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In a recent paper [6] M. K. Singal and Asha Mathur have introduced
a new class of topological spaces, called nearly compact spaces. These are
characterized by the property that ‘‘every regular open covering of the space
admits a finite subcover’’ or equivalently, “‘every open cover admits a finite
subfamily of the interiors of the closures whose members cover the space”.
The class of nearly compact spaces contains the class of compact spaces and
is contained in the class of almost-compact spaces. In another paper [5],
another class of spaces called almost-paracompact spaces has been introduced.
A space is said to be almost-paracompact if for every open cover of the space
there exists a locally-finite family of open sets which refines it and of the closures
whose members cover the space. In a recent paper [7] M. K. Singal and
S. P. Arya have introduced a new class of topological spaces, called nearly
paracompact spaces. A space is said to be nearly paracompact if every regular
open cover of the space admits a locally-finite open refinement, Clearly, the
class of almost-paracompact spaces contains the class of nearly paracompact
spaces and also the class of nearly paracompact spaces contains the class of
paracompact spaces. In another paper [9] another class of spaces called strongly
paracompact spaces has been introduced. A space is said to be strongly para-
compact if every open cover of the space admits a star finite open refinement.
A very natural question then arises can we introduce two topological proper-
ties p, and p, such that strongly paracompactness —p; —>p,~—> almost-para-
compactness. On examining this question it is found that there exist two pro-
perties p, and p,: p, — every regular open cover of the space admits a star finite
open refinement, p, — every open cover of the space admits a star finite
family of open sets which refines it and of the closures whose members cover
the space.

Spaces with property p, we call nearly strongly paracompact and spéces
with property p, we call almost-strongly paracompact. The class of nearly
strongly paracompact spaces will be isolated by showing that there exists (I) a
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space which is nearly strongly paracompact but not strongly paracompact (II)
a space which is almost-strongly paracompact but not nearly strongly para-
compact (III) a space which is nearly strongly paracompact but not nearly
compact (IV) a space which is nearly paracompact but not nearly strongly
paracompact.

Nearly strongly paracompact spaces will sometimes be abbreviated as
NSPC spaces.

1. Definition and characterisations

Definition 1.1. A space X is said to be nearly strongly paracompact if
every regular open cover of X admits a star finite open refinement.

Definition 1.2. A space X is said to be almost-strongly paracompact if
every open cover of X admits a star finite family of open sets which refines
it and of the closures whose members cover the space X.

Theorem 1.1. Every strongly paracompact space is nearly strongly
paracompact.

Proof. Let X be any strongly paracompact space. Let J/={U,:AEA}
be any regular open covering of X. Since X is strongly paracompact space,
there exists a star finite open refinement 9! of }/. Hence < is star finite
open refinement of }/ and thus X is nearly strongly paracompact.

Theorem 1.2. Every regular nearly strongly paracompact space is strongly
paracompact.

Proof. Let }/={U,: AEA} be any open covering of X. Each x&X
belongs to some open set U,. Since the space is regular, there exists a regularly
open set ¥, for each x& X such that ¥,CU, for some A& A. Now, {V,: xE X}
is a regular open cover of the nearly strongly paracompact space X. Therefore,
there exists a star finite open refinement {V: BEB} of {V,: x ©X}. Obviously,
then {V3: BEB} is a star finite open refinement of {U,: A& A} and hence X
is strongly paracompact.

Theorem 1.3 A semi regular space X is nearly strongly paracompact
iff it is strongly paracompact.

Proof. It is similar to the proof of theorem 1.2.
Theorem 1.4. Every nearly strongly paracompact space is nearly para-
compact.

Proof. It follows easily, since every star finite open family is a locally-
-finite open family.

Corollary 1.1. Every nearly strongly paracompact space is almost-
-paracompact.

Proof. Every nearly paracompact space is almost-paracompact.

