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1. Introduction. — In an almost complex space an affine connexion is
called F-connexion if the almost complex structure tensor F} is covariant con-
stant with respect to this connexion. The general F-connexion has the form
([1], chapter VI, §2):

(1.1) r,-’::f,’.‘,.—%(%,ﬂ“) Ff 4 é (82— FPFY W,

where Wy, is an arbitrary tensor of the type indicated by the indices, and
V denotes the covariant differentiation with respect to the symmetric affine

. O f
connexion [;.

Similarly, the general connexion in the almost product space with respect
to which the almost product structure F}/ is covariant constant, has the form:

(1.2) rﬁ=f§+é (V, Ff) FE + ; (37 85+ Ff Fy) Wy
If we put

(1.3) FiFf =08, w=+1 or w=-1,

and if the operators O and *O are defined by ([1]):

05,”=~21-- (3787 + o F F),
(1.4) |
0= Bi%i-wF B,
the equations (1.1) and (1.2) can be written in the from:

] 1 ] a a
(1.5) F,’-‘,:F,’-(NL;@(VJ-E)F:{— OxWs,.

In (1.3), (1.4) and (1.5), w=—1 if the space is an almost complex space,
and w= +1 if the space is an almost product space.
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The connexion (1.5) being non-symmetric, we can consider four kinds
of the covariant derivatives. These covariant derivatives, of a tensor aj" for
example, are given by:

1 . 0al . .
i ) Pt 1 P
Vk aj=——‘)xk +a,- l"pk—apfjk,

2 i t)a, i D
V.aq= ox ~ %t ka a, Ty

3 . ()
Vka} Ox k+ pr;,k apr}:j’

a. . .
J Dt i P
+ aj Fk,,—apl"jk.

4 i
V., a =
k “j axk

The connexion (1.5) is the general connexion satlsfymg the condition

VkF f=0. In §2 we shall discuss the possibility of finding the (F F) connexion,
i.e. the general affine connexion Ij such that

1 2
(1.6) Vi Fj =V, Fi=0,

3 4
and in §3 the possibility of finding the (F, F)-connexion, i.e. the general
affine connexion I'§ such that

3 4
(.7 Ve Fji=V,Fj=

1 2
In §4 we shall show that (F, F)-connexion is, under some conditions, Rizza’s
3 4

p,~connexion and (F, F)-connexion is, under some conditions, Rizza’s p_-con-
nexion ({2], [3]) and conversely.

1 2
2. (F, F)-connexion. — Putting

2.1) Ti=Ih+ U
where
1 o
(2.2) Uf;=?m(VjE?) Fi+ 05w},
we have

. . .

VkF-;:Vij; + E]pUpfk - F’: Ujll’c’

2 . o . . .

Vi Fj=ViFj + F{ Upc— F U
Thus, the condition (1.6) can be written in the form:

Ff Uiy~ Up) — F, (Ui~ UR) = 0,
and consequently

(Uk,— ULy*0ji=0.
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Substituting (2.2) into this equation, we get
B o (V F2) FE+ 0% W}, - % o (V,Ff) F2 - 0% Wé’a] *04=0.
Taking into account that O(%.*O=0, the last equation reduces to
[_;_m(%kp:;) F‘f—%m(eqFZ)Ff~02§W:a]*OZ=O-
Using Yano’s lemma ([1], p. 133), we have
S o) = o (8,F) F - 0 W}~ OV,

Ve being an arbitrary tensor, we can put

b b
. Vka = —VWWak-
Thus we obtain:

(VicFy —V FE) Ff — (Weo Fi— Wa Fg) F§ = 0.
Contraction by F, F/ gives
(2.3) *o;ﬂfW;b:%m(%aF; ~V,Fi) Ff.

The equation (2.3) admits a solution, by virtue of the Yano’s lemma
([1], p. 133), if and only if:

0% (V,Fi =V, FiyFy = (N Fi—V Fi) Ff — (V,F} =V, Fi) Fg = N}; =0,

i e.'iff\the structure is integrable. Then the general solution of (2.3) is given by
1 o o rs
(2.4) Wy = SO (V.Ff =V, F) F, + O Ay,

where A',’s is an arbitrary tensor.
Substituting (2.4) into (1.5), we have
o 1 o 1 ak 2 2 s
r§=r}§+3m(vjﬂ“) F§+?w0,~bk(V,F}b—V,Ff’) Fl+O% 4548,
or

J

Th= Bt o[V, B ¥, 1) B+ (VFS +9,0) Fl)
(2.5) k b pa ok b k pa b
+ A+ 0ALF Fy + 0 AL F Fy + 0 A FI F} .
(Af,- being arbitrary, we have put A,'-°,~ instead of —i—A,’i)
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Let T be the torsion tensor of the connexion

o 1 o ° a ° 4 °
(2.6) Dit - 0 (Vo Ff =V, Fe) F'+ (V. Ff + V, F) Fi].

