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bstract. It is proved that if A=(4,,..., A,) is a commuting family of subnormal opera-
rs on a complex Hilbert space then o (A4) is a joint spectral set for A.

Let H be a complex Hilbert space and let A=(4,,..., 4,) be an
tuple of commuting bounded operators on H. Let }/ be the double commu-
nt of the set {4,,..., 4} ie. the set of all operators on H which com-
wte with every operator that commutes with each of 4,,..., 4,. Then }/ is
commutative Banach algebra with identity containing the set {4,, ..., 4,}.

We shall need the following definitions in the sequel.

A point A=A, ..., A,) of &" (the n-dimensional complex space) is in

the joint spectrum o(4) of 4 i for all B, ...., B, in }/

S B(A4=2) £
i=1

A complex vector A=(x, ..., A) of %" is in the joint point spectrum g, (A)
of A4 if there exists x in H such that

Aix=x\x, I<ign.

A point A=(A,, ..., A) is in the joint approximate point spectrum oy (4)
of A if there exists a sequence {x,} of unit vectors in H such that

[(4;— 7)) x| >0 as k>0, 1<<ign.
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The joint numerical range W (A4) of A is the set of all points A=A, ..., A,)
of %" such that for some x in H with [[xl=1, A= <4;x, x>for each i.
Thus

W(A)={<Ax, x>=(<A, X, x>, ..., <A,x, x>): x& H with || x| = I}.
A closed subset X of G" is a joint spectral set for 4 if

u(A) [[<sup [u @) |=july,
AEX

for all rational functions u without singularities on X.

Let H,, H,, ..., H, be complex Hilbert spaces, I, the identity opera-
tor and 4, an arbitrary operator on H,, 1<<k<{n. Consider the tensor pro-
duct space H,® H,® - - - ® H, and the operators T,’s defined on it by

T, =A,L,8: - &I,

T,=1,04,8 - --®1,,
and, in general

Tk=11®12® R ®Ik—1®Ak®Ik+1® PPN ®In
Obviously T)’s are commuting operators. Dash [3] has shown that
W(T)=TLW (T)=TIW (4)

(M=o (T)=Tlo(4),
where T=(T,, ..., T,).

In this paper, we are interested in taking A=(4, ..., 4,) to be a
commuting family of subnormal operators A;’s on H. It is not known if
there exists a commuting family B=(B,, ..., B,) where B, is the minimal

normal extension of 4; on a Hilbert space K containing H as a subspace,
1<i<n. However, if the family 4 is doubly commutative, then there exists a
commuting family B in which each B; is a normal extension of A;, and this
is the extent of our knowledge in this direction [1].

Dash [5] has proved that if 4=(4,, ..., 4,) is a commuting family of
normal operators on a complex Hilbert space H then o(d4) is a joint spectral
set for A. We shall extend this result for a commuting family A=(A4,, ..., 4,)
of subnormal operators A; for which there exists a commuting family
B=(B,,..., B,) where B; is the minimal normal extension of A4;.

We observe that o,(4)Co,(B). One may conjecture that o(4)Co(B).
That this i false is shown by the following example:

If U is the unilateral shift and B is the bilateral shift and if we take
A,=UQI A,=I® U, B,=B®I and B,=I1R®B, then o-(A)=&2, the cartesian
product of 2 closed unit discs and o (B)=1I?, the cartesian product of 2 co-
pies of the unit circle [2]. However, we can prove the following:
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Theorem 1. If A=(A,, ..., A4,) is a commuting family of subnormal
operators on H and B=(B,, ..., B,)) is a commuting family of their minimal
normal extensions on a Hilbert space K ) H, then ¢ (B)C o (A).

Proof. It is sufficient to prove that (0, ..., 0)Zo(4) then (0, ..., 0)&&
& o (B). For simplicity, we shall prove the theorem for n=2. However, our
method can be used to prove the general case also. Let (0, 0)¢£o (4), where

2
A=(A,, 4;). Then > T;4; is invertible for some T,;’s in the double commu-
i1

ies

2 T.
tant of (4,, 4,). Thus % (———’————— Ai) is invertible. We normalize this
ST [+ T
i 2 ; il ’ .
operator so that ,( > —[———lifAi) Hzl. Let T,~=——T'————H—
NS [T+ Ty i N Ty + | T,

that 77 ]|<1. For 0<e<1, let

2 m
E—(\ [Fek Bl i< 7 m=t, 2.5 -

[0

By Theorem 1 [8, p. 66], E is a reducing subspace for B, and B,. Let fEE
and g& H, then

<, g)>g=i<f, (z T;A,.)’" (z T?Af)_mg>i

i=1

gy (374

! m m m— ‘m— ’ m 'm 2 ’ —m
=\<f, AF T "C AT AT T A2 T (3 7i4) g>
; i=1

| L m— [ - ’ ’ 2 ' —m
=\<f, (B"T;"+mC, By ' B, T} ’T2+---+BZ'T2'")(Z TiA;) g>1
; i=1

