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ON THE CONVERGENCE OF CERTAIN SEQUENCES
AND SOME APPLICATIONS, II

Milan R. Taskovié
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Abstract. In this paper we prove a somewhat more general theorem on the convergence
of sequences, and prove a fixed point theorem for operators on ordered sets.

1. Introduction
1.0. In [3] we have proved the following lacalization theorem

Theorem T. Let (X,p) be a complete metric space and let T be a
mapping of X* to X satisfying the condition

A elT(usees ), Ty, ooy we DI=f(gpluy, ],y agp Uy, e ,1])
for every uy,u,, ..., w, \CX, where f(ay,...,0)c[0,1), and the mapping
it R’i—> R, (k given natural number) has the property (F). Then:

(@) There exist a fixed point E€X of the mapping T (x) &L T'(x, ..., x),
and it is unique when f(ay, 0,...,0)+ - +£(0,..., 0, ) <1;

(b) & is the limit of the sequence (x,) satisfying
(1) xn+k=T(xn""’xn+k—l)’ I'IEN,
independently of initial values.

(c) The rapidity of convergence of the sequence (x,) to the point & is
evaluated by

P[xn+k’ £]§en(1 _e)—l wl]TlaX k(P [xi’ xi+1] e—i)}; 96(0’ 1)’ I’IEN.

We say that the mapping f: R — R, (k&N) has the property (F) iff
Is increasing, semihomogeneous (that is to say, for all §=0 one has f(3 X

e 8X)=8f(xy,. .., %)) and g(x)=f(a, x,..., @ x) be continuous at the
point x=1, where «;(i=1, ..., k) are nonegative real constants.
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In the second paragrafh of this paper we shall extend this result to the
ordered sets, but then this localization’s Theorem has a different property. It
is called Theorem 1.

In the paper [10] was considered this problem. But the establishment of
this problem was not good, and therefore was are turning again on this in
Theorem 1.

1.1. In other words, we shall examine the convergence of sequences in
complete metric spaces which satisfy certain recurrent relations. Namely, let X

be a complete metric space and let 7,:X?*— X (i=1,...,k; p is a natural
number). We give sufficient conditions for the sequences (x({M),..., (x{) which
satisfy the following relations
i 1 4! k k j
=T, (X, L 0 ), e X,
i=1,...,k, to converge in X.

In order to simplify the techique we shall limit ourselves to the case k=2,
p=2. The general result can be easily seen from this special case.

This is, therefore, an extension of the results obtained in [1], [3], [4], [6],
[7] and [8].

2. A localization theorem on ordered sets

2.1. Let @ (see [8] or [9]) through this section be a set having the follo-
wing properties:

1) O is a partially ordered set by the relation =<{ and there exists 6c0
such that 6=<Cu for every uc0.

2) For every u, v&() is defined u+v (@), such that:

(a.) Uu+v=v+u, u+e=u(ua "60)9
(b) if u,v, wC O and u=<v, then u+w=<{v+w,
() if u+v<{w then u<w (u, v, we ).

3) For every nonincreasing sequence (u,) there exists the unique eiement
u of € called the limit of (u,) all signed by u= lim u, (alternative designation

n—>0

u, | u), such that:
(a) if u,—=u for every n& N then u, | u;
(b) if u,=u and v, | v then u,+v, L u+v;
(©) if u, {u, v, { v and u, < v, then u=<v;
(d) the limit of (u,) is invariant with respect to the initial conditions.

We remark that 3) is especially realized if in @ is introduced the usual
ordered topological structure and each subset of () from the upper side boun-
ded has its supremum, the term of limit having its standard meaning.

Let f:()*— O (kEN). A function [ is nondecreasing if from u,<(v; (u;,
e, i=1,2,.., k) follows f(uy,..., u) =<f(v,.., ) Let the sequences
W LW @ EOQ;nEN, i=1,2,..., k). If ful,..,u) 1 f@, ..., u¥), we say that
f is continuous with respect to sequences.
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The pair (E, p), where E is a set and p: E2— (), will be called a metric
space if the standard properties of the metric function are fulfilled. If every
sequence (x,), X, & E, which satisfies the condition p [x,, x,,] < a, (m, nc N), where
a, {6 (a,c0), converges in E then E is a complete metric space.

Let u, v&e@ and u<(v. The segment [u, vJC € is the set of all elements
w0, such that u<{w={v. Let S(z, r) S uEE:o[u, 2] < r}.

