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For every w belonging to a metric space Q, there is a certain transfor-
mation T, transforming a measurable set in R, (N-dimensional Euclidean
space) into a measurable set in Ry. The measure considered in this paper is
the Lebesgue measure. Let the transformations T satisfy the following conditions:

(I) There exists «, €2 such that for every sphere K=S[a,r]CR, and
every sequence {w,}(w,C Q) converging to «,,

lim [sup {|a— T®,(K)|}]=r holds.
(ID If E and F be measurable sets in R, such that FCE, then for every
0EQ, To(F)C To(E).
(IIl) If E be a measurable set in Ry and w,—> ,,
then
lim ]Tm,,(E)[:[TmO(E)[:IE],

where | E| denotes the measure of the set E.

Then in a recent paper, among other results M. Pal [4] has proved the
following theorem which extends a theorem (Theorem 1.1) of T. Neubrunn
and T. Salit [3].

Theorem. Let Tw,(»,EQ) be the transformations satisfying the condi-
tions (I), (II) and (III) and the sequence {w,} converge to w, (in Q). Let A be
a set of positive measure in Ry. Then there exists a natural number N, such
that for n>=N,, ANTw,(A) is a set of positive measure.

In this paper we study some properties of sets in R, under transforma-
tion like Tw which transforms a measurable set in R, into a measurable set
in Ry. In the first section by introducing some conditions in Ry we extend
the result of Theorem 1 of [4] and derive as a particular case the well-known
result that the difference set D (A4, B) of two sets 4 and B of positive measure
in Ry contains a sphere [1, 6]. In the second section we introduce the defini-
tions of null symmetric sets and category symmetric sets and extend the idea of
‘equivalent sets’ as introduced by K. C. Ray in [5]. In the last theorem (Theo-
rem 8) we prove a fundamental result on the sequence of transformations
{Ta,}.
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Notations: (a) S{c, p] stands for the closed ball with centre ¢ and
radius p, while S(c, p) denotes the open ball with the same centre and radius.

(b) Difference set D (A4, B) means the set of all vectors x—y, where
x&A and y= B (A and B are two sets in Ry).

(c) | x| denotes the norm of the vector x.
(d) A denotes the closure of the set A.

(¢) A/B denotes the set of all those vectors of the set 4 which do not
belong to the set B.

(f) For acRy, ACRy, the symbol {|a—A|} denotes the set of all
numbers |a— x|, where xE 4.

We also note a well-known result [2] that if E|, E,... be a sequence of

measurable sets and E= () Eg such that EDE,DE;D..., then |E|= lim [|E,|].
k=1 n— oo

1. Suppose that there is a certain transformation Tw which transforms
a measurable set in R, into another measurable set in R, for every w belonging
to a metric space ).

Let the transformations Tw satisfy the following conditions:

(i) There exists w,&Q such such that for any two spheres K,=S{[a, r;]
and K,=S[b, r,] in Ry and every sequence w,~£ converging to wy,

lim [sup {|a—Tw,(K,)|}=min(r, r,) if r,#r,

=r if ry=r,=r (say).
(ii) If E and F be two measurable sets in Ry such that FCE, then for
every w=Q, Tow(F)C Tw(E).

(iii) If E be a measurable set in Ry and w,— o, (in ),

lim | Tw, ()| =| Ty (E)|=| E.

If K,=K,, then condition (i) becomes condition (I) of [4]. The conditions
(ii) and (iii) are same as conditions (II) and (III) respectively of [4].

Theorem 1. Let 0,(w,=€) be a sequence converging to o, (w,&Q)
and Tw, be the transformations satisfying the conditions (i), (ii) and (iii). Let
A and B be two sets of positive measure in Ry. Then there exists a natural
number Ny, such that for n>=N,, ANTw,(B) is a set of positive measure.

Proof. Since A and B are two sets of positive measure in Ry, by
Density Theorem, there exist spheres K,=S][a, r]] and K,=S[b, r,] (r,<r))

such that |K,/4| <¢|K, | and | K,/B| <¢|K, |, where 0<e<—2 "

—————, p being
p(PN+1)

any positive number for which pr,>r, .
Let | K,!=38 so that |K,|=8/pN. Also let sup {|a—Tw,(K))|}=d,.
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Then from the condition (i) there exists a natural number N, such that
for n>Ny, |d,—r,|<r,—r,. So for n>=N;, Tw,(K,)CK, ie., Tw,(K,NB)CK,.
Again by the condition (iii) there exists a natural number N, such that for
n>=N,,

| Tw, (KN B)|—| K, B||<8/pN+1.

