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In the first part or this work we consider a special case of a system
of balanced functional equations on quasigroups. A system is irreducible, general
and of extended equality type. The results we obtain are the partial genera-
lisation of those of B. Alimpi¢, J. USan, V. D. Belousov and E. S. Livsic
(see [21, [6], [4])

In the second part, we shall free ourselves from irreducibility, and, in the
third part, from generality and equality of all participating terms.

*

Basic properties of n-quasigroups are given in [1]. We introduce some
new symbols and define new notions, not strictly connected with n-quasigroups.

Let QO be n-ary operation on a nonempty set S and MC{l,..., n}.
Let Q,, be a retract obtained from Q by replacing variables from those
arguments of Q whose ordinal numbers do not belong to M, with previously
selected elements from S. For example, if Q(x,,...,x,) and a, ..., a,ES
are given, then Q3,4 (x, y, 2)=Q (%, a,, ¥, 2, as)

By (Q) we denote operation with a retract Q.

Let term ¢ be given, where all the operation symbols occur only once
in the term ¢ and are interpreted as operations of some nonempty set S (in the
sequel we do not distinguish operations from symbols of operations). To every
retract R of such an operation corresponds the function f which depends on
term ¢, If R(¢, ..., 1, is a subterm of ¢ then fz (k) is a set of variables
of aterm t,(k=1,...,m). If M={i,,..., L} (i,<---<i,<n) then fry (k)=
=fr (i) (k<r). For example if t=A4(x,, B(x,, C(x;, x,)), x;) then f, (1)={x},
fA (2) = {xza X3, x4}’ fA (3) = {xs}’ fA {1, 3} (1) :fA (1) = {x1}9 fA {1, 3) (2) =fA (3) = {xs}
and so on.

Let S, be the set of operations (operational symbols) and variables of
the term 7. To every operation Q corresponds that subterm 7Q of ¢ for which
Q is the first (main) symbol. Term x corresponds to variable x of the term
t (Tx=x). Function T, from S, to the set of subterms of the term ¢z, defines
an order relation <, of the set S,, antiisomorphic to the relation of being
a subterm (Q<,R iff TR is a subterm of 7Q). (S,, <,) is a (lower) semilattice.
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For every operation 4 from S, we define the partial function N4:

C, if TB=B(t,,..., 1), TC=t, for some k<n, C<, 4

Nys(B)= . .
not defined, if not B<,A4

We call N,(B) successor of B in the direction of A. If ¢ is as before
then Nx,(4)=B. Nx,(B)=Xx,, Ny, (B) is not defined and so on.

We also define a binary function arg for all 4, BES,

{0}, if not A<,B

arg (4, B)= .
{k}, TA=A(,, ..., 1,) and TB is a subterm of 7,
In our example arg(B, 4)={0}, arg(B, x,)={1}, arg(B, C)={2},
arg (B, x;)={2} and so on.

Let formula ¢, =7, be given, whose variables are exactly x;,..., X,
If a,...,a,ES are given and MC{l,.... n} then M-consequence of # =1,
is the equality obtained from ¢,=¢, by replacing corresponding elements of S
for the variables x;(i& M) (and replacing all the operations with the retracts
of corresponding operations). For example formula Ap By Cp3) x; = Dy E(x;, X,)
is the {3, 4} -consequence of the formula

A(x,, B(C(xy, Xy, X3), X)) =D (%, E(x3, X,), X5).

Let t,=t, be a given formula whose variables are exactly x, ..., x,
and let 4 and B be retracts of operations occuring in ¢, and ¢, respectively.

Definition. A—B(t,=t,) iff there exists MC{l, ..., n} such that
{x;|ieM}={y;, ..., ¥m}=1{21» .., Z,n} and such that

0y H Qarg 0, (n 4 ( H Qarg(Q,y) V15 ++ > II Qare ©, yr) V) =
2<(4) (A)y< @<y

(D<Q<ym

= I1 QuecanB( Il Qumc .2, .. Qarg (@, zm) Zm)
0<B) B<Q<z

' ,(B)<Q<Zm

is M-consequence of f,=¢,.

