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1. Introduction: Gould [3] has defined generalized Humbert polynomials
P,(m, x, y,p, C) as

o«

(1.1) (C—mxt+ytmp= P, (m, x, , p, C).

n=0

Legendre polynomials are defined as [5]

(1.2) (1=2xt+2)712=S P, (x)
n=0
giving
1 (2 %) ﬁ__n_’:‘nj-_l;
3 ) 702
3 P === x
n—

1
We observe that (1 —2xt+ x3¢%)” 2 generates polynomials which are clo-
sely associated with P,(x) since

1 n

1 ("5) (ZX) _"279 - 2 ’
I
2

(1.4) (I-2xt+x3) 2=75 L F,
n=0 n!

This leads us to define a new class of polynomials PV (m, x, a, b, v) by
the relation

(1.5) (I-axt+bxltmy=—=S t"PO(m, x, a, b, v),
n=0
where a, b, m, v and | are parameters.
The polynomials defined by (1.5) includes (1.1) and may be regarded as
generalization of a number of polynomials viz. Humbert, Gegenbauer etc. and
the polynomials closely associated with them of the type (1.4).
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In the present note we shall be studying the properties of these polynomials.
It is interesting to note that in the study of these polynomials we require the
use of the operators of the type (i x*D+%x®D) and the generalized number

Artiagay, - .., a,) defined by [6)

(1.6) H Dy f= > A;’i} (@; @iy - -+ » @)XWt Fan—nta. Da(x—o f),
v=1 q=0

n
where xYD=D, and [] D,=9,-D,_,- - -D, and a'* are parameters.
v=1

Obviously (1.6) generalizes Stirling numbers A%, , given by Chak [1] by
the relation

(L.7) (DY f= 3 Az X DI f),
i=0

since, for a;= - - - =a,=k and ay=a, (1.6) reduces to (1.7)

We shall also study the properties of the above numbers and polynomials
associated with them in the note [6].

2. Hypergeometric Expression for PO (m, x, a, b, v).. When m> I, we obtain

o k sk -k
2.1) (I —axt+bimyve 5 D@ X,
k=0 k!
k ;k+{ —k+m-1
m’ m m obm™a ™
Fo omta "
N et S —y—k4m—1_ (m-1m!
m—1 77 m-1
and thus
(2.2) PO (m, x a, b, v) =
L omEmel
_—Tr’m m—1 —v—n+1 —v—n+m—1_ \a _
w1 T mer o b

Here we distinguish between two classes, viz. I>m and /<m. 1f X be a
positive integer, we define for I=m+2x

(2.3) PO(m, x, a, b, V)=DP(m, x, a, b, v)=PP ()
and for /=m-—-2A
(2.4) PD(m, x, a, b, V) =¥N(@m, x, a, b, v)="TY® (x).

From (2.3) and (2.4) we obtain the relation

(2.5) xz"‘F;” (m, i, a, b, v)=d)£l’~i (m, x, a, b, v).
x
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Y® (x) includes P,(m, x, y, p, C) and its particular cases like Legendre
and Humbert polynomials, where as d ™M (x) gives a class of polynomials clo-
sely associated wit V'™ (x).

3. Recurrence and other relations.: We obtain the following recurrence
relations for PO (m, x, a, b, v):

3.D nP,—(n+v—1DaxP,_+bx'(n—m+vm) P, _,=0; n=m—1,
3.2) P,—axP,  +bx'P, =vaP, —bvix"1P, .

(3.3) anP,—axP =blxX'(n-m+1)P,,, —bx'mP, . in>m-—1,
(B4 nP+bXvm—1)~(—1) (n—m)]Py_py=xP,+b(l—m)x'*1 P,
and

3.9 xv(m—1)bPD (m, x, a, b, v+ D)=xP —nP,=

=x'v(m—1) > PP, --P

i
. L i+
i;+12+"'+11+7 v

1y . ce
where (1 +r——~) 1S a positive integer.
v

For m=2, a differential equation of the second degree is given as
(3.6) (@bxl-a2x)D*w—[2Qn-1)bIx" @@ {vQ2-D)—n(—1)+
+1-n}-x]-Da—[bnl(-ni-2)x2+@n{n(l-1)-v(2-D}]w=0.

