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Recently Acharya [1], [2] proved some fixed point theorems of mappings
of a uniform space into itself. In this paper we define a new condition of
common contractivity for a pair of mappings of a metrizable space into it-
self and then prove some theorems about common fixed points of family of
contractive maps on a uniform space which are generalizations of results in

(11, [6], [10].

First of all, we give the following result for metrizable spaces.

Theorem 1. Let X be a metrizable uniform space and F and T be a
pair of selfmappings of X. If (X, d), for some metric d, is complete and the
mappings F and T satisfy the condition

d (Fx, Ty)<q-max {d(x P, S B, d (3 T), dGx Ty, O, Fx)}
for some q<1 and all x, y=X, then F and T have a unique common fixed

point.

Proof Let x be an arbitrary point in X. We shall show that the se-

quence {T"x},—o is bounded. For an arbitrary integer n let k=k(n) be
such that

d(Fx, Tkx)=max {d(Fx, T'x):i=1, 2, ..., n}.
Then
d(Fx, T"x)<d(Fx, Tkx)

<gmax fd(x, T4, s o, A T, d s, T, s, T )

< g max {d (x, Fx)+d(Fx, Tk 1 x), ;~ d(x, Fx), —; [d(T*1x, Fx)+d(Fx, T* x)],

d(x. FX)+d(Fx, T¢x), d(Fx, T"—lx)}
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< gmax {d(x, Fx) +d(Fx, TF x), ~;*[d(T"x, Fx)+d(Fx, T*x)], d(Fx, T"x)}=
=qld(x, FX)+d(Fx, T%x)]
and hence

d (Fx, Tkx)gl_‘-]ud(x, Fx).
~q

Therefore, for any integer n we have

d(Fx, Trx)<d(Fx, TF® x)glde(x, Fx).
—q

Hence we conclude that the sequence {7".x},., is bounded.
Similarly, the sequence {F"x},.o is bounded and so

S,c=sup {d(Flx, TVx): i, j=n}< .

For i, j=n we have

d(Fix, fo)gq-max{d(F"“lx, T~'x), —é—d(Fi'lx, Fix), éfd(Tf"x, T/ x),

d(Fi-'x, T'x), d(F'x, Tf"x}

< g-max {d(F"“x, Y, -r;f[d(F"'lx, T-1xy+d(T-1x, Fix],

%[d(Tf"x, Fi=lx)+d(Fi-'x, T'x)], d(Fi-1x, TVx), d(F'x, Tf“x)}

<q'max {d(Fi_l)C, Tj"lx): d(Tj.—Ix’ Fix)’ d(Fi_lx’ zj)}<q'8n—l
and hence
8n<q'8n——l'

This implies that lim §=0. Since

d(Trx, T+’ x)<d(F'x, T"x)+d(F'x, T*"?x)<28,,

it follows that {T"x),_o is a Cauchy sequence in the complete metric space
(X, d) and so has a limit # in X. Since

du, Fry<d(@, T"x)+d(T"x, Frx)<du, T"x)+3,

it follows that u=Iim F"x, too.

n-—roQ
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Now we have

dw, Ty<du, F**1x)+d(FF'x, Tuy<du, F'+'x)+

1
q- max {d (F" x, u), ~2«d(Fn x, Frelx), %d(u, Tu), d (F* x, Tu), d (F"*' x, u)}

and on letting » tend to infinity we see that
du, Tuy<q-du, Tu).

Since g<1, it follows that d(u, Tu)=0, ie. u is a fixed point of T.
Similarly, u is also a fixed point of F.

Now suppose that v is an another common fixed point of F and T.
Then

d(u, vy=d(Fu, Tv)<q-max {d(u, V), ;— du, Fu),f;d(v, ), du, Tv), d(v, Fu)} =

=q-d(u, v)

and hence v=u. Assume now that w=Fw. Then

dw, Tw)=d(Fw, Tw)<{q-max {; d(w, Tw), d(w, Tw)} =q-dw, Tw)

and since g< I, d(w, Tw)=0. Therefore the uniqueness of u follows. This
completes the proof of the theorem 1.

Now we shall extend this result to uniform spaces which need not be
metrisable.