2.2. Now we can prove our main result.

Theorem 1. Let E be a complete metric space and let the sphere
S(z, rYCE. Furthermore, let T:E*—E (k=N) such that

B oLl (s ooy uds TOrs e VIS @ Luys i) s 0 [t Vi)

holds for every u;, vES(z,r), i=1,...,k; and f:[6, h*—O (18, K1CO) is non-
decreasing and continuous with respect to the sequences such that the equation

) x=f(x,..., x), (x&[9, h]),
has the unique solution 8. Also, let there exist q=[6, h] such that
elz, T(z, ..., 2I<<q, q+f(r,..., N,

where f(y,..., )<y for 2r=<y.
Then:

(@) EESENTE, ..., §=¢E,

(b) & is the limit of the sequence (x,) defined by (1) where x,,...,
x &S (z, r) are arbitrarly chosen,

(c) The unique solution of the equation x=T(x,..., x) is £= lim x,, and

(d) P [anrk’ a] < An+k(y)’
where

AL G = Siae Qs s Ve i 2), (),
AL, ... )=y, (isk).
Proof. Let u;,..., u, ©S(z, r) then
elT@s s w), A<Lp [Ty, ..., w), T(z,..., Dl+p[T(,..., 2), 7]
<SGluys 2, ..., plu, 2D +q
<SS+,

we conclude that the function T maps S(z, r)* into S(z, r).
Let x,&S5(z, r), nEN; we have

elxi Xl <elx, 2l +olz, x, 1<2r <y (i=1,..., k: me&N).
In other words, let us suppose that
(3) p[xll+i’ xn+m+i]<f;l+i(y""’y)gAn+i(y)’ (l= 13---9k)9

18 Publications de V’Institut Mathématique
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holds, where
S s = ik s s Yo iy e DA, (), (i),
Then

4

el ikrrs Xnikamer] =P [T (Kurs oo s X40), T, nima1s s Xnikem)]
S0 Xpvmendls oo 0 [Xies Xoimai))
S YA/ TSU TR ) AR AN ¢ N )))
e k1 (s DA, (),
and (3) holds for every n&N.

Also, we have 4, ()= - =4, (»)=y.
If we suppose 4,,,(3) <X 4,,;_1(»), (i=1,..., k), then

An+k+1 (y) =f(An+l (y)’ R An+k(y)) <f(A (y) LI | An+k 1(y))=An+k (y)

Therefore, the sequence (A4,(»)) is nonincreasing and 0<(A4,(y), ie.
(4, (») is convergent.

Let a= lim 4,(»), and let n— % in (4). Then « satisfies the equation
x=f(x,..., x) and from (2) follows a=0, i.e. lim 4,(y)=0. Hence, the gene-

ralized metric space E being complete, there exist £= lim x,ES(z, r).
n—»o0
Making m— o in (3), we get
P[ n+ks &] n+k (y)

On the other hand, we have

P& TE ..., OI<el& %uid +p[T(Xs o s Xyip_y), TE,. .., B)]
<P & %ual +f (e [xs5 EL - - o5 o [Xikrs ED)
Ak D+ A,(D), oo Ay ()
<24, 0).

Hence, for n— oo, we get that E=lim x, satisfies the equation x=T'(x,..., x).
If &% is an element of S(z, r) such that £*=T(E*,..., £*) then
plE% xI<e 8% zZl+elz, xI<2r<y=4;(»), (i=1,...,k)
If
(5) el % 1<4,.,(»)  (=12,....k)
then
P [E +k+1] P [T(E* E*)s T( nt1s 0> xn+k—1)]

<SGE* %l -, p[E* X,14])
<f(An+{(y)’ tee n+k (y))=An+k+1 (y)
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So (5) holds for every n&N. Making n—oo in (5) we have p[E* £]=0
which is impossible. The proof is complete.

Remark. 1) In the next picture we give the geometric intrepretation
of the localization which is realized by the conditions (4) and (B) by the
previous theorems.

