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In [2] a fixed point theorem for mapping T: (S, F , ) = (S, J , 1)
was proved, where (S, ., f) is a sequentially complete Hausdorff probabilistic

locally convex space, ¢ is a continuous f-norm [5] and, for every i<I, the
mapping T satisfies the following inequality:

(D Fro 1, (q()e)=FLO, (e), for every (x, y, )€ S* x R*
where, for every i&I:
(2) - limg(f"@) <1

n—>

In this paper we shall prove a fixed point theorem for mapping T: M— M
(M C S) where T™ M is sequentially compact subset of S in the (e, A)-topology and:
(3) lim g(f"(i)=1
If f(i)=1i, for every i<z the relation (3) means that the mapping T is a non-
expansive mapping and there are many fixed point theorems for such class of
mappings if S is locally convex space ([1], [3], [4]).

In [3] the set 77 M is compact, in [4] _#-densifying and in [1] ¥-densifying.

Definition Let S be a linear space over real or complex field K and
for every i in the index set I is defined the function ;7 ':S—A* (see [5]) with
the following properties (. '(x) is denoted by Fy)

0 x<0

1. Fi=H, for every i& I, where H(x):{1 =0

. -
2. F,x (&)=F;x (m), for every pEK, n#0, every x&S, every €0, and
every i<
3. F,';+y(sl+sz)>t(F,£ (=), FJ';(EZ)) for every x, y& S, every g, ,>0 and
every i1 where t:[0, 11x[0, 1]=[0, 1] is t-norm [5].
Then (S, . , t) is a probabilistic locally convex space.
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The topology in S is introduced by the neighbourhood system of 0, </ =
={Ni(€, 7\)} (G, &, A)EIXR+X(0, 1) where the set Ni(E, 7\) is of the form:

Ni(e, N={x|xES, Fi(e)>1-1}

and in this topology S becomes a linear topological space if ¢ is a continuous
t-norm. A
Further if {F;=H, for every icI} <& {x=0} then S is Hausdorff.

Theorem 1 [2] Let (S, ¥, t) be a sequentially complete Hausdorff
probabilistic locally convex space, where t be a continuous t-norm, and T be a
mapping from S into S such that the inequalities (1) and (2) hold and that the

Jollowing condition is satisfied.
For every (i, NV&Ix (0, ;) there exist €, .ER* and N,,EN such that
Sor every jE{fs(i):5>N; 3} Gx, (g,2)>1— A where:

Gao® = inf{Fyesy @} i€L €>0, %,=Txp,, nEN

Then there exists one and only one element xS such that:
(i) x=Tx
(i) lim FI® ()= 1 for every i€ I, uniformly with respect to s N.

x—xg
£e—>00

Fo1j example, if =min and there exists x,& S such that for every icl,
lim Fﬁ,@xo (e)=1, uniformly with respect to n& N, and (1) and (2) hold, all

£—>00

the conditions of Theorem 1 are satisfied.

Theorem 2 Let (S, .7, t) be a sequentially complete Hausdorff proba-
bilistic locally convex space where t is a continuous t-norm, M be a closed and

star convex subset of S such that sup mf Fi_, (€)=1, for every iCI, T be a

mapping from M into M such that (1) and (3) hold and that the following
conditions are satisfied.
1. For every i< I there exist g())&I and W;: R*—>R* such that:

a) lim ¥;(e)=

b) F'? () >F. (¥,(c)) for every ¢>0, x&S, nEN

2. T M is sequentially compact in (g, N)-topology. Then Fix (T)={x|x&
EM, x=Tx}# o

Proof: As in [1] let {A\,}ncn be a sequence of real numbers from the
interval (0, 1) and lima,= 1. For every n&N we shall define the mapping

n—>o0
T,: M—>M in the following way:
Tyx=2,Tx+(1-2)x,
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where x, is a star point from M. Since M is star convex it follows that
T,MCM, for every ncN. Further if Q,(i)=2,q(i), then for every i1, >0,
(x, yY)EM? we have:

F nx—Tn € Fn X—Ap € F X— Fﬁg) (_f__) Ff(l) ( = )
T, Ty() Ap Tx—X T.v() Tx—Ty (7\,;) y q(i))\ Qn(l)
and so 1im Q, (/™ (i))= A, lim g (f™ (i)) =2,<1. Now, we shall prove that for

every n<&N the mapping 7, satisfies the last condition of Theorem 1. We have
from the condition 1. of the Theorem:

Gfr(;) )= mf {Ff @) (a)} > inf {Fg (@) ¥, (s))} > inf Fi'.(_i_)y (¥ ().