Let Ny=max(N,, N,). Also let C=K,N4 and C,=Tw,(K,NB).

Now for n>N,, CNC,=K, —[C'"UC,], where dashes denote the comple-
ments with respect to K;. Then for n>N,,

|CNG =K, | -[]C|+] Gl
=K |-[|K,/A| +|K,|~|To,(K,NB)[]
=|Tw,(K,NB)|-| K /4],

3
>leﬁB[—‘p7:;—|K1/Al

, ) 3
= Ka| = Ko/ Bl = K41 =0
Y
>|K,i—¢|K,|—e|K | ———
N+1
LN NN
N pN pr+1
A )—e(8+§-
pN pN+1 N
=8[£—_1_€(1+L)]
pN+1 pN
_s[2=t_, PN+l
- pN+1 Y
>0, since 0<s<-*p—_l~—
p(pN+1)

Thus for n>N,, (K,NA)NTw,(K,NB) is a set of positlve measure.
Hence by applying condition (ii) we obtam that AN Tw,(B) is a set of posi-
tive measure in Ry for n>N,.

This completes the proof.

Corollary 1. If in Theorem 1 we put A=B and choose a=b in (i) then
Theorem 1 of [4] follows.

That D (A, B) contains a sphere, as shown by S. Kurepa [1] and K. C.
Ray [6], will appear as a particular case of Theorem 1 in the next corollary.
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Corollary 2. If A and B be two sets of positive measure in Ry, then
the difference set D (A, B) contains a sphere.

Proof. Let b—a=c and {o,}(w,&Ry) converge to c(ERy).

If we put gow,(x)=x+w,, where x& R, then evidently gw, satisfies the
conditions (i), (if) and (iii) in Ry. Then by the above theorem there exists a
natural number N, such that for every n> N,, there is a vector x,& B for which
x,+w,EA. Let |wy,—c|=m. Then for every w& S{c, 5] there is a vector x& B
such that x+w& 4. Thus the difference set D (4, B) contains a sphere S[e, 7],
n>0.

This proves the corollary.

Theorem 2. Let the transformations Tw,(»,&Q and {©,}— 0,EQ,
w,#0,,. ., n=1,2,...) satisfy the conditions (i), (ii) and (iii) in Ry. Let A and
B be two sets of positive measure in Ry and p be any positive integer, then
there exist mutually distinct o, w,, ..., w, in Q such that.

ANTe, (BINTw,(B)N - - - (1T, (B),

is a set of positive measure.

Proof. Let {o}(0,EQ) be a sequence converging to w,(<SQ). Since 4
and B are two sets of positive measure, by Theorem 1 there exists a natural
number N, such that for = N,, ANTw,(B) is a set of positive measure. We
choose a natural number n,>N, and put @, =o,. Then ANTw,(B)=C,, say,
is a set of positive measure, and C,C 4.

Next let {w,} (0,&Q) be a sequence converging to wy(EQ). Since
|C,|>0, by Theorem 1 there is a natura! number N, such that for n>N,,
C,NTw,(B) is a set of positive measure. Let n, be such that n,>N, and
wn,=w,(#w). Then C,=CNTo,B)={ANTo,(BA)}NTw,(B) is a set of
positive measure and C,CC,CA4. Continuing this process after finite number
of steps we obtain a set C,_, where |C,_,|>0 and a transformation Tw,
(0, #0,# + - - #w,) such that

ADC DC,D---DC,_y;
and C,=C,_ NTw,(B) is a set of positive measure, i.e.,
ANTe, (BN - - - (T, (B),
is a set of positive measure.

This completes the proof.

Theorem 3. Let A, B, B, ... B, (m>1) be bounded sets in Ry having
positive measure. Let Tew,(w,EQ) satisfy the conditions (i), (i1) and (ii1) in R.
Then there exist sequences {wy'} converging to of' and a positive integer N, such
that for n=N,,

ANTR(B)NT i (B)N - - - N T (By),

is a set of positive measure.
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Proof. Let {w:} (0 EQ) be a sequence converging to 0 (€9Q). Since
A and B, are two sets of positive measure, by Theorem 1, there exists a na-
tural number N, such that for n>N,, ANTw} (B)) is a set of positive mea-
sure. Let C, =A4ANTw,(B,) for any value of n>>N,. Then {Cy|>0 and C,CA.
Next, let {07} (0i=Q) be a sequence converging to wi& Q. Since [C >0
and |B,|>0, again by Theorem 1, there exists a natural number N, such
that for n>N,, C,NTw}(B,) is a set of positive measure. Let CNTw;(B,)=C,
for any value of n>=N,. Then |C,|>0 and C,CC,CA. Thus for any value
of n>max (N,, N,), ANTw}(B)NTw}(B,) is a set of positive measure.