EK

(B)

2) Under the conditions of the Theorem 1 substituting the condition (B)
with:

LT (s s i)y Ty (s o5 VLIS (R [ Vi - s [tk VilD)s

where 7,:E— E, and condition p[z, T'(z,..., 2)] <X g with p[z, T,(z, ..., 2)]
< ¢; affirmation of Theorem 1 is valuable, but relates to the sequence

xn+k=]:|(xn9---9xn+k__1), nEN

3. On the convergence of certain sequences

3.1. Let (), <{) be a set ordered by the ordered relation <(, and let o
be a binary operation on () with inverse operation «(o) and satisfying the
conditions

(a) (V, s ZEO)X<Z°.Y & x“(o)y\<\z’

() (¥, y, zED) x =y = zox < zo).

In [5] we have proved the following

Proposition T. Let (0, <) be a set ordered by the ordered relation
=<{ and having the property: For any two elements a and & of (), the set{a, b}
has an upper bound. and let f,:()*"~2-> () (nN) be a monotonically increasing
and semihomogeneous mapping, and (x,), (,), (X,), (¥,) sequences satisfying

xn’yn<f;l(xl’ R xn—-l’yls‘ L} yn—l)

foXes o X W Y L Y, )X, Y,

18%
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Then there exist elements &;, %, such that
xn<jloXn,yn<gonn (n=1,2,...).

32. Theorem. 2. Let (X,p) be a complete metric space and let
T,, U,: X*— X be sequences of functions such that

max {p[ T, (uy, u,, U, Uy), T,y (g, tys s, 1)1, (U, (4, Uy, Uy, ), U, (uy, uy, ug, ug)l}

©)

samax{plu, u], pu, u) pluy, usl, o lu,, ugl} +a,,

oo
or every u,u,,..., us—X, where «o<[0, 1) and the series a, (a,>0) converge.
1 2 6 v
v=1

Then:

(a) Sequences of functions T,(u, v, u,v), U,(u, v, u, v) converge uniformly
to functions T (u, v, u,v), U(u, v, u, v);

(b) Sequences (x,), (v,) given by
(6) xn+2=T;t('xn’ yn’xn+1’yn+l)’ yn+2=Un(xn’ yn’ xn+1’yn+1)’ (HEN),

where the elements x,, x,,y,, y, are arbitrarily chosen, converge in X;

(c) Solution of the system
x=T(x,y,%,¥), y=U(x,y, x,¥)
is x=lim x,, y=Ilim y,.
Proof. (a). Putting uy=u;=us=u, u,=u,=u,=v in (C) we get
max{o [T, (u, v, u, v), T,_, (u, v, u, v)], o [U, (u, v, u, v), U,_, (u, v, u, v} =a,,

which proves the uniform convergence of sequences T,(u,v,u,v), U, (u,v, u, ).

Proof. (b), (c). Denote p[x,, x,,,] by A,, and 2 [Vus ¥us1] by V,. Then
from (C),

(7) max{An+2’ Vn+2}§amax {Am Vn’ An+1’ Vn+1}+an'

Denote lim sup A, by A, and lim sup V, by V.
Then from (7) we get

max {A, V}<amax {A, V, A, V}=a max {A, V},
and therefore, lim max {A,, V,} =0 which together implies
max {p [%, Xuipls p [as Vaspl} >0, 1> o0,

i.e. we see that the sequences (x,), (y,) are convergent. Let x=lim X,, y=1lim y,.
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Then

e[Xnsi2s T(X, 2 X, ]+ 0 [Vns2s U, y, x, p))<
01T, (% Yo Xas 15 Fuse1)s Tuct Cousets Psrs X W10 [T_t (Ks 15 Yus1s X0 )
TOp, % 1 +elT, o (x 3, X, ), T(x 9, %, D1+ [U, (Xys Vs Xosts Vass)s
Unci Gt Yusrs X 0 WUy (K1 Yusrs %5 95 Uy (3, 3, X, )]+
FelUn 2 (62 %, 9), Ulx, p, X, IS 2max{o [T, (X,, Vus Xyi1s Vust)s
Tos Kyt Va5 X% D) 0 (U (%5 Vs Xt Vs 05 Ut (51 Yas X% DI+
+2max{p [T, (Xui1s Yur1s % ¥)s Toy (53, X D)), 0 LUy (K i 15 Pus1s %o V)
Uny 6 3, %, M+ T,_5 (%, 9, X, ), T(X, 3, %, )] +0U,_, (%, 3, X, p),
Ux, . x, )] =2amax {p[x,, Xy 1l 0 [Vns Yasids 0 Dsrs X1 0 [srs VI +
+2emax{p[x,,,, X, e [Vur1> ¥, 0, O} +0 [T, 5 (x, 3, x, ¥), T(x, y, X, W]+
+oU, 2 (%, %, ), U(x, y, x, )] +2a,.

i.e.
lim P [Xn+2a T(x9 Y, X, y)]:O’ hm P[yn+2’ U(x’ s x’y)]=0
or
limx,=x=T(x, y, x, y),

limy,=y=U(x, y, x, ).

