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ON A SYSTEM OF FUNCTIONAL EQUATIONS ON QUASIGROUPS

Janez Usan, Zoran Stojakovic
(Received December 26, 1977)

In [5] the following problem was posed:
Find all solutions of the system of functional equations

6)) 23 N " X, (X, (a;')’ af,+1)=X2j—1 (a]i‘la ij (ajf”—l)s aZH),
je 2 3 ** 3 n+

where n is an integer greater than 1; d nonnegative integer;
X, j=1,2,...,n+d,

infinitary quasigroups of type o (introduced in [1]) or finitary quasigroups of
arities greater than 2n+d—2 (that is g&(N\{1, 2, ...,2n+d—2})U{oo});
X, j=1, 2, ..., n+d, are n-ary quasigroups; and all quasigroups are defined
on the same nonempty set Q.

The system (1) for g=2n+d—1 and d=0 was considered in [3], and
for g=2n+d-1 and dEN in [4].

Theorem 1. If quasigroups A;, i=1, 2 ,...,2(n-+d), defined on the
same nonempty set Q, satisfy the system
1) P A, (4, (a}), az+1.)= Azj-—l(a]l._i, Azj(a§+"_1)s a;’,_,_j)’
Jj€{2,3,...,n+d}
where nEN\{1}, dCNU{0}, gE(N\{1, 2, ..., 2n+d—-2})U{oo}, then there

exist 1-loop (C infinitary of type  if q= oo, finitary of arity q—2n—d+2 if g+ =)
and a binary group B, both defined on Q, such that for every j&{1,2,...,n+d}
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(j—1 (1 [€) (j+1
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where the translations T are defined by

TOx=A;(k, k,..., k, x, k,...), k fixed element from Q, and
——

t—1

n—1
B (a7)=B(B(... B(Ba,, ay), a3), ...), ay).
Proof. From

Ay 4,(a7), al, ) =Ayyy (@71, Ay (afnh), all )

N
JjE{2,3,...,n+d}

putting instead of each of the variables af, , one fixed element kE€Q, we get
the system

4, (4, (@), a2nid-Yy=A,; @i,

2) S
JE{3,3,...,n+d}

Ay (@jtr=t) alnpit),

where quasigroups sz—v j=1,2,..., n+d, are defined by

Ay (@it =4,; (a;"“i, k, k,...).

In [4] the general solution of the system (2) was given. By the Theorem
1 from that paper it follows

_ n—1 __
- )
(3) A,; (a'l')=T§Jj)_1 BTN TVay,..., TR (TN ay iy,

TPTP ay_jis - T | T ay),

for every jE{1, 2, ..._,n+d}, where B is a binary group defined on @, and
translations 7% and T® are defined by

T.(vi)x=As(k’ k’ LIRS k, X, k, "')’ 7-Si)x=‘i-;(k’ k’ P k’ X, k’ v ')'
i—1 i—1

Since ]_’g}_1=T§?_1, i, j€{1,2,...,n+d}, in the sequel we shall write

(i) . ‘—(
T3)_, instead of T'9 .
From
2
Al (Az (arll)a az_|_1):A3 (ap A4 (03“‘), az+2_),
. ) 2n+d-3
putting a2"*4-1— k we shall have
n—2 n+d—1 n+d-2

A (4,3, k), k , ag, . o) =4;(a; T®O a,, k ,a%,.,)
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and if in the preceding equation we replace A, by the expression obtained in
(3) we get
nt+d—2 —, n—1
Ay, TPay k ,al, )=A,TP B TOTY a,

n4-d—1

Q@ { 3) 7 1
TOT® a,, TOTOk, ..., TP TOK), k , a2, ).

Since TQ)_, TN k=T | T{) k=e, for every i N,

where e is the unity of the group B (which can be proved analogously as the
Lemma 3 from [3] is proved), there follows

ntd—2
1 -
A,(a, TP a,, k , ag, )=

n+d—1
=A1 (T(Il)—l B(T(ll) Tgl) a, T§2) Tgl) az), k al21n+d)’
that is

) ntd-2 . (1)_1 W 70 * nt+d—1 .
(5) 4,3 k , a5, )=4,TP BTPITPa,TPay), k ,ai,.,)

If we continue this procedure, that is if we fix

2n+d—j—2
2n4+d—1 _ ;
azi} k in

Azi—l (a]i_l H A2j (a§+n-—1)’ a3+j)=A2j+1(Aji’ A2j+2(a'§i'11)a aZ+j+1)’

and put instead of A,; the expression obtained in (3), we shall have

ntd—j—1
A2j+1(a]1’ T k

242 4

o1 e

n—1
= j—1 iy G { G+ T
Ay @7 TY) | B (TP T5) a4 TR T G

nt+d-—j

Tgfjj_%) ng)+4 ky..., T(2j}—1 Tg’]) k, k , agn+d)’
that is
nt+d—j—1
©) Az (afi, T(21}+2 s k agn+d):
, L—1 ' n-td—j
Ay (@7 T BTY  THa;, TEVTY 1 a.0), k5 af, )