Further we easily obtain that

3.7 DN (x) 'S a"Drx*n F,_ | =
(2n)!
n —n+1_ —n+m-—-1 n+r (1+7\ A
m’ m LR | m bl )\ PR ] 7\ 3 b(#) x>\
- —v—u+1 —v—n+m~1 2”"'1 2n+7\ _a—_—
T e, » (m—1)md
m-—1 m—1 A A
and
Vn
(38) lP.fx)\)(x);_(_;# an"D”'xzn'm+7\Fm+7x—l:
_noon+l —ntm-1 n+l _nth CmAm
m’ m 7 m TN s A b(-—») x A
B v—n+1 v—n+m—1 2n+1 2r+ A a —
- e, — , — seee s, ———> (m—1y"1
m— 1 m—1 A
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4. Operational Relations. Let

H=H(x, )=(l —axt+x' ),
we obtain

4.1 (—at+1bx'=1t™y D, H=(—ax+mbt™1x)D_H,
and successive operation yields
4.2) (—atD,+1bx'-1" D) H=(—axD,+mbt"1x' D )" H.
The operator on the right hand side is of the form
(x* D +%xED) and
(. x*D+nxP D)= i w"=sy* 2 (x% D) (x*=1 D) - - - (x4 D),

s=0

where a,, a,, ..., a,_;, a, are either « or B, « is taken (n-—s) times and B is
taken s times. The inner sum is for such combinations of « and B, which has

n
) terms.
(;

Now using (4.3) and (1.6), we obtain from (4.2)
(—atD,+1bx'-1tm DY f(x, t)=

=2 (@ XV (mbrm-1) ZIAZiio; a, ... a,)-x7-DIf(x, 1)
5=0 q=

S A0 ay, ..., a)] (= D) sam s me bt =D xa+30=D. Da f(x, 1).

1
YL

3

[VE

1

The sum 4741 (0; a,, ..., a,) has the same conditions as that of (4.3)
with =1 and B=1
Now put

4.4 Qfl"v b(m, x,a, b, t)

=> 41 O ay, ..., a)] (- 1)5 a"=* (mb)® tn—Ds xa+U=Ds,
s=0

Particular case of (4.4) are Stirling numbers of the second kind, because
for =0, m=1, a=1, and b=1, we get

@) 0Ol x 1, 1, )= (xS =l S (—l)f(q_)j",
9 i J

J

and evidently (4.4) is the extention of QY (m, x, y, 1) given by Gould [3].

(4.6) (DY f(x D)= 3 Q3 (m, x, 3, 1) DLf(x, 1).
i=1
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5. Derivatives of P"(m, x, a, b, v).: Let us consider the operator ® (x) D,
where

(5.1 d)(x)=Zan“.
Further let Y
(5.2) D, (x)zzagm) X =@,

then we find from (1.6) that
(@, (%) D) - - - (@, (x) D) @, (x)

*Z > Za"’)a(" b, a“) Z A" Thag N, oo, M)

[
Cx9trFizt e - Fintag)—n. D (x—aol (I)O)

For convenience let @,(x)=3 a® x*%. Then
. ’0
o

(@, D) (®,_, D) - - @, (D) D,
=3 D2 ZaWe.ada® At (Wi My, oo, M) XN Gtk t—n
b in—y i1 o

and using the relation [6]

A’]"H (aO; a;, Ayy .y a,,):(a0+a1+ ceeta,  —n+t I) A,I, (ao; a, ..., a,,_l)
we get
(5.3) (®,D)- - - (D, D) D,
=> > ?a(")afn '3 -aih, ag))xx(iw.-.+f,,)_n{;\l-0}(n_1,u,,_l)
in ip— iy iy

where {a}—ban—D =g (a+a, —1)(a+a,+a,—2) - -(a+a,+ -+ +a, ,—n+1).

Again for any polynomial « (x) in x, we have the rule of differentiation

4 Dr(a)y=2iZo (= )" () e R BY
where
(5.5) B, = > [(D &) D] [(D &)= D]- - - [(D «)'+ D] [(D «)’].

igtiy+ o Fig=n—k

The rule is verified by the method of induction. Now let a=1—axt+
+bx'tm and H=a". .

We obtain from (5.3), (5.4) and (5.5)

n—1 n k
(5.6) D"H=k20 (= =k, H v BiL,,
where
i i : ; - m—1\ig+ -+ +Jk
5.7 B =(—aty* S S..3 (’k)(’O)(L_) :
ot - - tik=n—k Jk=o Jo=o \Jk Jo a
< x U=1) Got - ~+ik)—k.{(]_ 1)j0}(k~1, U=DJgk—yp.
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It is immediately seen that, when /=0, we obtain the result [3]

(5.8) Do H = (aty (), H' .

Now from (1.5) we obtain

(5.9) Dk H =tk Z tnDkPI'th (m, x,a, b,v); l<m

n=0

-]

=tk Z Dk ‘F%k (m, x, a, b, v),

n=0
and
(5.10) DrH - > DPO (m, x, a, b, v); I>m
n=>0
=> t"DF®N (m, x, a, b, v).
n=0
Thus from (5.6) and (5.7), we obtain
(5.11) D" @M (m, x, a, b, v)

n—1
— n—k n A A
=2, T Ok Bl 2GR R

where w, +w,+,+ - - - +co,+,:‘7zy—{n—k+(m— D> ks
and 1+lj is an integer; and
n
(5.12) : D"‘I"fﬂp (m, x, a, b, v)
n—1
= 2 DO B SRR
where o, + o, + - - - +°)1+;' =pt+k-—(m—-1)3 j.