I1 is composition operator like in Il ¢;x=0,... Q,x and < is one

I<i<n

of <, <. If we define <4, B = ]| Qg and (-, B)=
(A)<Q2<(B)

= J1 Qarg (0, 8y then (1) can be written as:
0<(B)

Gy ADARA, YY1 oo {4y Yy ¥m) =(> BYB(B, 202, -, (B, Zn) Zn)

Let T be the conjunction (a system) of formulas of the form ¢#=1¢;
(Iig<j<n).

Definition. Retracts 4 and B are «»-related iff there exists an
equation #;=¢; such that 4B (;=1)).
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Definition. Relation ~ is reflexive and transitive closure of the
relation <> in the set of all retracts of operations occuring in I'.

~ is obviously an equivalence relation and if some retracts- A and B
belong to the same equivalence class of ~, then they are diisotopic.

Definition. Retract 4 is locally irreducible iff for every MC{l, ..., n},
for which {x;|iEM}N\f,(k) is a singleton for all k=1, ...,[4 |, there exists
a retract B such that (1) is the M-consequence of some formula #;=¢; from I.

Definition. Retract 4 is irreducible iff all retracts from A~ are
locally irreducible.

Definition. System I' is irreducible iff all operations from I' are
irreducible.

At the end of the introduction, we define a relation of partial equi-
valence.

Definition. Relation = on S is a partial equivalence iff following
formulas hold:
(PR) VxVy(x=y = x=X)
S) VxVy(x=y = y=x)
¢y VxVyVz(x=yA\y=z = x=2).

It is easy to check that being a partial equivalence on S is the same
as being an equivalence on some subset of S.

*

Let T' be an irreducible system of general balanced functional equations
on quasigroups, of extended equality type. In another word I' can be written
in the form: #,=-..=1t;, where t;(i=1,...,#R) are such terms that every
variable occurs exactly once in every term ¢;(i=1,."., 7). .

Irreducibility is defined in the introduction, while generality means that
all symbols of operations from I' are different one from another. The only
assumption is that these symbols denote quasigroups of given arity.

Let S be any nonempty set and + an abelian group on S. If 4 is an
operational symbol from I' (of arity k), then quasigroup A is defined as
A(x,, ..., X)=x+ - - +x. Every term t;(i=1,...,7n) then becomes sum
X+« +X,, so this is a solution of I, hence I' is consistent.

Let a solution of T’ (on a set S§) be given. We interpret operational
symbols from I' as respective quasigroups from the given solution.

Lemma 1. For every operation A from T, card A” >1i.
Proof: Trivial.

Lemma 2. If A is an operation of arity greater than 2, then card A" =1.
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Proof: Let 4 be an operation (from I') of arity k>2. Then, in some
of t;(i=1, ..., A) for example t,, occur at least two operations. ‘

(1) Let these operations be B and C, B<C and in some L(r=2,...,#%)
there is exactly one operation from A~.

Then for some x;, €f3(1), ..., Xy Efa(p-1), Xip  Efp(p+1), ..., X E
€ fp (k) end every x,, & fc (1), ..., xm & fe (k) (C occurs in p-th argument of B)
and some D& A ™ occuring in #,, B>D (4, =1,)iS {f, ..., Jo_,s My Jouys - - s Jup—
and {ji, ..., Jo_,s My; Jp,\s - Ji}-consequence of f,=1, so Xm, and X, are
in the same argument of D. Then C«» D (¢, =1,) cannot be {m, ..., m} —con-
sequence of ¢, =r,. So (1) is impossible.

(2) If we choose 27 operations such that exactly two of them occur in
every term f;(i=1, ..., @), then, if each pair is incomparable then not all of
them belong to 47. It is so by definition of ~.