and (6) is valid for every j=2, 3,...,n+d—1.
So we obtained the connection between the qusigroups A4,; , and A4,,,,
for every j=1, 2,...,n+d—1 (the equation (5) is the equation (6) for j=1).
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If we put in (6) for j=2, the expression for 4; from (5) we shall have the
connection between 4; and A

n+d—3
— 1
A%, TP ay, ka3, )=4,(a, TP BTPTPa,

n+d—2
1 - -1 1 1
TOTHay), k5 ag, =4, TP~ BT P THa,

n+d—1
2 1 3 1
B(Tg)T@)az,Tg)Tg)%)), k ,ai,. .,

that is
n+d—3
As@3, k agn+d):
- 2 nt+d—1
=A,TH BAPTPa, TPTPa, TP ay, k , ag, ).

Continuing this process (and using that

(1+p ) = T@+p) U =
(7) T2(1+)p)-1 T2(1+17) T2(n+l7)*1 T2(n+F)’ p

1: 29 ey d7
which follows from

A a4n-1 @, A2aap (@537), al,, )=
-1 2n—1
= A2otn-1 @77, A2gin @Y, a,,,),

when we substitute by k all variables except a,,, we finally get

1 n+d—1
Azray-1 @i+, a3, )=A4, IO B (TPTPa, TPTPa, ...

,TO  TOa, TOT®a,,,, ..., T9 TS a,, i,

n4-d—1

(n+d q
T2n(n+zi)—l a"+d)’ k ’ 02n+d)'

Let us put
- n+d—1
Al (T(ll) a, k ’ a§n+d)= C(al’ a%n{-d)'

It is not difficult to see that C is an 1-loop with unity k.
From the previous results it follows

ntd—1
(8) Array-1 @y, a4, )=C( B (IPTPa, TPTPa,,...
1 2 dy T d
s TP TPa, TOTMa, ..., TS T, 4y, T(Z”(;:Jr)d)_l Quig)s By o)-
From

n-d-—-1 2n4-d—1 .
Ay v ay—1 (al s Ay wrad (a,,+d ) ag,,+d)—

— d—2 2ntd—2
=Ayea)-3 @72 Arur g2 (@15 5477), ag, a1
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fixing each of the variables afiﬁd_z by k we obtain that the quasigroups

Ay mray—y and A, . 4_5 are isotopic:

n+d—1

® A2(n+d) 1(‘11 s T;(n+d) Qopia—t, agn+d)=

n+d—2

(1) q
=A,ra)-3 (1 » Toinrdy—2 Fnpd—1’ ag, 41)

and from (8) and (9)

n+d—1
+d 1 1 2, 1
Ay eays (@, @, dr)=C( B (TP Ta, TV TP a,, ...

) T1 ) () (n+d—1) (n+d)
IO  Thay, TPT auit, o, TSata nra 1 TS i1 TSty Gnea)s Gnva)-
In a similar way it can be proved that the quasigroups Az; , and 4,; ,
are isotopic for every j=2, , n+d and from these isotopies it follows
n+d—1 . .
n+
(10) Ay @, da)=C( B (T T8 a,,
(2) 1
19T ay, ..., TG 1T2(j—1)a,-_1,
() (j+1) () (n+d (n)
> T2§ 14 TJ(J‘H) 1T2"(J+1)aj+1a .. T2n(n+)d) 1T2n(n+d)an+d), agn+d),

for every j=1,2,...,n+d.

So the theorem is proved.

Considering (7) we get that (3) and (10) for every j&{l,2,...,n+d}
can be written in the form

’ ( ) ! ( (1 0 j
(3 ) AZJ (al) ; B ({ i) '-j+1}l—1’ 2i 1 T g: n+(i—j)}{=2);
’ d
(107 Ay @, dhya)=
n+d—1

=C( B (T94TPa}Zl, TV 1, {5 T a}it0), dhura)-

From the theorem ! and by a simple check we get the following
theorem.

Theorem 2. All solutions of the system (1) are given by

n—1t
(11) X,; (@) =8" B (e} ali™),
(12) Xy @, dpas)=
nt+d—1 a
_‘C( B ({(X, a}l 15 " {ai+nal+n};’=+j )s agn+d+1)’
JE{l, ..., n+d}, where o, B; are arbztrary permutations of the set Q, B

arbztrary bznary group defined on Q, C arbitrary 1—loop (of arity q—2n—d+2
if g+ oo, infinitary of type w if q= ) defined on Q.
As in [5] we find that the following theorem is valid.

15+
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Theorem 3. Let Xy~ and X,; be expressed by B, C and B, C by
Jormulae (11) and (12). Then the groups B and B are isomorfic and C (x5 =
=C(px;, x3"), (y=9—-2n+d—1if q# 5, g, = o if g= o), ® a permutation
of Q.

If X,;_, and X,; are expressed by B, C, a,, B; and B, C, o:, (Sjbyformulae
(11) and (12) then B is any of the groups principaly isotopic to B, and o;~ga,,
B,w,,(?, where ~g is defined by

tmpB & (3a€0) FBE0) (x ()= B(a, BB (), BY).
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