Theorem 1.5. If X is nearly strongly paracompact space, then for every
open covering ]/ of X there exists a star finite family of open sets which refines
it and the interiors of the closures whose members cover the space.
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Proof. Let}/= {U,: A€ A} be any open covering of X. Then, {«(U,): A€ A},
where o« (U,)=US, is a regular open covering of X. Since X is nearly strongly

paracompact, there exists a star finite open refinement {Hg: BEI} of
{a(U,): A€A}, such that HgCa(Usg) for some A(B)EA. For each BEI, let

Mﬁ = HB\[ U;\)(B)\U)\(B)]. Since HB C OC(U;‘(B)) C U;\(B), therefore MB = HB M U;\(B) .
Thus {Mg:BEI} is a star finite family of open sets which refines //. We shall
prove that U {a(Mp):BE&I}=X. Let x&X. Then xCHy for some BE€ 1. Now
o (MB) = (Hﬁﬂ U).(ﬁ)) = (HBmU)\(B)) = (HB)- Thus XEo (HB) =& (MB)' Hence
{Mg:8€1} is a star finite family of open sets which refines // and the inte-
riors of the closures whose members cover X.

Corollary 1.2. Every nearly strongly paracompact space is almost-
-strongly paracompact.

Proof. It follows easily from theorem 1.5.

Lemma 1.1. ’If {F,: «=1I} is a star finite closed cover of a space X,
then {Fg:ael} is a star finite regularly closed cover of X.

Proof. It follows easily from lemma 1.1 in [7].

Obviously, every strongly paracompact space is nearly strongly paracompact.
But a nearly stiongly paracompact space may fail to be strongly paracompact
as is shown by the following example.

Example 1.1. Let X={a;, a;,a: i,j=1,2,3,...}. Let each point a;
be isolated. Let {U*(a): k=1,2,...} be the fundamental system of neigh-
bourhoods of a, where U*(q;))={a, a;: j=k} and let the fundamental system
of a be {V*(a): k=1, 2, ...} where V*¥(a)={a, a;;: i=k, j=k}. Then X is a
Hausdorff space which is not regular at ¢ and hence X is not strongly
parecompact.

Suppose that X is a strongly paracompact space. Then every open cover
of X admits a locally-finite open refinement (every star finite family is a
locally-finite family). Since X is a Hausdorff space, therefore X should be regu-
lar. It is impossible in contradiction with the fact that X is not regular at
the point @, thus X is not strongly paracompact. But X is nearly strongly
paracompact (in fact nearly compact), for if §={G,: A& A} is any regular
open covering of X., then a&G,,, for some A (a)cA. Denote by G, that
G,<4§ which contains g, and G,; that which contains a;;. Then V" (a) C Gy,
for come m. Also, « (V™ (@) ={ay, Gp.1> -- -y UV™(@). Thus {G) ), Gy Orp*
i=1,2,...,m—1,j=1,2,..., m—1} is a star finite open refinement of g,
hence X is nearly strongly paracompact.

Clearly, every nearly compact space is nearly strongly paracompact. But
a nearly strongly paracompact space may fajl to be nearly compact as can be
seen from the following example.

Example 1.2. Let X be any infinite discrete space. Then X is nearly
strongly paracompact, since the family {{x}: x&X} is a star finite open refi-
nement of every reguiar open covering of X. But X is not nearly compact
becauce {{x}: x& X} is a regular open cover of X which admits no finite
subcover.
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However we have the following:

Theorem 1.6. A space X is nearly compact iff X is nearly strongly
paracompact and lightly compact.

Proof. It is similar to the proof of theorem 1.3 in [7].

By corollary 1.2 every nearly strongly paracompact space is almost-strongly
paracompact.

We can show, however, that the converse of corollary 1.2 is not neces-
sarily true. Following example will serve to the purpose.

