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In this paper we shall prove some theorems on the fixed point for mul-
tivalued mapping T:M —C1 (M) where M is a closed subset of the sequen-
tially complete locally convex space E and C1 (M) is the family of all closed
subsets of the set M. Let {p}ic; be the family of seminorms defining the to-
pology in E. First we shall give some notations which we shall use in the
sequel.

Let k be a positive integer and for each i {1, 2, ..., k}=4 let fi: 1L
Let g:IxA—R+*. Also, for each n& N (positive integers)

Vin, ={J,, Iy, ..., J):Ji&A, i=1,2, ..., n}
For an a=(J,, J,, ..., JY)EV (n, k) and i1 let:
a(i)=frofro- o fy )
Further, let for i1 and n&N:
Q (i, n=max{g(a(i), ry:acV(n, k), r&-A}
P(i, n, u, x)=max{p,;(u—x):a=Vn, k)}

and Q (i, 0)=max{q(, r):r& 4}, P(i, 0, u, x)= p;(u—x) forevery i1
Now we shall prove a generalization of Theorem 1 from [1].
Theorem 1. Let (E, {p}icr) be a sequentially complete locally convex

space, T:M—> C1 (M), where M is a closed subset of E such that the following
conditions are satisfied:

1. For every u, vieM and every x(—Tu there exists y<Tv such that.

k
Px=N<S al, 1) prw@—v) for every il
r=1
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2. There exist x,—~M and x < Tx, so that:

i<l nEN

" n—1 1
R=sup limy/P (@i, n, x,, x)T1QG, r)=—
, X HO h
Then there exists at least one element X&EM such thar x&Tx.

Proof; Let x, and x, be elements given by 2. It follows by 1. that
there exists a sequence {x,},-nC M such that:

() x,,.,€ Tx, for each n& NU{0}
(ii) For each /&I and n&=N:

k
Di (xn+1 _x,,)< z q(I’ r)pfr @ ('xn_xn—l)
1

Now, for any i1 and n& N it follows by (i) that:

PG, n, xp s Xp)=max{p,, (xp,, —X,):acV (n, k<
k
<max{z 4@, 1) Pryeaty o —Xn_):aSV (n, k)}<
r=-1

ng(i’ n)P(i’ n+1’ xm' xm—])

Consequently for any /<7 we have:

Pi(X, —x,)=P(@ 0, x,,,, x,)<k" HQ(z’, r=1DP(, n, x;, x)
r=1

1 .= . ’ .
and because R<~k-» the series > X,—Xx,_, is convergent. So there exists x*=
r=1

=limx, &M and it remains to prove that x*< Tx*. In order to prove this, we

apply the condition 1. where u=x,, v=x*, x=x,,,&Tx,. Then there exists
b,&Tx*, for every n N, such that for every i/ the following inequality
holds:
k * t
(1) P —b) TS g, 1) ppa(x—x*) 1
1

r—=

So from the relation lim x,=x* and (1) we conclude that lim pib,—x,,)=0 |

a—> n—>oc

for every i<1I which means that lim b,=lim x,=x* For every n& N, b, & Tx*

n—oc n-—>o0

and so x*< Tx*. Since Tx*<Cl (M) we have Tx*=Tx* which completes the
proof.

Remark: It is easy to see that for every 1&1 we have:

(2) pi(x* = x)<S (@, x,, x,) where:
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S, x;, x)=P(, 0, x;, x))-+ 5 K""'P(i, n—1, x;, X))
n=2

The inequality (2) will be used in the proof of Theorem 3.

Theorem 2. Suppose that E, T, M, f,(=1, 2,..., k) and q are as
in Theorem 1 and that the condition 1. in Theorem 1 is satisfied. Further, sup-
pose that for every icI and n< ({0} there exists ¢,(1)>=0 and g (i) 1 so that:

pa(i) (x)gcn (i)pg(i) (X) .for every xEE

and every acV (n, k) and:
LY T L
sup limy/c, (i) I_I oG, r =~1«
r=0

icl neN k

If M is convex and sequentially compact there exists at least one element x&M
such that x& Tx.

Proof: For every n&N we shall define the mapping T,:M—Cl (M)
in the following way:

T,x=27,Tx+(1—-%)x,, for every x&EM

where x, is an arbitrary element from M and {A}.cn is a sequence of real
numbers from (0, 1) such that lim A,=1. Since M is convex, we have T, x&M

for every n&N and every x&M. Also, T,x&Cl (M) because Tx&Cl (M)
and E is a topological vector space. We shall show that the mapping T,, for
every nC N, satisfies all the conditions of Theorem 1. Let u, v&EM and
x&ET,u=n0Tu+(1—-2)x,. Then x'=i:£1—;—ﬁ)——xl€ Tu. Since the mapping
T satisfies the condition 1. of Theorem 1 there exists element yc Ty so that

for every i1 we have:
k
Pi (X =S qlis 1) proi—v)

r=1
namely that:
(»_x —(1=2)x
' 2

n

k
~y)< S 40, P pswW—)
r=1

From this it follows that:

k
pi(x“'((l —7\")X0+7\ny))< Z 7l\nq(l’ r)pf,(i)(u—v)

r=1
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where (1 —2,) x,+A,y&T,v. Further we have for every nc N:

m m—1

R,=sup lim \[P(i, m, x,, x) [] Q.0 N<
r—0

= meN

m m—1 1

<sup lim+ /e, (i) A i, r)<-
sup lim (i) !:[OQ( ) f

where Q,(i, m)=max{\, q(a(i), ry:rcA4, a=V (m, k)} for every mcCN and
0,3, 0)=r,max{q(i, r):rc A}, x,&T,x,. So for every n=N there exists
x,&M such that: :

N, T, x, =0, Tx, + (1= 2) x,.