Let (X, }/) be a uniform space. For any pseudometric p on X and any
r>0, let V(p, n={(x, y):x, y&X and p(x, y)<r}. Let P be the family of
pseudometrics on X generating the uniformity //. Then the family % of all

sets of the form (M ¥V (p;, r;) (the integer n is not fixed), where p,=P, r,>0,
i=1

i=1, 2,..., n, forms a base for the uniformity //. For each &>0, the

n n
set (M V (p;, ar;) belongs to . This set is denoted by aV/, where V= " V(p;, ry).
i=1 i—1
For other properties of the uniformity used in this paper the reader may
consult [1] and [2].

Theorem 2. Let X be a sequential complete Hausdorff uniform space
and F and T be a pair of selfmappings of X. If for any V.U (i=1,2,3,4,5)
and x, y&X

(x, »eV,, (x, F)EV,, (3, TNEV,, (x, TyEV,, (¥ FX)EV;
implies

(H (Fx, Ty)EaV obV,ccVyoeV o fVy,
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for some nonnegative functions a=a(x, y), b=b(x, ), c=c(x, y), e=e(x, y)
and [ = f(x, y) satisfying
a(x, }+2b(x, p)+2clx, y)+e(x, »)+/(x, 3 <q<l,
then F and T have a unique common fixed point.

Proof. Let x, y in X and V in 90 be arbitrary. Choose p to be the
Minkowski pseudometric corresponding to V. Put p(x, y)=t,, p(x, Fx)=t,,
p(y, TY)=t;, p(x, Ty)=1,, p(y, Fx)=t; and let ¢>0. Then
(X, y)E(tl +€) Vl s (x,Fx)E?(thL E) V29 (y Ty)e(t3 + E) V37 (-Xa Ty)E(t4+€) V4a

(y, FX)et;+e)Vy,
which imply that
(Fx, Ty)yEa(t,+e)V ob(t,+e) Vyoc(ty+e) Vice(t,+e) Vo f (t,+e) Vs

and hence
p(Fx, Tyy<a(t,+e)+b(t,+e)+c(t,+e)+e(t,+e)+ f(t;+¢).

Since ¢ is arbitrary,

1 1

p(Fx, Ty)<ap (x, y)+2b~24p(x, Fx)+2¢ -Ep(y, Ty)+ep(x, Ty)+ fp(y, Fx)
1

<@+2b+2ctet f) maX{p(x », f{p (x, Fx), %p(y, Ty), p(x, Ty), p(, Fx)}

1 i
<qmaX{p (x, »), ?p(x, Fx), 72~p(y, Ty), p(x. Ty), p(y, FX)}-

Using the same argument as in the theorem | we obtain that p (u, Tu)=
p(u, Fuy=0 for some u in X. Therefore (v, Tw), (u, Fu)c-V for every V in L.
Hence Tu=u=Fu. The uniqueness of u follows by the same argument as in
the theorem 1.

Corollary 1. Let F and T be mappings of a sequential complete Haus-
dorf uniform space X into itself. If there exist positive integers i and [ such
that F' and TV satisfy (1), then F and T have a unique common fixed point.

Similarly we can extend results given in [6] and {8] from metric spaces
to uniform spaces. Here will be stated the extension of Theorem 2 of [6] only.

Theorem 3. Let ¥ be a family of selfimappings of a sequential com-
plete Hausdorff uniform space X. If there exists some F in F such that for each
TEF there are positive integers i=i(T) and j= j(T) such that (x, y)&V,,
(x, Fixyev,, (y, 'y)cv,, (x, Ty)eV,, (y, FFx)cV, imply

(Fix, TylyaV obV,ocV 0eV 0l
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for all x, y&X and V.U (i=1, 2, 3, 4, 5), where a, b, ¢ and e are non-ne-
gative functions of x and y satisfying

a(x, )+bx, N+clx, »+2elx, y) <g<l,
then every TE F has a unique fixed point in X; at the same time, the same
point is a common fixed point for F .
We conclude this paper with an open question.
If (F, T) is a pair of maps of a complete metric space M into itself satisfying

d(Fx, Ty)<q-max{d(x, y), d(x, Fx), d(y, Ty), d(x, Ty), d(y, Fx)}

for some g<1, do F and T have a common fixed point?
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