Example 1.3. Let X= {aba,,b,, ,.:z]—l 2,3,...,} Let each
point a; and b, be isolated. Let {U*(c): k=1, .} be ‘the fundamental
system of nelghbourhoods of ¢; where U* (¢;) ={c;, au, bu j=k} and let {V*(a):
k=1,2,..} and {VE(b): k—l 2,...} be that of a and & respectlvely, where
V"(a) {a a;: izk, j=1,2, }and VE@®)={b, b;:i=k,j=1,2,...}. Then X
is not nearly strongly paracompact since the famlly cons1st1ng of the sets
ve(a), V™(b), Vi(c) for all i and all {a;}, {b,} is a regular open covering
of X which admits no star finite open refinement. But X is almost- -strongly
paracompact (in fact almost-compact). To see this, let §={G,: a1} be any
open covering of X. Denote by G,(,, G,y Ga(aj), Guyps Gaqy any members

of ¢ which contain aq, b, au,b and c¢; respectively. Then, for some integers
n, n,, V" (a)C Gy and V (b)CG,x(b) Let n=max (n,, n,).

Consider the family
G ={Ge> Gatys Gur> Gatays Gap® i=1,2, ..., n—1,
{a;}, {b;}EGa()> Ga O Gy for any i=1,2,..., n—1}.

Then ¢’ is a finite subfamily of &, closures whose members cover X
and hence X is almost-strongly paracompact.

By theorem 1.4 every nearly strongly paracompact space is nearly para-
compact. We can show, however, that the converse of theorem 1.4 is not
necessarily true. Following example will serve the purpose.

Example 1.4. Let § be the plane with its usual metric 4 from which
a point o is removed. Let us define the new metric p in the following way:
if a, b are points on the line trough o p (a, b) =d (a, b) and if the line trough a, b
does not contain o0 p (a, b)=d(a, 0)+d (0, b). It can be easily shown that p is
a metric and that & is connected and does not have the countable base. By
theorem 2 in [9] the metric space § is not strongly paracompact. Since & is
the metric space, therefore it is paracompact (in fact neaily paracompact). If §
was nearly strongly paracompact (since it is regular), by theorem 1.2, § would
be strongly paracompact. It is impossible.

2. Separation and NSPC space

Theorem 2.1. Every nearly strongly paracompact Hausdorff space is
almost-regular.

Proof. It follows easily from theorem 1.4 and theorem 2.1 in [7].
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Theorem 2.2. In every almost-regular, nearly strongly paracompact space,
every pair of disjoint regularly closed sets can be strongly separated.

Proof. It follows easily from theorem 1.4 and corollary 2.3 in [7].

Theorem 2.3. For an almost-regular space X with a property: every
regular open cover of X admits a star countable refinement, every pair of disjoint
regularly closed sets can be strongly separated.

Proof. Let F, and F, be any two disjoint regularly closed subsets of X.
Then, for any point x&F,, {x} is also contained in F,. Since X is almost-regu-
lar, there exists a regular open set O, such that x€O,, O,C X\F,. For any point
xC X\F, there exists a regular open set O, such that x€0,, 0,CX \F,. Then
{0,: xEX} is a regular open covering of X. By hypothesis, there exists a star
countable open covering § which refines {O,: xEX}. Let €, be a component
of the covering ¢ and H,= U{G,: G,&G,}. By lemma 1 in [9], the sets H,
are open pairwise disjoint, and |JH,=X. It means, that every H, is clo-open
subset of X. Since every H, is clo-open subset of X, we have that Foo=H,NF,,
F,qy=H.NF; are disjoint and closed subsets of X. By lemma 2 in [9], for
every o the family ¢, is at most countably open covering of the subspace H,.
Let G, be a subfamily of the component ¢,, whose members are sets Gag
intersecting F, (), and let G,(, be a subfamily of the component &,, whose

members are sets Gag, intersecting F,). It can be shown that Gi(,-)CHa\Fa(l)
1 2 2
for cvery Ga(i)egm(o) and ch(i)CHa\Fa(o)a for cvery Gm(i)éga(l)- Hence ga(o)
and ga(l) are diSjOiIlt families. Let be U;(k)=G°1((k)\ U Gi(,’) and Ui(k)=
i<k

2 ~1 1 2
=GLm\ nga(i)'Fa(o)CUa(o)= %J Usys Fay CUgy = kkJ Uzgoand Uy (N Uyy= 2.
=

Since U,() and U, are disjoint open subset of H,, and H, are disjoint
open sets of X, therefore U,=JU, and U,=\UU,(, are disjoint open sets
o

o
of X, so that FyCU,, F,CU,. Hence the result.