(3) If we choose 2# operations Ay, ..., 47, By, ..., B; such that 4, < Bi
and 4;, B;occur in #;(i=1, ..., #) and such that Ai—>A4;, BB (i,j=1,..., 7
i<j), then not all of them belong to A~ because of definition of ~.

(4) Let B, C be ~-related operations from t,, B<C and D, E opera-
tions from some f, such that B« E, C«>D and D<E.

Let VppUVpelUV cpUV ci be a set of 2k — 1 variables such that ¥y, Vg
is the set of arguments of B but not of C, Vep UV g is the set of arguments
of C, VgpUVcp is the set of arguments of D but not of of E and Vee\UVeg
is the set of arguments of E.

We have following scheme:

VCD VCE VBE VCE
N
C E
Vao } Vg Vip | Ven
!
NV L

It must be card Vp;=card V¢, and card V.= card Vap+ 1.

If Vep# @ then the choice of variables Vep\JVpe and some variable
xX& Vg shows that B is locally reducible. From xC V¢, and Vg ¢t @ it foliows
that cannot be B«>D(p,) and from Vyp+ o it follows that cannot be
B—E(t,=1,).

If Vgp= @ then Vi p={y} and we have:

e e
C VBE E VCD
N N
B D

The choice of variables ¥, and come variable x& ¥, shows that B is
locally reducible. From xZ&V,, it follows that B« D (t,=1,) cannot be true and
from x+#y it follows that B«> E (¢, =1,) cannot be true, which is impossible.
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(5) Let B, C be ~-related incomparable operations from #, and in some
t,(r=2, ..., ) there is exactly one operation D& 4".

Then B« D (t,=t,) and C«<>D (t,=t,), so there are binary retracts R,
R,,..., R, such that for some y,, ..., ¥, 2, ..., ZE{x;, ..., X,} we have:
R(B(yla R yk)’ C(Zu LR} zk))ZD(Rl (ylﬂ:’ Zm‘)a e Rk(ykﬂ." ch))

Where ® and o are permutations of {1, ..., k}. The choice of variables
Vims +-+» Yk Zis contradicts the irreducibility of D.

(6) Let B, C be ~-related incomparable operations from ¢, and D, E
operations from some 7, such that B« D, C— E and D<E.

Then for some y,, ..., Vi, 2y, ..., Z&E{x;, ..., X,} and some binary
retracts Q, R we have:

Y 2
0 z,..2
Vi Ve 2% L7
NS E ¥, Vi
B C AN /
NS AN
NS ANZ
R D

neglecting the order of variables. The choice of variables y,, z,, ..., z con-
tradicts the irreducibility of E.

Impossibility of all the cases (1)-(6) leads to conclusion that cannot be
card A" >n. Lemma is proved.

Lemma 3. For every equivalence class A~ there exists a quasigroup
Q~ such that every BC A~ is diisotopic with Q,~ and diisotopy is of the form:

B(yl’ "'ayk):<"B>_1Q;§(<'sB>B{l]y1a cery <',B>B{k]yk)'

Proof From lemma 2 it follows that A4 is either binary operation or

A" has exactly 7 elements.

(1) Let A be a k-ary operation (k>2) and
Oa~ (Vi - s yk)=<" A>A(A{_1}I <'s A>_1y1’ tevs A[;}l <'9 A>_1yk)-
Let BEA~. Then, if B=A then:

Ay, “',yk)=<'>A>_1QAn~"4(<"A>A{1}y1’ cres <"A>A{k}yk)
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where 7, is identity permutation of {1, ..., k}. IfB+#4 then, equalizing terms
containing 4 and B and for M= {i,|x; Ef,(r), 1<r<k} we have:

o) BYB (B, %> Xiy» -+ (By %) Xie) =
=, AY AQA, xi, )y Xty 5«5 Ay Xig ) X)) =
=042 (C- s A) Ay KA, XY Xiys oy oo A Ayg Ay X ) X)) =
=04~ (> BY By (B, Xi, ) Xiys - - -, > B) Byg (B, xi.) Xi)-
It follows that:
By, o )=C»B)T QB (-, BY By y1s -5 (- B By yo)-
(2) Let A be a binary operation and
Qu~ 1, ¥ = (oo A AT (oo D7y Ay (o 71y
’I"he proof of the case (2) is by induction on length of one of shortest

sequences A=B,, ..., B, =B such that for all r(l<r<m) B,«»>B,,,.Form=1,
B=A and we have:

Ay, y2)=<" A>_1 04~ (s A>A{1}y1’ s A>A{2]y2)

Let us suppose that lemma holds for all sequences of length less than
m. Then we have for C=B,,_;:

CWp, p)=C+, CY71 Q&> ((+» 4) Cy yi, <+ €) Cy y2)-

From B,=B it follows that B«»C and for some x;Cfz(l) and
x;E fz(2) we have:

{+» BY B({B, x;) x;, {B, x;) X;) =
=+, C)C% ({C, x;) x;, C, X9 X)) =
=+, CY (-, OO (-, €)Y C LG, x) x;, (-, CYC'LC, X)) =
= Q%= ((+, B) By (B, x;) X;, { -, B) By (B, x;) X;),
where {C’, C"'}={Cyy, Cpj}- It follows that
B, y)={"» By QB (-, B) By, > BY By y)

where Tp=Tc0c.

Lemma 4. Let A<B and 1A~B. If A<~ C, B~D and C, D are
comparable then C<D.

Proot: From A«>C, B« D it follows that cannot be C=D. From
comparability then follows that either C<<D or D<C holds.
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Suppose that D<C holds. Then there exist variables y;, y,, y; such that

A(B(y5 ¥2)s ) =D (C(y» ¥2) ¥3) or A(B(yy, V) ¥2) =D (1, C(¥s, ¥5) neglec-
ting the order of variables. In the first case we have B«>C which leads to
conclusion that A~B, which is impossible. In the second case we have B<>D
and A« D contrary to hypothesis 7 A~B.

It cannot be but C<D which had to be proved.

Lemma 5. Let B, C be ~-related, incomparable operations occuring in
the term t and let A=inf(B, C) with respect to the ordering <,. Then A~B.

Proof Let D, E, F be operations occuring in 7, such that A«>D,
B E and C«» F while not simultaneously D<E, D<F and E and F incom-
parable. Such operations we can always find, otherwise cannot be B~C.

Let 1 A~B. From A<C, A< D, C«> F, according to lemma 4, it follows
that D<E. From ] A~B, B~C we conclude 14A~C. From 4<C, A<D,
C« F, according to lemma 4 it follows that D<F. Then E, F must be
comparable.

Let E<F. Then there exists a set of variables {y,, ..., y={2;, .., 24}
such that:

AB,, V2, C(yss y))=D (E(F(zy, Z,), 23), z,)
neglecting the order of arguments.

If {z,, 2}={y, »} {2 2}=00 v {205 2} ={y2 ¥;} or {21, }=
={y,, y,} then A«<>F and from C« F and B~C we must conclude that A~ B.

If {z,,2,}={p, y,} then z;E{y;,y,} and 4«<>E and from B—E we
conclude that A~B.

If {z,,2,}={y;, ys} then z;€{y,,»,} and 4—E and A~B as in the
previous case.

In any case from ] A~B it follows that A~B, so A~B always holds.

Lemma 6. Let A, B, C be operations occuring in the same term such
that A~C and A<B<C. Then A~B.

Lemma 6 is lemma 15 in [3]. Order of variables is not essential here.
The only difference is that ~ is not the symbol of isotopy as in [3], but rather
of diisotopy.

Lemmas 5 and 6 show us that Sy, N A~ is always a convex set with respect
to the ordering <y,

Let x,cV, iff there exists BE A~ such that x; -is a subterm of TB.
We can call ¥V, a set of A-variables.