Proceeding in this way, we obtain a set C,_,, where |Cp_1|>0 and
ADC,DC,D - DC,_;, and a sequence {wn}—wf such that C,,_, N\ T (B,)
is a set of positive measure for any n>N,. If we consider Ny=max (¥,,
Ny, ..., N,), then for n>N,,

ANTon(BY)NTF(BY( - - - NTwl (B,)
is a set of positive measure.

This completes the proof.

Now we shall prove a theorem in which the transformations T, (0, &Q)
satisfy the following condition (iv) in addition to (i), (ii) and (iii).

(iv) If {,}(»,&Q) be a sequence converging to w,(in Q) and if B be a
closed set, then Tw,(B) is closed for sufficiently large n.

Theorem 4. Let the transformations Tw,(w,=Q) and {0, (EQ),
(0, 7w, , n=1, 2,...) satisfy the conditions (i), (ii), (iii) and (iv) in Ry. Let
A and B be two closed sets of positive measure in Ry. Then there exist {w,},
0, CQ and a vector EC Ry, such that EC AN Tw,(B), k=1, 2,

Proof. Proceeding indefinitely as in the proof of Theorem 2 we obtain,
by repeated application of Theorem 1, a sequence of closed sets {C,} such that

ADC,DC,D - -DC,;DCD...
and a sequence {w} (0, €Q) ;7% (i£j) such that C,=C,_,N T o, (B),
|C|>0, C,=C, and C,CC,_,, k=1,2,....
So there exists a vector £& A4 such that £ Tow,(BY k=1,2,....

This proves the theorem.

2. In this part we prove some theorems (Theorem 6 and Theorem 7
extending some results on “equivalent sets¢ of [5]. In doing so in place of
translation we apply transformation Tw as already defined.

Theorem 5. Let the transformations To,(w,=Q) satisfy the condition
() in Ry, where the sequence {w,}(w,=Q) converges to W, (EQ). Also et
K, =S(a, r\) and K,=S (b, r,) be two spheres in Ry. If £ be any vector belonging
to the sphere K,, then Tw,(£)CK, for sufficiently large n.
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Proof. Let £ be any vector belonging to K,=S(b, r,). Since K, and
K, are both open, we consider a closed sphere S, =S{[a;, n,]C K, and a closed
sphere S, =S[b,, 1,]CK, containing the point & (n,<<7,). Then by the condition
() Tw,(E)SS,CK, for sufficiently large value of n.

This proves the theorem.

We now introduce the following definitions:

Definition 1. Let A and B be two sets in Ry and w,(E£2) converge
to w,(€Q). Let X and Y be any null subsets of 4 and B respectively. If for
every vector £ A/X, there exists Tw, such that Tw,(§)c B, for sufficiently
large n, and also if for every vector %<& B/Y, there exists Tw, such that
Tew,(n)EA for sufficiently large n we say that the sets 4 and B are null
symmetric.

Definition 2. In Definition 1 if X and Y are sets of the first ca-
tegory, then the sets A and B are said to be category symmetric.

Now in proving our next theorem we require the following condition:
(v) If |E|=0, then |Tw,(E)|=0, n=1, 2,... where
{w,}— @, ©,EQ, wcQ.

Theorem 6. Let the transformations T, with their inverses satisfy
the conditions (i) and (v). If A and B are two sets (in Ry) containing almost
all points of the spheres K,=S(a, r)) and K,=S (b, r,) respectively, then A and
B are null symmetric.

Proof. Let A=K,/E, and B=K,/E,, where E, and E, are null subsets
of K, and K, respectively, i.e., |E;|=|E,|=0. Let

Q=Klm( ) Tor! (Ez)).

n=1

Since
U Toy ' (E)
n=1
by condition (v), we have |Q|=0. Let X=QUE,. Then obviously [XI=0.

If {CA/X, then EEX, e, E€T lw,(E), for n=1,2,..., ie,
Tw,(()EE,, for n=1,2,....

Now since K; and K, are two open spheres by applying condition (i)

we have from Theorem 5, Tw,(§)S K, for sufficently large n. Hence we have
Tw,(E)EK,/E,, for sufficently large n, ie., Tw,()E B, for sufficently large a.

By similar consideration we can show that for every vector n&B/Y,
where | Y|=0, there exist Tw, such that Tw,(n)C A4 for sufficiently large n.
Accordingly 4 and B are null symmetric.