3. Subsets and NSPC spaces

Theorem 3.1. Every clo-open subset of a nearly strongly paracompact
space is nearly strongly paracompact.

Proof. Let 4 be a clo-open subset of a nearly strongly paracompact
space X. Let {U,: « &I} be any relatively open covering of A. Since A is
clo-open, therefore each U, is a regularly open subset of X. Thus {Uy: a1}
U {X\4} is a regular open covering of X. Therefore there exists a star finite
open refinement {V: B&J} of {U,: a1} U{X\A}. Then, {4NVy: BEJ} is a
star finite open refinement of {U,: «a I} and hence A is neaily strongly
paracompact.

Theorem 3.2. If X=U{U,: « &1} where {U,: « &I} is a star finite
Jamily of pairwise disjoint clo-open subsets of X, then X is nearly strongly para-
compact iff each U, is nearly strongly paracompact.
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Proof. Only the “if” part need be proved. Let {Vj: BeJ} be any
regular open covering of X. Then for each «, {VagNU,: BeJ} is a regular
open covering of U,. Since U, is nearly strongly paracompact, there exists a
star finite family {D,: A& K%} of open (in U, and hence also in X) subsets
of X which covers U, and refines {V'aN\U,: BEJ}. Consider the family
{Dy: A&K®, a«&I}. Then this is a star finite, open refinement of {V: BEJ}
and hence X is nearly strongly paracompact.

Theorem 3.3. If every open subset containing a dense subset A of
space X contains a nearly strongly paracompact set containing A, then A is nearly
strongly paracompact.

Proof. Let 2/={U,: A€A} be any relatively regular open covering
of A. Then A being dense, U, — AN e (Us) for each A Let U= U{x (Uy): AEAL
Then U is an open set containing the dense set A. Therefore by hypothesis,
there exists a neatly strongly paracompact set B such that ACBCU. Since 4
is dense, B is also dense and hence {«(U;)(B: AEA} is a relatively regular
open covering of B. Since B is nearly strongly paracompact, there exists a
star finite (in B) family {Vg: BEJ} of open (in B) subsets of B which covers B
and refines {a (U)NB: AEA}. Now, each VB=VEOB, where V; is an open
subset of X. Consider now the family 9= {VzNA: BEJ}. It is easy to verify
that 9 is a star finite open (in A) refinement of J/ and hence 4 is nearly
strongly paracompact.

Theorem 3.4. If every open subspace of a space X is dense and nearly
strongly paracompact, then every dense subspace of X is nearly strongly para-
compact.

Proof. Let A be a dense subspace of 4. Let {Uy: AEA} be any rela-
tively regular open covering of 4. Since 4 is dense, each U,=a(UyN4. Let
U= U{«(Uy): MeA}. Then U being open, is dense and nearly strongly para-
compact, and {«(Uy): AEA}, is a relatively regular open covering of U. There
exists, therefore, a star finite open (in U) refinement {V5: B&J} of {x (U»); AEAL
Then {VyN\A: BEJ} is a star finite open (in A) refinement of {U,: A€A}
and hence A4 is nearly strongly paracompact.

4. Product and NSPC spaces

Theorem 4.1. The product of a nearly strongly paracompact space and
a nearly compact space is nearly strongly paracompact.

Proof. Let }/ be any regular open covering of XxY, where X is
nearly strongly paracompact and Y is nearly compact. Let (x, »)EX x Y. There
exist regularly open subsets V,, and W,, of x and y respectively such that
(x, WEV,, x W,,CU for some Uc)/. Let F={x}xY for each xE&JX. Then,
{W,,: (x, y)EI*} is a regular open covering of the nearly compact space Y
and therefore there exists a finite subset J* of I* such that {W,,: (x, »eJ}
is a covering of Y. For each x&X, let V,=N{V,: (x,y)&J7}. Since the
intersection of finitely many regularly open sets is regularly open, V, is a
regularly open set containing x. Let 2={V,: x€X}. Then 2 is a regular
open covering of X. Since X is nearly strongly paracompact, there exists a star
finite, open refinement § of 2. Now, for each G&g, there exists x(G)eX
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such that GC V.. Now, let H6={GxW,,: GEG, (x,y)EJ}. It is easy to
verify that % is a star finite, open refinement of }/ and hence X x Y is nearly
strongly paracompact.

