) is an a-nearly Lindeldf subset, because S (V) is a countable
union of «-nearly compact subsets. Hence the result.

2. Subsets and nearly paracompact spaces

Definition 2.1. Let X be a topological space, and A subset of X.
The set A is a-nearly paracompact iff every regular open cover (in X) of 4,
has an open (in X) refinement which covers A and is locally finite for every
point in X (X-locally finite). The subset A is nearly paracompact iff A4 is
nearly paracompact as a subspace.

Lemma 2.1. Let 4 be an a-nearly paracompact subset of a space X.
Then A is a-nearly paracompact subset of (X, <) if and only if A is a-paracom-
pact subset of (X, T*).

Proof. Let A be any a-nearly paracompact subset of (X, 7). Let ¥
be a basic t*-covering of A. Then, % is also a t-regular open covering of
A hence there exists a regular open X-locally finite refinement U={Vz:pEJ}
of %, which covers 4. Hence A4 is an a-paracompact subset of (X, t%).

Conversely, let G be t-regular open covering of 4. Then C=«(C) for
each C€%, and {«(C):C&E} is v*-open covering of A, therefore there
exists an X-locally finite t* -open refinement 2 of %, which covers the set A.
Hence A4 is an a-nearly paracompact subset of the space (X, 7).

Theorem 2.1. Every t*-closed subset of a nearly paracompact space
is o-nearly paracompact.

Proof Let A4 be any v*-closed subset of a nearly paracompact space
(X, 7). Then (X, t*) is paracompact ([1]). Thus 4 is a-paracompact subset of
(X, =*). Hence by preceding lemma, 4 is «-nearly paracompact subset of the
space (X, 1).

Theorem 2.2. A regularly closed subset of an «-nearly paracompact is
a-nearly paracompact.

Proof Let C be any a-nearly paracompact, B regularly closed and
BCC. Let }/={U,:a&1I} be any regular open (in X) coveting of B. Then
W U{X\ B} is a regularly open cover of C. Since C is a-nearly paracompact
there exists an open X-locally finite refinement U ={Vs:B&J} of J/U{X\ B}
such that CC{X\ B}U{Vs:p&J}. It follows that BC U{Vz:BEJ}, and hence B
is o-nearly paracompact.

Theorem 2.3. Let X be an almost regular space, and let A be any
x-nearly paracompact subset of X. Then A is «-nearly paracompact subset of X.

5%
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Proof. Let A be any a-nearly paracompact subset of X. Let }/={U,:
:a1} be any regular open cover of A. For each x4, there exists U, con-
taining x.Since X is almost regular, there exists a regularly open (in X) set ¥,
such that x&cV,CV,CU,.

Consider, the regular open covering U={V,:xc 4} of 4. By hypothe-
sis there exists an X-locally finite family of open sets (in X) W={Wg:BCJ}
which refines 2 and covers 4. Then {«(Wg):B&J} is an X-locally finite
regularly open (in X) family which refines {U,:a&1} and covers A.

For each xC 4, there exists Wy such that x& Wg. Since X is almost

regular, there exists a regularly open (in X) set ¥, such that x< ViCViC
Ca(Wpg). Since {V;:xEA} is regularly open covering of a-nearly paracompact
subset 4, therefore there exists an X-locally finite open (in X) refinement
{4, AEA} of {V;:xEA} which covers 4. Then, AC U{dy 1 AEA} = U{4,: AEA}L
A,C Vi for some x*C 4, ie. ZCV;:COL(WQO) for some B, & J. Thus, {a (Wp,):
:BEJ} is an X-locally finite regularly open (in X) refinement of the regular open
family {U,:«&I} which covers 4, hence A4 is a-nearly paracompact subset
of the space X.

Theorem 2.4. In any space the union of a locally finite family of re-
gularly open a-nearly paracompact sets is a-nearly paracompact.

Proof. Let {Uy:a&I} be any locally finite family of regularly open
a-nearly paracompact sets and let U= {{Uy:aE&I}. Let {Vz:B&J} be any
regular open (in X) covering of U. Then, for each «, {VeNU,:BSJ} is a
regular open covering of U,. Since U, is «-nearly paracompact, then there
exists an X-locally finite family of open sets {D,:AEK*} which refines
{VsNUy:BEJ} and covers Uy. Consider the family {D\: 2 EK*:a& 1}. Then,
this, is an X-locally finite open refinement of {V3:B&J} and hence U is
a-nealy paracompact.

Corollary 2.1. In an almost regular space the union of the closures
of a locally finite family of regular open o-nearly paracompact sets is o-nearly
paracompact.

Theorem 2.5. The product of an a-nearly paracompact and an o-nearly
compact sets is an o-nearly paracompact.

Proof. It is similar to the proof of corresponding theorem for nearly
paracompact and nearly compact spaces ([5]).

Definition 2.2. A mapping f: X —Y is said to be almost continuous
if the inverse image of every regularly open subset of Y is an open subset
of X. f is called almost open (almest closed) if the image of every regularly
open (regularly closed) subset of X is an open (a closed) subset of Y, [5].
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Theorem 2.6. Let f:X—Y be any almost closed, almost continuous
and almost open mapping of a space X onto a space Y such that [~ () is a-near-
ly compact for each yCY. If ACX is any a-nearly paracompact subset of X
then f(A)=B(CY is a-nearly paracompact subset of Y.

Proof. It is similar to the proof of corresponding theorem for nearly
paracompact spaces. ([2]).
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