<UBUSY gl e, BT B S gl +mC, (| BB S g+

+o B A el
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=|BUS | gl+™C\ || BT Bof |l lgi+ - +mC, | BYfI g

& e o e 7L W e lme € p2 1
<£;,an' g+ C127' B g+ Czi,’,f_’z’h'82f!i g+

Fe G T <

gm—1
om—1

e . i em-z EZ
?Hf\'f 18l ACy e -

gm .
<27,t!fn g i+mC,

"

gl e, gl e

gm T - ol
=2—,,,Hff! rfg§!+2~;n["'C1+'"Cz+ e +mCal i f 8]

m

P TRI & om UF gl
=§;Hfh ?:g‘,‘+2—,;(2 -Diflilg]

=g

LA lgll,  for all m.

Thus (f, g>=0 and hence H E". Since E is a reducing subspace for B,

and B,, E" =K and so E={0}. It follows that each B, is invertible. Hence
0=(0, O)¢&ITs(B) Do (B).

Corollary 1. If f is a rational function without singularities on

6 (A), then || f(A)|=]f(B)|.
Proof. By Theorem 1, f is a rational function without singularities
on ¢ (B). Thus f(B) is defined. Since o (B)Ca(4), it follows that f (s (B)C
Cf(s(4) ie. o(f(B)Co(f(4)). Now f(B) is normal, and hence
[fB) [=r(fBY<r (fAN<lf).,

where r (T') denotes the spectral radius of the operator 7. As L) <. fB);,
our result follows.

Corollary 2. The joint spectrum o(A) is a joint spectral set for a
commuting family A=(A, ..., A,) of subnormal operators on H,
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Proof. This follows from the fact that any closed super set of a joint
spectral set is a joint spectral set and the Corollary 1.

Dash [5] has proved that if A=(4,,..., 4,) is a commuting family
of normal operators on H then W (4) is the closed convex hull of the joint
spectrum o (4). We shall prove that if we take 4,,..., 4, to be subnormal
operators on H;’s and define T,’s as before, then W(T) is the closed
convex hull of & (T).

Let B,, ..., B, be the minimal normal extensions of 4,,..., 4, on
Hilbert spaces K|, K,, ..., K, respectively such that each H; is a subspace
of K;. If we define

Sk=1;®lé®' e QL 1®B @11 ® - - R

on the tensor product space K,QK,® .- -®K,, where I; is the identity
operator on K;, 1<<i<(n, then it can be easily seen that S, S,,..., S, are
the minimal normal extensions of T,,..., T,.

Theorem 2. If A,, ..., A, are subnormal operators on H,, ..., H,
with the minimal normal extensions B, ..., B, on Hilbert spaces K, ..., K,

respectively, then W (T) = closed conv o(T), where conv denotes the convex hull.
Proof. Using Theorem 1.

6(S;y ..., S)Ce(Ty,..., T,)
Also
W@=OW(T)=TNWA)_TIWB)=W(S,,..., S,
Therefore,
VVW,—S—")=Closed conv 6(S;, ..., S,

(Cclosed conv ¢ (T, ..., T,)

CW(Ty, ..., Ty

CW,, ..., S).

Corollary 3. The closure of the joint numerical range of an n-tuple
of commuting subnormal operators on the tensor product space is the same as the
closure of the joint numerical range of their minimal normal extensions.

Acknowledgement. The author wishes to thank her supervisor Dr. B. S.
Yadav for his kind help and guidance.



88 Pushpa Juneja

REFERENCES

1] T. Ando, Matrices of normal extensions of subnormal operators, Acta Sci. Math.,
XXIV (1963), 91—96.

21 A. T. Dash, Joint spectra, Studia Math., XLV (1973), 225-—-237.

[31 A. T. Dash, Tensor products and joint numerical range, Proc. Amer. Math. Soc.,
40 (1973), 521—526. :

[41 A. T. Dash and M. Schechter, Tensor products and Jjoint spectra, lIsrael J.
Math., 8 (1970), 191—193.

[51 A. T. Dash, Joint spectral sets, Rev. Roumaine de Math. Pures et Appl., 6 (1971.),
458—463.

(6] J. Dixmier, Les algébres d’opérateurs dans I’espace Hilbertien, Gauthier-Villars,
Paris, 1969.

[7] P. R. Halmos, A Hilbert space problem book, D. Van Nostrand Co., Inc.,
Princeton, N. J. 1967.

[81 P. R. Halmos, Introduction to Hilbert space and the theory of sectral multipli-
city, 1951, Chelsea, New York. )

Faculty of Mathematics
University of Delhi,
Delhi—110007.



	83.tif
	84.tif
	85.tif
	86.tif
	87.tif
	88.tif