Corollary 4.1. The product of a nearly strongly paracompact space
with compact space is nearly strongly paracompact,

Corollary 4.2. The product of a strongly paracompact space with a
nearly compact space is nearly strongly paracompact.

5. Mapping and NSPC spaces

A mapping f: XY is said to be almost-continuous if the inverse image
of every regularly open subset of Y is an open subset of X. f is called
almost-open if the image of every regularly open subset of X is an open
subset of Y [4].

Remark S5.1. It is clear that if f: X—Y is continuous, then it is
almost-continuous. But the converse of this statement may not be true, as the
following example shows.

Example 5.1. Let: X={a, b, ¢, d}, v={o, {a}, {c}, {a, ¢}, X}
v ={2,{a}, {c}, {a, ¢}, {a, b, ¢}, X}. Let i be the identity mapping of (X, 7)
onto (X, 7,). Then i is open and almost-continuous but not continuous.

Theorem 5.1. If f is one-to-one, almost-continuous and open mapping
of a nearly strongly paracompact space X onto a space Y, then Y is nearly
strongly paracompact.

Proof. Let {U,: &I} be any regular open covering of ¥. Then f~1(U,)
is regular open for each «, since f is almost-continuous and open mapping.
Consider now the regular open covering {f~!(U,): «€I} of X. Since X is
nearly strongly paracompact there exists a star finite open refinement {4g: BET}
of {f1(Uy: «cI}. Then {f(4g): BEJ} is a star finite open refinement of
{U,: a&=I} and hence Y is nearly strongly paracompact.

Theorem 5.2. If f is an almost-continuous and open mapping of a
nearly strongly paracompact space X onto a space Y such that f~1(G) is compact
for each open set GCY, then Y is nearly strongly paracompact.

Proof. Let {U,: «&I} be any regular open covering of Y. Then f~1(U,)
is regular open for each «, since f is almost-continuous and open mapping.
Since X is nearly strongly paracompact, there exists a star finite, open refine-
ment {4g: B&J} of {f~'(U): a&I}. Since f is open, {f(4g): B&J} is an open
covering of Y. Since f is open and f~!(G) is compact for each open set GC Y,
the family {f(4p): B&J} is star finite. Thus {f(4p): BE&J} is a star finite
open refinement of {U,: a €I} and hence Y is nearly strongly paracompact.

Let 9 be a fixed covering of a space X. A continuous mapping f: XY
is said to be an (24, p)-mapping if for every point y&Y there exists a subfa-
mily 4, of % possessing the property p in U%, and a neighbourhood V,
of y such that f~'(V,)C U, [7].

Theorem 5.3. A4 space X is nearly strongly paracompact if for each
regular open covering 9 of X, there exists an (), p)-mapping of X into some
strongly paracompact space Y, where p is the property of being star finite.

8*
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Proof. For every point y&Y, choose a subfamily 94, of % which is
star finite and on open set ¥, containing y such that f~'(V,)C U%,. Then
{V,: y€Y} is an open covering of the strongly paracompact space Y. There-
fore, there exists a star finite open refinement {U,: a« &I} of {V,: y&Y}. For
each U,, there is a ¥, such that U,CV, - Let [foa={f"1U)NW: WEU, w}
for each a. Let }/= U{l)/«: «&I}. Then // is a star finite open refinement
of 9. Thus every regular open covering of X has a star finite open refinement
and hence X is nearly strongly paracompact.

The following diagram indicates relationships of nearly strongly paracom-
pact spaces with some other classes of topological spaces connected with them.

aspe

ape

Here, a=almost, ¢=compact, p=paracompact, sp = strongly paracompact,
n=nearly.

I am thankfull to Professor dr. Puro Kurepa for his help and suggestions
in the preparation of this paper.
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