These results are obvious extensions of Gould [3] results and hence that
of Pokovic [2].

Since
(5.13) D" ®dM®(m, x, a, b, v)=(v)”'a iFi
n!
n —n+l —n+m—-1 ni1 n+l—m m\m
m’> m m Clem? 7 dem b(_y) d
= a ’
—v—n+1,” ,—v~n+m—] 1 ’“.’l—m_jl, =1

m—1 I-m
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we obtain from (5.11)

(5.14) Ont” F, |
n!
n —-n+1 —n+m—-1 n+1l n+l—m m
e L e m
m m m l—m l—-m b(7> x*
= a
—v—n—1 —~v—pn+1-—m 1 l—-m-—1 T
mo1 2 T el ew im0 D

n—1
:kzo (=D s B, Z q)gl)' @)

where o, +w,+ - - - o, =k—(m—1) > Ji
and
(5.15) D"¥'™® (m, x, a, b, v)=(v),a".

Thus from (5.12) and (5.15) we obtain

oy
D ‘I"‘H)p (m, x, a, b, v)

(5.16)
D*¥® (m, x, a, b, v)

=[(v),a"]"! nil (= D" (),_, B, S yo, yo
k=0

Wy ) +7
where @, + o, + - - - +(o1+:,=k—(m——l) > ke
Also we observe that
(5.17) zo 2 D" (m, x, a, b, v)
P
—V
:a"( ) (1 —axt+btmy——n,
n
thus
(5.18) Dr ‘I’g’?p (m, x, a, b, v)=a”( _V) ‘FI(,’") (m, x, a, b, v+n)
n

which is the same as that for (1.1) [3]

19 DBy =t ( ) b n, 3,

and generalizes the familiar formula [8, p. 330] and {7, 47.14] for Gegenbauer
polynomials C® (x)

(5.20) D CW (x)=2v COHD (x).
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6. Some other Polynomials Related to P": From (2.2) we have

tn/m] —ym( By xntyU—m
(6.1) PO (m, x,a,b,v)='3 O _yonp @ 7" (=b) x "
v=o 1! (n—y m)!
Gould-Hopper [4] have defined generalized Hermite polynomials g (x, /) as
(6.2) ™ (x, h) ! n! ik ek
. gn Xs = _— xh-
kgo k! (I’l—-Yk)'

and Zeitlin [9] has defined R,(x, m, q) polynomials as

[n/m] (” 1) (m__ l)k]' q(m—Z)k/Z (2 x)n km
6.3 R, (x, =— 1)* .
63 RGmg=" 3 (-1 s

We observe the following limiting cases:

(6.4) > -1

vm

n
- X a”
Lovm ‘Ffz"’)[m,*m » a, b, v J = g™ (x, — ba™),
n!

which gives an extension to the well known limit

(6.5) L A~ CQ)(V%)

A—)Oo
)
m,— —, a b, v\im

y m

and

n
L, v mPD
¢ n

v-—oe

_ar il gl (—bamyk
n! Zo k! (n—mk)!

ntkl—-mk
b

which leads us to define
[n/m] n! hk xn+kl-mk

6.6 m (x, 1, h) = SR
(6. g7 ) kgo k! (n—mk)!
Thus

m=—1
x z<_)
m——,ab v \m

L, v=rim P(’)

v—)oo

- % gn (x, I, —ba™),

Vm

and
g (x, 0, by =g (x, h).
Also
(67) Z gslm) (X, ]’ [1) trl:etx+hx1tm‘
n=0

Thus we see that (6.6) generalizes (6.2).
Again

PO (m, x, a, b, v) ‘"’Z'"] [n—1—(m—1) k]! @k (—byk xn+k=m)
v—b v % k! (n—mk)! )
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Hence we define

m—2

k
(6.8) RO (x, m, q)= z D’g] lo-D=(m-Dklg * @ x)n+k(1_m).
no m %o k! (n—mk)!
Thus
PO (m, x, a, b, v) m x
n ’ ’ n RO A ~m) 2y
vx’() v a(ﬂ) ,,<2,m,(ba ) )’
and
RD (x, m, g) = R, (x, m, q).
Also
-2ad=m .,
(6.9) > "R (x, m, q)= m
n=0

m—2
1-2xt+q 2 xIm=D.ym

Thus we see that (6.8) generalizes (6.3).

The inverse series relations for Pfl’) (m, x, a, b, v) are

6.10 VY, n_ hes 1) —v—n+k —v+mk——n'bk Ik
( ) (”)( ) kgo( )( k ) —~v+k—n x

PO, (m, x a, b, v),
and

[nm) y _\y _ 4 —
(6.11) Pg>(m,x,a,b,v)=z( v ”k“”*k)( v

)bk a—mk. xn—mk+lk
k=0

n—-mk

Author is thankful to Dr. R.P. Singh for his kind supervision during
the preparation of this note.
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