The proof of the Theorem is complete.

3.3. We obtain now the following theorem for the convergence of sequences,
the proof of which is essentially the same to that of Theorem 1. and propo-
sition T:

Theorem 3. Let (X, p) be a complete metric space and let T.,U,: XX
be sequences of functions such that :

max {p [T, (u;, u,, Uy, ty), T,y (uy, g, g, ug)), o [U, (uy, u,, Uy, uy), U,y (uypuy, ug, ug)]}
=f(a pluy, us], oy p[uy, uy, o, [u;, us), oy 0 [u,, ug)) +a,,

Jor every u,,u,,..., u,=X and > a,< % (a,>0), where «,, a,, o,, a, are nonne-
v=1

gative fixed numbers such that |f(a,, ..., a,)|<[0, 1) and the mapping f:R*>R

is increasing, coitinuous and semihomogeneous. Then:

(a) Sequences of functions T,(u, v, u,v), U,(u, v, u, v) converge uniformly
to functions T(u, v, u, v), U (u, v, u, v).

(b) Sequences (x,), (»,) given by (6) have the same properties as in Theo-
rem 2.
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4. Corollaries and examples
The Theorem | contains, as particular cases, a number of known results.

4.1. Corollary 1. If (0, <) is the set of nonnegative real numbers
and

f@ ..., )=amax{t,..., t;} (s s 4,20)

where «a<[0, 1), we get the result 1 of [5].
Corollary 2. In the case k=1 we get Kurpel's theorem 2.2. (see [9]).

4.2. To a matrix (CS:’), i,k=1,..., n, we associate the sequence of n— 1
matrices (CY’) defined as follows

d=1) U1 (=1 =1 .
i i+ il clel, for ik
()
Co'= ¢ 1—1 ! 1
—1) =1 -1 Al .
cir? i —ciab e, for i=k,
I=1,...,n-1;, i, k=1,...,n—1

Lemma 1. (J. Matkowsky, [1], p. 323). Let C’>0; i, k=1,..., n.
The system of inequalities

n

0 (0 .
2 CRrn<CPr, (i=1,...,n),
k=1
(k#i)

has a solution r,>0 (i=1,..., n), if and only if the following inequalities hold:
(8) cP>0, U=1,....,n-1; i=1,...,n-1).
Using this Lemma J. Matkowsky was able to prove the following:

Corollary 3. (J. Matkowsky, [1], p. 323). Let (X;, p), i=1,...,n,
be complete metric spaces. Suppose that the transformations 7;:X,x - .. x
xX,—~ X; (i=1,..., n) fulfil the following conditions

n
eilTiCuy,y sy, Ti(vys. ooy W)= > @i or (x> Vi)
k=1

where u,, v, & Xy, a;,>0; i k=1,..., n. If the numbers CY defined by

(9) ng)z[a,-k, for l#k

l—ay, for i=k(,k=1,...,n
fulfil the inequalities (8), then the system of equation
Xi=T;(x4,...,x,); i=1,...,n,

has exactly one solution x;&X; (i=1,..., n).
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Moreover x;= lim x{" (i=1,...,n), where x?cX; (i=1,..., n), are
m-—»o0

arbitrarily chosen and

ST (XKD, (=1, n m=0, 1,..)

Lemma 2. (J. Matkowsky, [2], p. 12). Let (ay), (i, k=1,...,n) be
a non-negative matrix with characteristic roots %,,..., A, and let CY be defined

by (9). Then conditions (8) are equivalent to the following:
s=max (| x|:i=1,...,m)<1.
Corollary 4. Let () be the set of non-negative k-vectors with the na-

tural ordering and let (£, p) be a complete metric space. Furthermore, let the
metric in E* by defined

d(x,, y)
D(X’ Y)= ’ (xisyiEE)9
d (X, Yi)
where X=(x,,..., %), Y=(y,,..., ) and let F:(E¥?— E¥(k, pCN) be de-
fined by
F(Yy oo Y)Yy Yoo s fu(Yea s V)

where f;:Erf—>E, Y,CE* (i=1,2,..., p).
Let the sequence (X,) be defined by

Xn+p:F(Xn7""an—p—l) (XnEEk)
and let
SWy oo U)y=4, U+ - +4,U,,
where 4; are k x k matrices with non-negative fixed elements and U, are k-vectors
(i=1,..., p) satisfty the condition

(10) NA + - +4)<I

where N is a matrix norm. The condition (10) was replaced by: |}|<1 for
each root of the equation

det W I—W-1A4,— ... —A4,)=0.

