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Preliminary notions and definitions

Let X={X(#), 0<¢t<1} be an arbitrary stochastic process of the second
order (see [1]). Denote by H(X;t) (H(X;t—0)) the smallest Hilbert space
spanned by X (s), s<<t(s<t), and suppose that H(X;7r—-0)=H(X;1), 0<r<1;
put H(X)=H(X; 1), and suppose that the space H (X) is separable.

The projection-operator from H (X) onto H(X;?) denote by Ex(t); it is
easy to see that Ey={Ey(t), 0<{t<1} represents the resolution of the iden-
tity of the space H (X). It is known, [1], that there exists the so-called Hida-
Cramér representation of X: :

t
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X0)=73 [ &t wdZ, @), 011,
n=1

0
@
Z,W)=ExWwz, z,cH(X), 0<u<l; n=1,..., N.

The number N, which may be a positive integer or equal to infinity,
we call the multiplicity of X.

Any element x& H (X) determines the measure m,, which is induced by
the function Fy()=|Ex(f)x|? 0<r<1. Let us put My={m,, x&H(X)}.
We introduce a partial ordering in My by saying that my is subordinated to
m,, and writing m,<m,, whenever m, is absolutely continuous with respect
to m,. If m, and m, are mutually absolutely continuous, we say that they are
equivalent, and we write my~m,. The spectral type p, is equal to the set of
all elements m& My which are equivalent to m,; in the set My/o~ a partial
ordering is introduced in the obvious way: we say that w, is subordinated (equal)
to w,, and we write w,<w, (4,=W,), if the corresponding relation holds for
each mEy, and each n€y,. For arbitrary u,, w,, by inf{w,, w} (sup{w,, &}
we denote the greatest spectral type which is subordinated to ., and w, (the smallest
spectral type to which p, and p, are subordinated). It can be shown that, un-
der our conditions, infimum and supremum of arbitrary many spectral types
exist.
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Each process Z,, n=1,..., N, from (1) determines the measure m:, and
the spectral type us;. Note that the inequalities pz,>:-->uzy hold, [1;
the sequence p.,,.., zy We call the spectral type of the process X.

If x is arbitrary element from H (X), then the smallest Hilbert space IR,,
spanned by the variables Ey(#) x, 0<{t<C1, we call the cyclic space generated by
x: Mye=FL{Ex(t) x, 0<t<<1}; the spectral type of M, is equal to w,. The cyclic
spaces, with mutually orthogonal spectral types, are mutually orthogonal. For any
w<th,, there is an element y IR, such that w,=u, [2].

The multiplicity of the spectral type w.,, which we denote by multy,, is
equal to the cardinal number of the maximal set of mutually orthogonal cyclic
spaces, whose spectral types are equal to p, (see [2]).

Results

Let ¢, be arbitrary but fixed value of #. The spectral type generated
by X (), 0<{r<1, we shall denote by p,. Put

o, =inf{u,, us}s
and

M~ FLEx ()X (1), 0<s<1};

~ the space 2)32, is cyclic and its spectral type is y,. There exists a cyclic space
N, NCM,, such that o, is its spectral type; such space N, is uniquely dete-
mlned by o,, [2]. It is easy to show that the projection of N, onto M, is the
cyclic space; from that it follows that the space @Pm; N, is also cyclic. There
is an element n, &R, such that Mn, =N, @Pmto% The family of all such ele-

ments n, denote by M. : M: ={n,, 0<t<1}.

Theorem 1. Fo'r arbitrary t,, if
sup {pn } 3ty
& My

then mult e, =1,

Proof. Le us suppose that the theorem -does not hold, namely that
@ » : mult @, >1.

We shall show that this is impossible. From (2) it follows that there
exist at least two mutually orthogonal cyclic spaces whose spectral types are
equal to p¢; one of these cyclic spaces, orthogonal to E)J?ro, denote by 28, .
If n, is orthogonal to ,M:, for each n,& M, then X (?) is orthogonal to M,
for each ¢, or,,equxvalently, H (X) is orthogonal to I, which is impossible.
So, there exists an element m EM:, such that Plgmto ny, = ne, #0.

. The space: H(X) can be written in the form
©) o H Q) = 30, ®LH (0O,

since ,m:, generates the cyclic space M, of the spectral type (un, <<in,
from (3) we obtain

H(X) = e, D[ D, © M, IOIH (DO M, 1
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If we apply infinitely this reasoning we obtain
@ H@Fi@%@h&@é@%bﬁ@@%@
It is easy to see that there is a sequence f,, t,,... such that
) e, = :il DMy,

namely, if it is not valid, then, for each sequence 7, 7,,..., the cyclic space

B, O DMy is orthogonal to H(X), which is impossible. So, by reason
i=1
of (5), the equality (4) becomes

HX)- S @M@HE)O My,
i=1

where the cyclic space M, i=1,2,..., is generated by ., and pn, <{in;.
From the mutual orthogonality of cyclic spaces My, i=1, 2,..., and from
(5) it follows, [2],
(6) Sup {Wmy > Wy e o} =thro-

Since m, < pm,, i=1,2,..., and ny & M, for each i, we have

SUp {pn s Wone »-- 3 <SUD{ttny » 5. }< SUD {um};
1 2 1 2 ne My,

hence, by reason of (6),
sup {un }> 5
e Mto

which contradicts the assumption of the theorem. Q.E.D.
Theorem 2. If multy,=1 for each t, then N=1.

Proof. Let us suppose that the theorem does not hold, i.e., that N>1.
For uniqueness put N =2. From this assumption it follows that the process X can
be represented in the form

X(@0)=[g @ wdzZ, @+ [ 8, (t, wydZ, )=
0 0

=X, () +X, (), 01,

where the processes X, and X, are mutually orthogonal and their multiplici-
ties are equal to one. The process Z;, i=1,2, determines the spectral type
pz;, and pr, >p,.



24 Jelena Bulatovié

The spectral type p, is generated by the function F,(s)=|Ex(s)X(?)|?
0<s<{1, which can be written in the form :

F ()= Ex(®) X, () [P+ Ex(s) X, (1) ||>=
= F(s)+ FO(s), 0<s<l;
hence

@ te=5UP {Wi,> WUsrs
where the spectral type p,;,, i=1, 2, is generated by F®(s). If we show that
there is a #, such that

®) Boyr<thzy,

then, by reason of (7), it will imply p,<p.,, But, the last relationship is equi-
valent to mult w,=2, [2], which contradicts the assumption of the theorem,
or, equivalently, which means that our theorem holds.

So, we must show that there is a #, such that the relationship (8) is
valid. We shall show more that than; precisely, we shall show the following: If
X, ={X,(2), 0<t<1} is arbitrary stochastic process of the unit multiplicity
and the spectral type p.,, then for any spectral type p<p, there is a z, such
that u,,<w (here we denote w,,=px,,)- )

Let Z, be a process from the Hida-Cramér representation of X,; the
equality H (Z,;t) =Mz, is satisfied for each ¢ It is clear that

® Bz ) <Bzy¢> 4ty

and that, when 1—0, spectral type uz, converges to the spectral type which
is identically equal to zero. From this it follows the existence of a z,, such
that pz, ¢ <. But, the evident equality H (X,; )=z, 0<¢<1, implies that
p < for each t<#,, which we wanted to prove. If we put w=uz,, in the
last relationship, we shall obtain (8). Q.E.D.
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