<3 [Ty (E){=0,
n=1

" This proves the theorem.
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Corollary. If o,&4, {w,} converging to w,CA, and go,(x)=x+w,,
where X Ry, then the conditions (i) and (v) are satisfied by g w, with their inverses;
and applying Theorem 6, we get Theorem 5 of [5].

Theorem 7. Let the transformations T, with their inverses satisfy the
condition (i) and preserve the category, where the sequence {w,}(w, Q) converges
to w, (in Q). If A and B be two sets (in Ry) containing all the points of the
spheres K,=S(a, r,) and K,=S(b, r,) resfectively, with the exception of those
belonging to a set of the first category, then A and B are category symmetric.

Proof. We consider 4=XK,/E, and B=K,/E,, where E, and E, are sets
of the first category and subsets of K, and K, respectively.

Then following the same line of argument as in Theorem 6 and repla-
cing the statement “X=0" by “X is of the first category” we obtain the de-
sired result.

Corollary. If go,(x)=x+w,, where xERy and {w,}(w,EA) be any
convergent sequence converging to w,(& A), then the conditions of Theorem 7 are
satisfied and we get Theorem 6 of [5].

Theorem 8. Ler the transformations T w, with their inverses satisfy the
conditions (i) and (iii), where the sequence {w,}(w,=Q) converges to w, (in Q).
Let A and B be two sets in Ry containing almost all points of the spheres
K\=S8(a, r) and K,=S(b, r,) respectively. Then given §(>0), however small,
there exists a set K3CK, for which |K3|>K,|--8, such that for any vector
ECK? there exists a subsequence {wn;} of {w,} for which Tom (£)E B.

Proof. Let A4,=K,/E, and B=K,/E,, where E, and E, are two null
subsets of K, and K, respectively, i.e., | E,|=|E,|=0.

Let n, +n,+m3+ -+ - +m+... be a convergent series of positive terms.
On account of condition (iii), lim |Tw;'(E,)|=|E,|. So for v, there

exists a natural number », such that
Il T‘*’n‘ll(Ez) | =] Ey || <y iee., | T‘”n_l] () |<m,.

Similarly for w, we can choose a natural number n,>n, such that
| Tw; ! (E;)|<n,. In this way we choose a subsequence {wn} of {w,} such that

corresponding to w;, | T'w,'(E,)|<v; where n,<n,<--.<nm<.... Let

X,-=Km{u Tm,,—kl(Ez)},
k=i

for any value of i, then

-

X, DX, DX, D..., and {X,-|<2 M-

k=i

16*
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Now given 3 (>0), however small, we can choose

| X[ < 3 m,e<8.
k=i

But
(X UE [<|Xi|+]E < > N < 3.
k=i

Let K{ =K, - (X,UE,), a subset of K,. Then
| K} =|K, |~ | X;UE |, ie. |K}[>|K|-38.

Now let E€K?. Then {CK, —(X,UE), ie., EC(X;UE) ie., EEX,, ie.,
ECTon (Ey), ie., Ton (E)EE,.

Since K, and K, are open, by condition (i) it follows that T s (£)EK,.
Hence we have Tom (E)EK,/E,, ie., for any EEK§, T ()C B, for all i

This completes the proof.

REFERENCES

[1]1 Kurepa, S., Note on the difference set of two measurable sets in E", Glasnik Mat —
Fiz Astr. 15 (1960), P. 99—105.

[21 Natanson, L. P., Theory of functions of a real variable, Volume 1, Frederick Unger
Publishing Co., New York (1964) P. 70.

[31 Neubrunn, T. and Salit, T., Distance sets, Ratio sets and certain transformations
of sets of real numbers, Cas. Pest. Mat. 94 (1969), P. 381—393.

[4] Pal, M., On certain transformations of sets in Ry, Acta Facultatis Rerum Naturalium
Universitatis Comenianae Mathematica XXIX (1974), P. 43—53.

[5] Ray, K. C., On sets of positive measure under certain transformations, Bull Math, tome
7 (55) nr. 3—4 (1963), P. 225—230.

[6] Ray, K. C., On two theorems of S. Kurepa, Glasnik Mat-Fiz Astr. tom 19—No 3—4
(1964) P. 207—210.

Department of Mathematics

Nabadwip Vidyasagar College
and

Department of Mathematics

University of Kalyani

West Bengal, INDIA.



	237.tif
	238.tif
	239.tif
	240.tif
	241.tif
	242.tif
	243.tif
	244.tif