T —. TMxo—xo

From the condition sup inf Fi_,(¢)=1 and hm‘F () = o it follows that the
e x, yeM

condition: GJ ,(c;,)>1-2, for every j&{f* (z) : SE N} is satisfied and that there
exists one and only one element x,&M such that:

Xp=TyX,=2, Tx, +(1-2,) x,
Now, we shall prove that from the condition sup inf Fi_,(e)=1 it follows

e x, yeM

that M is bounded in (e, 1) topology.
Let ¥V be a neighborhood of zero of the form:

V@i, e, W={x|xES, Fr(e)>1-2}
If there exists w>0 such that:
4 wMCV
then M is bounded in (g, A)-topology. The relation (4) means that:

%) Fix (&)>1—A, for every x&M

First, we shall prove that sup inf F, (e)=1 for every icI. Namely, we have:
€ xEM

Fi(®)>t (Fj;_xo (%) , Fl, (%))

inf B (6> t( inf Fi_,, (i) Fi, (%))

xXEM 2
i g
), szllp Fn(?))?

>t(sup inf F,_, (—s-), sup F ,fo (i))
e x,yeM 2 € 2

=t(1, 1)=1

and so:

and since ¢ is continuous we obtain:

sup mf F; (s)>t(sup inf Fx_x0<
14 xe

v
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So, for every A& (0, 1) and i€l there exist 3; ;>0 such that:

inf Fi(3 )>1-2

Then we have Fi(5;,)>1—A for every x& M. If—~—p.(i, g, A) we have
Fi(u(i, & M)e)>1—2x and so M(IX(E ))\) >1- 2 which means (4) Now, we have:
(6) lim x,— Tx,=lim (A,~ 1) Tx,+ lim (1-2,) x,=0

because TMQM and M is bounded in (s, X)-topology. Let us prove that from
(6) it follows:

U] lim x,— T x,=0.
H—>00
We have:
-2 —1/ €
Fxn Tyxn (E) > t( Xn=Txnd + « o e + Tnoxn_T"ox,, (—2)) .

i €
s Fpn—1y,— ™, (‘5)) =

Vv

. 'lowl .
i ng—2 me—1 [ € f @) €
Frepspt - T x4 —T % (~ s Faperny | —— |2

2- 1T 2 G)

. _3 2 (€ ng—2 . c
>ttt F;Cn—TXrH- ..... T"Ox,, ...Itlox,, (Z), F};n—Txn(') -3 Ib
2T a7 @)
r=0
S €
s L xn—Txn no—2 .
[ 4(/7G)
r=0

It is easy to prove that the following inequality holds:

xn—T”o (€)> t (t ( ....... t (Fin—Txn (2_8__1) ’ Ff(')Txn( : ))
— e’ ny

-1
(ng—1) times 270 q(l)

ny—2 . € no—1 . c
3 P e e r e s e e nas ), an_Tx"(l) T ’ Fﬁn_Txn(l) ‘TZ—‘
22]_[ q(f" (@) 2- e/ ()
r=0
Let ®(x,, x5, ...... s Xm)=t((..... (X CZCTIE' R 2 T , Xn, ) Where
(s Xp5 onnnn , Xn,)E[0, I]%. Since ¢ is a continuous mapping from [0, 1]*

into [0, 1] and ¢(1, 1)=1 it follows that ® is a continuous mapping from
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{0, 1] into [0, 1] and -lim D(x;, %y, s Xn)=D(L, 1, ...... , 1
(€1 PR Xno)—>(1, L,.., D
ny—times
=t(@(...... t(t(l D, 1,...... , )=1. So for a given 3<(0, 1) there exists

(ng— 1)—umes
A& (0, 1) such that:
D(x;, Xpp ovne- s X)) > 1 =8 if x;>1-2%, i=1, 2,..... , n,. From (6) it
follows that there exists N(i, &, ) such that:

F.in—Txn (78’:)> 1- Fin (’1)'x,, ,_18 >1—2
2 20~ T ¢ (@)
§=0

r=1,2,....... , n,— 1, for every n>=N(i, €, 1). So we have:
F_in_Tnox (e)>1-3 for every n=N(i, &, As)

which means that the relation (7) is valid.

Since the mapping T is continuous and the set T7 M is sequentially com-
pact there exists a subsequence {xnk}kezv such that lim 7™ =y and y=Ilim

k—o k k—ro0

X = lim Toxn, = T(llm xn ) =Ty because of (6) and (7). So yEFix(T)# @ and

k—o

the proof is complete

Corollary Let S be a Banach space, M be a bounded, closed and
convex subset of S and T be a mapping from M into M such that:

1. || Tx—Ty||<||x=y| for every x, y&M.
2. The set T™M is compact.

Then there exists xS M such that x=Tx.

Proof: It is known that S is a random normed space if:
Fx(s)=[ 1 |Ix]j<e
0 |[xl>e

and the mapping ¢ is min. Moreover the (g, A)-topology on S and the norm
topology are the same. It is easy to see that from the condition 1. it follows
that Fr,_5,(e)=F,_,(e) and that sup lnf F,_,(e)=1 since the set M is boun-

ded. Here is I={i} and the mappmgs f g and {¥ (¢)} are identical mapping.
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