Let =, be a relation defined on ¥V, with: x;=,x; iff for all BEA~
arg (B, x;)=arg (B, x;). Relation =, is a partial equivalence on the set of all
variables of I'.

Lemma 7. Let A be an operation of a system T'. Choose variables
Vis .vs Vi in Such a way that every equivalence class of =, contains exactly
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one of variables y,, ..., y,. Substitute the other variables with corresponding
elements of S. The system I'(A”) we obtain has a property that a nonunary
operation B from I' occurs in I'(47) iff B~A.

Proof is trivial if we keep in mind the definition of =, and choice
of yiy v ooy it
System I'(4~) gives us a condition for Q,~

Lemma 8. An operation Q,~ is:
(a) a quasigroup (of corresponded arity)

(b) a group if in some term of I' there are at least two operations from
A~ (card A" >1).

(c) an abelian group if card A~ ># and no replacing of an operation by
its dual, transforms I' (A7) in a system of the first kind.

Proof: (a) Trivial.

(b) According to lemma 2 Qg ~ is a bmary operation and there are
A-variables y,, ¥,, y, such that for some operations B, C, D, EC A" the foll-
owing equality holds:

P, B (P,C' (Pyy,, Puyy), Psy;))=PsD'(P1y,, Py E'(Pyy,, Piyy3)
where Pl, ..., P, are compositions of some unary retracts from I' and F' is
F or F* (dual of F). According to theorem on four quasigroups, Q,~ is
a group.

(c) According to (b) Q4~ is a group and there are A-variables y,, y,
such that for some operations B, C& A~ the following equality holds:

(s BY BB, y)¥1s {B, 0 ¥)=C+, CO>C(C, y) y,, <C, ¥y »1)

where both B, C are isotopic to Q,~ or Q%~, which is always possible because
['(A47) is not equivalent to a system of the first kmd Applying lemma 3 we
obtain:

(- By, BYTY QB ((-, BY By {B, ypy,s {+, B) By (B, ) ¥y,))=
=+, CY(, YO, COCLC, p3) ¥25 {+, € Cy{C, y) ¥y
where 7tz=m,, so we have:
Q4~ (-, BY By (B, y) y1> > B) By (B, y»yy,)=
=04~ ((, COCw{C, ) 325 (-5 C)Cy {C, y1) y1)-
v BY By (B, y1y 31 =X> C) Cy {C, y1) »,

(s BY By (B, 3,0 ¥,= -, COCy<C, y20 1,

are consequences of I' so finally we obtain Q,~ (z, z,) = O~ (2, ;) i.e. Q 4~ is
an abelian group.

and



On solving a system of balanced functional equations on quasigroups I 125

Theorem Let I' be an irreducible system of balanced general functional
equations on quasigroups, of extended equality type. The general solution of
T’ is given by:

™ Ay, o x) = AT QA D Any Xy, -, (s A Apy %)
where (for any operation B occuring in I'):

(1) S is any nonempty set

(2) Qp~=Q,~ for B~ A (B~A iffdiisotopy of Band Ais a consequence o D)

(3) all permutations g (B~A) on {1, ..., k} are uniquely determined if
one of them is given.

(4) Qu~ is any k-ary quasigroup on S iff in every term of I' occurs
exactly one operation from A~ .

(5) Q4~ is any binary group on S iff in some term of I' occurs at least
two operations from A”.

(6) Q4~ is any binary abelian group on S iff no exchange of some opera-
ions occuring in T'(A™) with dual operations, transforms I'(A”) in a system of
he first kind.

) v Agyy oo Aggs -
are permutations on S for which the following equations hold:
(71) <"xi>1="'=<"xi>fl (i=1s'--’n)

where n is the number of variables occuring in I' and (-, x;), is a composition
{+, X;y in the term t,.