Then

1 o o a [ o a
T =y @ VuFf =V, E FE = (9, =9 ) = oNf =0,

i.e. (2.6) is a symmetric connexion. It will be easily verified that (2.6) is an
F-connexion. Thus we can consider, instead of (2.5), the connexion
2.7 Th=Th+ A+ 0AYF Ff + 0 ALF Ff + 0 A FF P,
o

where Fj’i is a symmetric F-connexion and A,-'§~ is an arbitrary tensor.

Thus we have the theorem:

In order that in an almost complex space or in an almost product space

1 2
there exists a (F, F)-connexion, it is necessary and sufficient that the structure
12

be integrable. Then the general (F, F)-connexion has the form (2.7).

3 4
3. (F, F)-connexion. — An arbitrary affine connexion may be written as
(3.1) Ty —Th+ Ak,

Ok . . . . k. .
where I'; is a symmetric affine connexion, and Aj; is an arbitrary tensor. Then
30 i P 4i i . p
Vi F; =V F; + F Apic — Fp Ay,

3
and the condition V, F; =0 is equivalent to

3.2) Fl Al — F AL +V, F =0.

Transvecting (3.2) with F/ and with F/, we find respectively
(33) © Ao Ff F}= A+ o (V Fi) Ff,
(3.4) © A FY Fi= Alj— o (V, F{) FL.

Multiplying (3.3) by F!F¥, we obtain
AL FiF¥ = 44 FIF* + (V, Fi) F-.
Substituting (3.4) into this equation, we have
(3.5) o Ao FL F = Ay — @ (Vi F) Fi — o (V, Fi) FF,

and consequently

1 i a o a i il i a
EAba*o,’i,- = [(Vi Ff) Fa+ (V. Fi) Ff1.
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This equation admits, by the mentioned lemma ([1), p. 133), the solu-
tion if and only if

(Vi F) Fa+ (V,Fl) Ff1 04 =0,
i.e. if and only if

(3.6) (Vo Fi =V, F}) F = (V, Fi=V, Fs) Ff = Ni, = 0.
This condition shows that the structure Fj must be integrable.
Combining (3.3), (3.4) and (3.5), we get

444—20 (Ve F)) Fito (Y, Fl) Ff - (V, Fi) Ff =

=Aij+ AL Fi+ 0 AS Ff Fi+ w AL Fp FP,
i 1 i i a i i a
Aly= " (Akj+ 0 A FiF+ 0 A3 Fy Fi+ 0 Ab, FE FP) +

+ 2V F) a2 (V,F)Fi - (V, F) .
2 4 4
Substituting this into (3.1), we find
riy=T+ > (Ve Ff)Fi — % (V,Fl) ¢ +2 (V. Fl) Ff +

+ Alg+ A FE Fi+ 0 A FY Fi+ 0 Ay, FLFY,

where I}, is a symmetric connexion satisfying (3.6) and where we have put,

. . . 1
A}, being arbitrary, Af; instead of ‘4—A,k,

Let us consider the connexion
o, (0 O w o s 0) O .
(3.8) r:q+7(kaf)F.i—;(V,F;)FH—;(V,,F;)F;‘.
It is an F-connexion, and its torsion tensor
O S pi O phpt ool wophpdy O agi
7 [(VaFe— Vi Fo) F — (V, F; ~ V, F;) Fi] = N
vanishes. This means that we can consider, instead of (3.7), the connexion
(3.9) Th=Thi+ A+ 0 AL FLFE 1 o Ay FY it o diy FLFY,

O .
where I'); is a symmetric F-connexion.
In exactly the same way we can prove that (3.9) is the general conne-
4

xion satisfying the condition V,F/=0 too. Thus we have the theorem:

15¢
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In order that in an almost complex space or in an almost product space
3 4

there exists a (F, F)-connexion, it is necessary and sufficient that the structure
3 4

be integrable. Then the general (F, F)-connexion has the form (3.9).