It is easy to see that (10) implies condi.ions of Theorem 1 and we con-
clude that the result of paper [1] is a consequence of the theorem 1.

4.3. In the special case when we are dealing with sequences of real num-
bers, we immediately obtain the following

Theorem 4. Let T,U:R*— R (R is the set of real numbers) and let

) max {| T (u,, uy, x) = T (uy, uy, ) |, |U (uy, ty, x)=U (uy, ty, y) [} <

soemax{ [ —w,[, [, —uy |} +]x-y],
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where « [0, 1). Let the sequences (x,), (3,) be defined by
Xpo1=T (X5 Vo> @)
Yur1=U (%45 ¥u» b,)s n=1,2,...
(elements x,, y, are arbitrarily chosen) where:

1) T,U satisfy (D),

2) Sequences (a,), (b,) are monotonic and lim a,=a, lim b,=b, where a, b
finite numbers.

Then the sequences (x,), (¥,) converge and the system

x=T(x, y, a), y=U(x, p, b)

has the solution x=limx,, y=limy,.

Proof Put

T (X5 Yu» @) = T, (x5 Y)

U (Xus Yus b)) = U, (x5 3.
Then from (D)
max {| T, (s ¥) = Tt Gamts o) [ [Un (s 3 = Uy (s D) [} S
samax{|x,—X_i|, | Yo=Y |} +max{|a,—a,_,|, |b,~b,_,|}.

Since > max{|a,—a, |, |b,—b, ;|}<o we see that the condition of
the Theorem 2 is fulfilled and that, therefore, sequences (x,), (y,) converge.

Furthermore,
max{|x,,,—T(x,y,a)|, |y, —U(x,y a)|} >0 (n— ).

Corollary 5. (J. D. Kecki¢, [6], p. 76). Let T,,U,:X*>X (X is
complete metric space) and let
e LT (uy, uyy uy, 1)), T, (uy, Uy, U, ug)] <
® Say o (U, usl+ay o [y, u] +ayp [y, ug] +a, 0 [ug, ugl + 2,
o [Un(uys uys uy, uy), Uy (uy, uy, ug, ug)] <
sbieluy, ) +b,puy, u)+by0[uy, ul+by0luy, ul+B,,

for every u,, u,,..., u,& x, where the non-negative numbers a;, b; (i=1, 2, 3, 4)
satisfy the condition

F max {a, +b, +a;+b,, a,+b,+a,+b,}<1,

whereas the series > «,, > B, converge. Then:

1) Sequences of functions 7, (u, v, u, v), U, (4, v, u, v) converge uniformly
to functions T(u, v, u, v), U (u, v, u, v).
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2) Sequences (x,), (,) given by (1), converge to x, yC X, where (x, y) is
the only solution of the system.

x=T(x,y, x,¥). y=U(x, y, x, y).

Comparing Theorem 2 with the above theorem proved in [6] one might
seek the relationship between condition (C) and (E). Since condition (E) implies
the condition of (C) our Theorem 2 is the generalization of Theorem ! of
[6]. The following example shows that a (C) need not be an (E).

Example. Let X=R and
4 1
an Xpy,=1/3 x,,+1/12y,,+1/4x,,+,+1/10y,,+1+~1—»5~-2—n,
1 1
Yni2=1/3x,+1/4y,+ l/12x,,+l+1/10y,,“+?+-2—n.
In this case (F) is not satisfied since

max {1/3+1/3+1/4+1/12, 1/12+1/4+1/10+ 1/10}=2/3+1/3 = 1.
However, (C) is satisfied since

max {1/3 +1/12+1/4+1/10, 1/3+1/4+1/12+ 1/10} =23/30 < [0, 1),

and therefore the sequences (x,), (y,) defined by (11) converge to x=27/25, y=1.
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