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We consider only finite, undirected graphs without loops or multiple edges.

There are many n-ary (n>>2) operations on graphs, the result of which is a
graph whose vertex set is equal to the Cartesian product of vertex sets of
graphs over which the operation is made. In this paper we shall define a
generalized direct product of graphs containing, as special cases, all the ope-
rations of the mentioned type considered in the literature up to now. Some
properties of the operation introduced are studied.

Let n>>2 be an integer. Let B be a set of n-tuples (B,, ..., 8,) of sym-
bols 1, 0, — I, which does not contain n-tuple (O, ..., 0). A set B is calied
the n-ary basis.

Definition. The generalized direct product (with the basis B) of
graphs G,, ..., G, (denoted by GDP(B; G,, ..., G,)) is a graph, whose vertex
set is the Cartesian product of the vertex sets of graphs G,, ..., G, and in which
two vertices (x,, ...,x,) and (y,, ..., y,) are adjacent if and only if there is an
n-tuple (8,,...,8,) in B, such that

(i) x; is adjacent to y, in G; when B;=I;
(ii) x;=yp; when B;=0;
(it)) x;#y; and x; is not adjacent to y, when B,= — 1.

If B is empty, then GDP (B; G,, ..., G,) has no edges.

If B contains only n-tuples with the symbols 1 and 0, GDP (B; G,,....G)
is reduced to the NEPS (non-complete extended p-sum of graphs, [2]) with the
same basis of the same graphs. As known, the NEPS contains, as special
cases, the product, the sum, the strong product and the p-sum of graphs. In
[4] the NEPS was rediscovered under the name C-product.

For any Boolean function f: {0, 1}*—{0, 1}, a Boolean function f(G,, ..., G,)
of graphs G|, ..., G, is defined in [1], [2]. Let F={(e,, ..., e)|f(e,>...,e,)
=1} and B={Q2e,~1,...,2¢,~1)|(e,, ..., e,)EF}. Then f(G,, ..., (.)—~

~GDP(B; G,, ..., G,).
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For n=2 there are 256 types of the GDP and they coincide with 256
graph products considered in [3]. So, the lexicographical product of graphs is
also covered by the GDP.

For any n>>2 there exist exactly 2%"~! generalized direct graph products
with n-ary bases.

The GPD with an r-ary basis B is a commutative n-ary operation if and
only if B contains, together with any a-tuple (8,, ..., B,), all the permutations
of (B, ..., By, too.

All these statements can be verified in a simple way using the GDP de-
finition.

Let d(x) denote the degree of vertex x and let B=(B,, ..., B,); p, de-
notes the number of vertices of the graph G,.

Lemma 1. Vertex (x,...,x,) in GDP(B; G,, ..., G,) has the degree
defined by

dXps ooy X)) =3 ﬁ(é’(l +B,) (d () # +—;—-(1 —R) i1 —d(xi))""">~

BCBi=1
Proof. Determine the number of vertices (y,,...,»,) adjacent to
(x5 ..., x,) according to a fixed n-tuple 8=(B,, ..., B,)EB. The number of

possibilities of choosing y; depends on B,. If B,=1 we can take for y, anyone
of d(x;) vertices adjacent to x; in G,. For B,=0 we have only one possibility
(y;=x;) and for ;= —1 we can choose anyone of p,—1-—d(x) vertices not
adjacent to x; in G;. For all these three possibilitics the numbers have a unique
analytic expression (the expression behind the product symbol in the last for-
mula). Taking the sum over all §’s we get the total vertex degree.

This completes the proof.
Theorem 1. The number q of edges in GDP(B; G,, ..., G,) is given by

n

20- 5 [T( @80/ +(1-B) pi+ (5 -B) ((’;)—q)’”)

BEB i=1
where p, and q; are the numbers of vertices and edges in G; (i=1, ..., n).

Proof. Taking the sum of vertex degrees d(x,, ..., x,), determined by
Lemma 1. over all vertices (x,, ..., x,) and exchanging the order of summation
we get the theorem.

Theorem 2. If A4, ..., A, are the adjacency matrices of graphs
G,,...,G,, then G=GDP(B; G,, ..., G,) has the adjacency matrix

/1 1 -
1 _ —(1+B) AP+~ (1 —B) A, 1),
M 4 %,',-‘?,'(2( EBY AP+ (1-8) )

where B=B,, ..., B> /i,: is the adjacency matrix of the complement Gi of G
and |—Qﬂ denotes the Kronecker multiplication of matrices.
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Proof. Let in every of graphs G, ..., G, the vertices be ordered (la-
belled). We shall give lexicographic order to the vertices of G (which represent
the ordered n-tuples of vertices of graphs G, ..., G,) and form the adjacency

matrix A4 according to this ordering. Then we have according to (1)

def
a; (A)(Xl. e X)) e, yn) :ﬁCZB(Ml B)th v '(M'Iﬁ) Xn¥n»*

where

Migm o (1+8) AP+ (1-B) 4,51

Using the definition of GDP we see that a=1 if (x,,...,x,) and
(yys --->y,) are adjacent, otherwise a=0.

This completes the proof.
Theorem 3. Let G, ..., G, be regular graphs of degrees | S .

respectively. Let the graph G,(i=1, ..., n) have p; vertices, adjacency matrix 4,
and the spectrum consisting of eigenvalues Ly (j;=1, ..., p;), where ¥ =r;. Let
Jurther by =p;—1—%;y, Nijy= — 1 =hy; (j;=2, ..., p;). Then GDP(B; G,, ..., G,)
has the spectrum consisting of eigenvalues A;, .. ;,(i=1,...,p; i=1,....n),
where
"1 ol L > 161
Moo= 3 TT (5 (80 (=) )
8EB i=1 \ 2 2

The eigenvector uj, .. ., n=W1j, ® + - - Qun, corresponds to the eigenvalue
Ay, ... jn» where wy; is the eigenvector belonging to Ay, in G;.

Proof. Using expression for the adjacency matrix 4 of GPD (B;
G,...,G,) we can immediately check the relation Au; . mw=N ... n
Uj,,....js» Which proves the theorem.

Theorems 2 and 3 represent generalizations of particular result form m
and [2], which are obtained by the very some technique. Note that Theorem
3 holds for arbitrary graphs if the GDP is the NEPS.
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