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Let E,, ..., E, be arbitrary sets. An m-relation between elements of the
sets E,, ..., E, is every subset R of Cartesian product E,x ... xE,. The
elements x,cE,, ..., x,&E, are said to be in the relation R in given order
if (x,,..., x,)ER. The elements x,,..., x, are not in the relation R in
given order if (x,,..., x,)&R. If E,=-..=E,=E, then RCE" and we say
that R is an m-relation in the set E. The set E is the basis of the relation R.

The relation R-!CE, x E,_,x - -+ x E, is the inverse relation of the re-
lation R if the following

Kgs oo+ » X)ER & (X --- » X)ER!

holds for x,€E,, ..., x,&E,,.

Operations on sets, such as union, intersection, difference, Cartesian pro-
duct etc., can be realised on m-relations, too.

In addition, there exist also other operations on m-relations (see, for
example, [1]).

One of them is De Morgan’s operation which associates with an m-rela-
tion RCE,x --+ xE, ,xE, and nrelation SCE, xE, x+--xE,, ., an
(m+n—2)-relation R«SCE x:--xXE, xXE, x--+xE, ., such that

(Xps oo v s Xgs Xmsts oo o s Xmen-)ER*S & @Fx,EE,)

((xla ey xm_ls xm)ERA(xm’ LR ) xm+n—1)€s)
holds.
De Morgan’s operation ([1]) is associative, that is

(R+S)*«T=Rx(S«T).

Furthermore, we have
(RxS)"1=8"1xR-1

If R and S are binary relations such that RCEx F, SCF x G, then the
operation * represents the well-known multiplication or composition of binary
relations.
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In this paper we shall consider a multiplication (or composition) of
m-relations where the product is an m-relation, too.

Multiplying of two m-tuples will be defined in the following way:

Definition 1. If m=2n, let be

(K> o5 Xpsgs Xapags oo s X300(X (5 ooy Xpy Xpigs oo s Xpp)=
M

=(Xy0 o en s Xy Xopags oo s X35

if m=2n+1, let be

Kznt1s o5 Xnis Xomeas oo s Xane)O(qs o ov s Xy Xpugsener Xgpyy)=
@)
=X cev s Xpygs Xppygs oo Xype1)-

If n=1, the equality (1) gives the well-known multiplication of ordered
pairs: (x,, xj)o(x;, x,)=(x;, x;). The ordered triples will be multiplicated, by
equality (2), in the following way: (x;, x,, x)o(x, x,, x;)=(x,, x,, x,). The
ordered 4-tuples will be multiplicated, by equality (1), as follows:

(X35 X35 X5, X6)o (X5 Xy, X, Xg) = (X} X, X5 X)-

Definition 2. If RCE, xE,x +++ XE,xE,, % +++xE,, and

SCE,,x -+ xE, ,xE,,  ,x---xE,, are 2n-relations, then the product or
composition of relations R and S is a 2 n-relation

SoRCE xE,x +++-xE,xE,, x--+xE,,, such that

(g5 Xps v s Xy Xppygs v s X3, )ESOR &
€] xn+1EEn+1) 3x,,,€E,, ) -3 xz,;EEZn)
(s X vov s Xy Xpigseov s X )ERA Ky v s Xyt Xomags oo s X3 ES)

holds.
If RCE XE,x -+ xE,xE, x---%xE,,  and

SCE,, s X+ XE, xE,, ,x+-+-XE;,, are 2n+1—relations, then the
product of relations R and S is a 2n+4 1 —relation

SoRCE xE,x -+ xE,, ,x---xE,, , such that
(X1 Xps oo Xy Xpigs Xpprns - oe s X3pu ) ESOR &
3%,42€E,1,) @%,,3€E, ) - -@%,4,EE, 4 y)

(Gers X5 ooy Xy Xy gs vy Xone DERACpits -5 Xnrts Xomazs o+ o5 Xans ) ES)

holds.
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Proposition 1. The above defined multiplication of m-relations is
associative:
(ToS)oR=To(SoR).