4. Rizza’s o,- and p_-connexions. — G. B. Rizza ([2]) defined ¢,- and
¢_-connexion in an almost complex space in the following manner.

We can consider, in the tangent space at each point of the manifold
with an almost complex structure F/, the transformations:

4.1 Jo:Jo(U)=Uicos -+ F,U%sing (0<o<2 7).

The torsion of a non-symmetric connexion is the skew-symmetric tensor.

. K . .
Conversely, every skew-symmetric tensor S;; can be considered as the torsion
tensor of a non-symmetric connexion. Let us put

4.2) Q“U, V)= ~285U' V),

where U and V are linearly independent vectors. Applying to U and V the
transformation J,, we may construct the corresponding vector (4.2):

Qx (J,U, J,V) = — 2 S5Jo (U)o (V).

On the other hand, we can apply the transformation J, to the vector
QkU, V). G.B. Rizza discusses ([2], [3]) the possibility of finding a skew-

-symmetric tensor S such that

4.3) QkJ,U, J,V)=J,Q%(U, V)

for arbitrary vectors U, ¥V and where ¢ is a function of ¢. He showed that
either = +-2¢, or ¢=—-2¢, or ¢=0.

The connexion whose torsion tensor satisfies (4.3) such that ¢=+2¢
is called an p,-connexion. The general p,-connexion has the form ([3]):

(4.4) Th =T+ Al + 0AY FF B + 0 AbFf Ff + 0 Ay F{ Fy»
where w= —1, I'y is an arbitrary symmetric connexion and Af‘,- is an arbitra-
ry skew-symmetric tensor.

The connexion whose torsion tensor satisfies (4.3) such that ¢ = —2¢ is

called an p_-connexion. The general p_-connexion has the form ([3]):
(4.5) 5 =Tk oAbt AL FPFf + 0 A FPFf+ 0 Al FL FY,

Kk k .
where , I';; and A4; have the same meaning as before.

To define p,- and p_-connexion in an n-dimensional almost product
space, we first remember that the structure tensor F/ of a such space defines
two complementary distributions in the n-dimensional tangent plane at each
point of the space. Let us suppose that the vector U does not belong to either
of these distributions. Then U’ and FjUe® are linearly independent vectors and
we can consider, instead of (4.1), the transformations:

(4.6) Jo:Jo(Uy=Uicho+ F{Ushe.
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Supposing that the vector (4.2) does not belong to either of distributions,
we may consider the vector J, Q%(U, V) and then also the condition (4.3),
where U and V are linearly independent vectors.

The connexion in an almost product space whose torsion tensor satisfies
(4.3) for arbitrary vectors U, V' (where J, is the transformation (4.6)), such
that = +2¢ is called an p,-connexion, and that whose torsion tensor satis-
fies (4.3) such that ¢= —2¢ is called an p_-connexion. In exactly the same
way as in [2] and {3], we obtain that the general o, -connexion in an almost
product space has the form (4.4) (where w= +1), and the general p_-con-
nexion has the form (4.5) (w= +1).

Comparing (4.4) and (2.7), (4.5) and (3.9), we see that:

P2
(F, F)-connexion (2.7) in a complex space (in a product space) where

arbitrary tensor A,k is skew-symmetric is an p ,-connexion. Conversely, an p .-

-connexion (4.4) where F,, is a symmetric F-connexion, is an (F F) connexion.
3 4
(F, F)-connexion (3.9) in a complex (in a product) space, where A,k is an

arbitrary skew-symmetric tensor, is an p_-connexion. Conversely, an p_-connexion
3

(4, 5), where F,k is a symmetric F-connexion, is an (F, F )-connexion .

The p,- and p_-connexions in an almost product space cannot be deter-
mined if the vector (4.2) belongs to one of the distributions. Thus, we have
yet to determine, in the case o= +1, the condition satisfied by torsion

tensor S,’k, if the vector (4.2) belongs to one of the distributions.
If the vector W belongs to one of the distributions then either Wi=F, W=
or Wi— — F,We. This means, in the case of the vector Si U7 Vk, that

Sk UiVk = + F.S5 UIVk
for every pair U, V. Consequently
S}k = 4 Fai S]‘;{

This is the required condition.
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