Since the set M is a sequentially compact subset of E there exists a subse-
quence {xn hi-n Of the sequence {x,},=vy such that lim x, =x* It remains to

A—x

prove that x*< Tx* From x,&T,x,=2,Tx,+ (1 —},)x, it follows that:

x, —(1—=2x):
no(=2)% o
n
Now, if we apply the condition 1 of Theorem 1 where:
. x,— (1 ~2,)x,
U=x,, v=x% x=-"—" S

n

it follows that there exists element b,CTx*, for every ncN such that for
every i< the following inepuality holds:

x,—(1—-Nx k .
pi(’JL ’%ﬁg" _bn)< Z q (i, r)pfk(i) (xn’“X*)-
r=1

n

. . " . X —(P=2) x .
Since lim x, =x* we have that lim b,, =lim - w0 =Md X0y Xy = X*,
k- k—00 k—o0 }\nk k—»o0

If we have a family of multifunctions {F,};ca, where A is a topologi-
cal space, such that for every A& A there exists a fixed point x, of the map-
ping F, ie. x; &F, x; it is of interest to investigate ’the continuous depen-
dence* of the fixed point x, on parameter ACA. Here ’’the continuous
dependence‘“ of the fixed point x, on parameter A& A means that for every
i=1I, every ¢>0 and every A, A there exists a neighbourhood V (3,, i, ¢) of
A, such that for every AV (3, i, ) there exist x; & F, x, and xy, & Fy, x;, such
that

i (Xy — xy,) <€

Definition. Let A be a topological space, E be a locally convex

w
space, M be a subset of E and for every NC A, F,:M ->2F. We write F, - F,,
when h— 1, iff the following condition is satisfied:
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For every x&-M, every i1, every >0 and every zC F % X there exists a neigh-
bourhood V of A, such that:

FEx W+ @ for every A CV
where W={u:p, (u—z)<e}.
For singlevalued mappings F,—F,, when A—=>2, if lim Fyx=F, x for every

7\‘“))\0
x&=M.

If f.»:1-1 for every r&A and A€ A we shall denote Jr, 5005, 00
Jin 2 (i) by @ (D) (a=(J,, J,, .., J,EA) for every AC A. Further if gn:IxA—> R+
we shall use the notation:

05 (1, m=max{g, (ay (i), r):acV (n, k), rE A}
O, 0)=max {g, (i, r):rc 4}
0 ((, n)=max Q, (i, n).

AGEA

Now, we shall give a sufficient condition for continuous dependence
of the fixed point x, of the mapping F, on parameter AC A.

Theorem 3. Suppose that E and M are as in Theorem 1 A is a to-

pological space, F):M —C1 (M) for every A and Fy—Fy if x>}, for every
MNEA. Further suppose that for every ANC A the mapping F, satisfies the condi-
tion 1. of Theorem 1 and that the following two conditions are satisfied:

D) parw ()€, (0) psiy (x) for every iCI, nEN, every xCE, every AEA
and every acV(n, k)

(ii) sup lim \/c OTI0G 1 <.
n rll , P

il n=N

Then for every i I, every ¢>0 and every NEA there exists a neighbourhood
V (%, I, €) of &y S0 that for every AV (A, i, €) there exists a fixed point x,
of the mapping F, and a fixed point x;, of the mapping F,, such that:

p; (X;\ - x7\o) <e

Proof: From the conditions (i) and (ii) it follows that for every ACA
there exists a fixed point x, of the mapping F, and x,=lim Xpns XpnE

n—o0
Fxx,_1,n Where x,, is an arbitrary element from M and x, , is an arbitrary
element from Fy x, 5. Let xy3=x,EF,x, for every A¢A. Then we have
from inequality (2):

00 s—1 J—
P10 — X30) < By (Fp — ) (co O+ 3 a0k [0 t))
s=1 t=
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where x,,, EF, x5,. Let us denote ¢, (i) + i cs (Dk* ﬁ@(i, t) by M (i). Now
we shall use the Definition where: ! ~

X=X and z=x,,EF, x,,
Then there exists a neighbourhood ¥ of X, such that:

F, x,\Ws o for every A& A

where W= u:p,.(u~x;0)<;{l%}. This means that there exists x, ,EFyx,
I

such that:

€
(g3 — Xy < ——
Pi(x;,a 2o M)

and so p,;(x) —xx)<e for every ASV, every i - I and every £>0.
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