Proof. Let R, S and T be 2n-—relations. Then
(X Xps o oi s Xy Xpigs ove s X )E(T0S)oR &
Ayis oo V) (X Xgs ooy Xy Pys ooo s VIERA
s« v s Pis Xpits evv s X)) ETS) &
APy oo s V) ((Xys X5 oevs Xgs Vys oo 5 X)ERN
Az oii s 2) (Pns o oo s Yis Zis oo 5 Z)ESA
(Zys « o0 5 Zys Xppgs one s X%)ET) &
Ay, -oo¥) Qzy ooy 2) (X X5 ooy X, Yis VDERA
(s -+ 5 Y15 2150405 Z)ESA
Zps o0 Zys Xpygs oo s %, )ETH &
Az oo ) @y oo ¥ (X0 Xps oov s Xy Yis o oo s VIERA
s+ oo Vs 215 o005 Z)ES)A
(Zs v s Zys Xppgs oo %,)ET) &
Bz oony z) (X5 X5 o ovy Xy 25 ooy Z)ESORA
(s ~ov s Zs Xpuys oo s L )ET) &
(K> Xps oov s Xy Xpyys v Xp)ETo(SOR).

If R, S and T are 2n+ 1 —relation, the proof runs in a similar way.

Proposition 2. If R and S are m-relations, then the following

(SoR)~!=R-1o§-1
holds.

Proof. Let R and S be 2n— relation:
ey oo s Xy Xyt oo v s Xy ESOR)™I S (Xypsy o vv s Xpygs Xps oo+ s X)ESOR &
Gy V) Cans oo Xns 15 Vi oo s VDERA s o+ o5 Vis Xuigs -5 XDES) &
@Y s YDy Xy Vi ooy VDESTIA s v o5 Yoo Xpg1s - o5 X ) ERTY
E (Kysenns Xpy Xpypqreoes X)) ER"10SL

The proof is analogous in the case when R and § are 2n+1-—relation,
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Definition 3. An m-relation R in E (hence, RCE" is said to be
symmetric if for every m-tuple (x,, ..., x,)ER it follows that (s(x,),..., s
(x.)ER, s being an element of the set of all permutations of elements
Xisovns X

Example. A 3-relation R={(0,0,0), (0,0,1), (0,1,0), (0,1,2), (0,2,1),
(1,0,0), (1,0,2), (1,2,0), (1,2,2), (2,0,1), (2,1,0), (2,1,2), (2,2,1), (2,2,2)} (Fig. 1)
is a symmetric relation.

(‘4‘;,1) j,z,z)
} A
4 i) b "z)
" AN
'y 0% : ' \\
! (-L‘)_.._-h,- = =} = (2,2,4)
111\\ 1
RRRNE TS RN
@0, /1 A
9 N 9 1\*! i 2,01)
N (A
v S ot B | O
X g (24,0
/{%‘,0’~‘~_ /-}L 24,
000 (.00 z
Fig. 1

It is seen that “symmetric‘ ordered triples are presented by the points
that are vertices of a regular polyigon.

Remark that the Definition 3 for n=2 presents the well-known defini-
tion of a symmetric binary relation.

Proposition 3. If R is a symmetric m-relation and R~! its inverse
relarion, then R=R™!.

Proof. Since R is a symmetric relation, we shall have for every ordered
metuple (X, ..., X,):
X500 XER S (Xpy ..o, XDER & (%), ..., Xm)ERL
Hence: R=R".
The converse is not true.

Definition 4. A relation R in E is said to be transitive, if together
with all two ordered m-tuples, which can be multiplied by Definition 1, their
product belongs to the relation R.

As a consequence of the above definition we can formulate the following
proposition.

Proposition 4. An m-relation R in E is transitive if and only if

RoRCR



A multiplication of m-relations ' 107

Definition 5. An m-relation R in E is said to be reflexive if
(x, x,..., x)&R for every x&E.

Example. The 3-relation R={(0,0,0), (1,1,1), (1,1,2), (1,2,1), (1,2,2).
2,11, (2,1,2), (2,2,1), (2,2,2), (3,3,3), (3,3,4), (3,4,3), 3,4.,4), (4,3,3), (4,3,4),
(4,4,3), (4,4,4)} in E={0,1,2,3,4} is reflexive, symmetric and transitive (Fig. 2).

Introduction of conception reflexive, symmetric and transitive m-relation
gives us the possibility of defining an equivalence m-relation. The 3-relation
from the above example is just an equivalence relation. Furthermore, it is seen
that the given relation realises a partition of its basis E={0,1,2,3,4} into
disjunct classes: C,={0}, C,={1,2}, C,={3,4}. Such a conclusion is evidently
possible in general for an m-relation.
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