Proof: (a) It can be easily checked that (*) with (1)—(7) is a solu-
tion of I

(b) From lemmas 3 and 8 we deduce that (*) gives a general solution
of I'. Formulas (7,) (i=1, ..., n) are consequences of I

Arbitrariness of S follows from the fact that on any nonempty set, we
can define operations (as in the proof of consistency of I') which are parti-
cular solution of I'.

Example 1. Let the following system I' be given:

A(xl’ B(C (x25 D(x3’ E(F (x4’ .XS), x6))’ x7)’ xs)):
=G(H(I(J(K(X4, xs)’ L(x;;’ x6)), X7, xz), xl), x3)=
=M (x5, N(x;5 P(x;, X, Q (x4, R(S(xs, X3)s X))

Sets {4, B, G, H, M, N}, {C, I, P}, {D, E, F, J, K, L, Q, R, S} are equi-
valence classes of ~. The general solution of I' is given by:

A(x, Y)=Amx*Apy
B(x, y)=Ap) (A By x » Agy By )
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C(x, ¥, 2)=(4@ Bu) ™ T (4ey By Cpy %, Ay By Cay ys Ay By Csy 2)
D(x, ¥)=(Ap By Cy) ™! (A By Cy Dy x + Ay By Cyy Dy )
E(x, ¥)= (4@ By Ci D))~ (A By Cy Dy Eqyy x + Ay By Croy Dy Epy )
F(x, y)=(Ap) By Ciy Dy Eyyy) ™' (A Byy Crgy Dygy Eqyy Fyy X +

+ A Byy Coy Dy Ery Fiyy )
G(x, »)=Guyx*Gypy
H(x, )= Gy (G Hey y * Gy Hyy X)
I(x, y, 2)=(Gpy Huy)) ' T (G Hyy Iiyy 2, Gy Hyy Iy %, Gy Huy Iy )
J(x, )= (G Hyy Iy) = (Gyy Hyy Iy Joy x + Gy Hiy Iy Iy )
K (x, )=(Gwy Huy Iy Jn)) " Gy Hyny Iy Jy Koy x + Gy Hoy Loy Ty Ky 9)
L(x, )= (G Hu Iny ) (Guy Hyy Iy Ty Ly x + Gy Hony oy Ty Ly 9)
M (x, y)=Mpy* My x
N (x, y)=Mp (M) Ny x * My Ny »)
P(x, y, 2)= (Mg Nig) ™' T (Myy Ny Py y, My Ny Pray 2, Mgy Ny Py )
Q (%, y)=(Mp Ny Psy)™* (M) Ny Psy Quy X + My Nioy Prsy @y )
R(x, y)= (Mg Npy Pi3y Q) ~* (M Ny Py Qg Ry x + Moy Ny Prsy Oy Ry ¥
S(x, ¥)=(Mp Ny Py Q) Ry )™ (Mg Ny Psy @iz Ry Sy X +

+Mp) Ny Py Q) Ry Sy )

where Ay, ..., Sp are arbitrary permutations for which the following equations
hold:

Apy =Gy Hpy = My Ny

Agy Buy Cpyy = Gy Hyy Iisy = Mgy Ny Py

Apy Byy Cy Dyy = Gy Hyy Iy Ty Loy = My Ny Py Oy Ry Sty

Apy By Coy Dy Eqy Fray = Gy Hygy Iy Juy Ky = My Ny Py Qg

Apy By Cy Dy Eyyy Foy = Gy Hyy Iy Jyny Ky = My Ny Pisy @iy Ry Sy
Apy Byy Cy Dy Eyy = Gy Hyy Iy Jgy Ly = Mgy Nigy Prsy Q) Ry

Ay By Cpy = Gy Hyy Ipy = Mgy Nigy Py

Ap) By = Gy = My

* is an arbitrary group, T an arbitrary 3-quasigroup and + an arbitra-
ry abelian group. All of them are defined on a given nonempty set S.
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Example 2. If all operations of I' are binary and system contains
only one equation, we obtain results of BELOUSOV and LIVSIC on solutions
of functional equations of the second kind for binary quasigroups.
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