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In theory of the distributional convolution process the equation R* T'=S
is fundamental (R, § given distributions, 7 unknown). Its solution may be given

. . . . 1 ,
if there exists an associate convolution algebra. For R=vp—, SE(), the solu-
t

tion is established in [1] applying the Plemelj distributional formulas and the
distributional analytic continuation.

The purpose of this paper is to complete the solution of the equation
b(t 1
O a(’)T-i-ﬁ()(T*vp»-A):S
i t

studied in [1], and thereafter to solve an equation adjoint to (1).

1. The equation (1) is solved under assumption that the index

1 a(t)y+b(1)
= 1
’ zm[%am—mJﬁ

is nonnegative. Now it will be shown that for A< 0 a solution exists only under
certain conditions. It is known ([1]) that in the case A< O the solution of the
Hilbert boundary problem has the form

TZ)=X @S (@),
where

A 1 S 1
S (2) = — EAF),
@ 2mi \ X+ (v)[a[t)—b(7)] ’ ‘r—z> e )

But the canonical function

7]

X- (z)=(—«")_)‘exp I (2) (zEA-)
Z+1
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has a pole of order (—2) at point z= —i. For the equation (1) to be soluble

(A< 0) the function f"(z) must be holomorphic. Clearly this will be accomplished
if the function

56

(z+i)~>
is holomorphic. Let us develop S (z) in the Taylor series about the point
z= —1i. The radius of convergence is equal to the shortest distance from the
point z= —i to Supp S. Since the coefficients of the series are defined by
the derivatives

! 1
SO (2) == ¥ ' G > (zEAY),
2ni \X" (v)[a(x)—b(x)] (v—2z)"+!

it follows that the function f"(z) is holomorphic at the point z= —i if and
only if the distribution S satisfies the (—2) conditions

S 1
2 —, =0 k=1,2,...,(=N).
@ <X+(T)[a(f)—b(f)] (T+i)"> ( (=2)
Let

* s_a_(_tlmﬁ
O o
b* (,)z_&_,ﬁ

a? (1) - ()
ZO)=X*(Oa@®-bO]=X"(D]a()+b()]

After a simple transformation the solution 7'([1], Relation (19)) may be
written as

gt ns ZWbx@y (S 1 x
T-a*@s-=12 (Z(t) wp t)+Z(t)b )

P)\_l(t)
(t+i)}
Consequently, this formula giving the general solution of (1) for Az=0

also gives the solution for A< 0 if one puts P_1(t)=0 and assumes that §
satisfies the necessary and sufficient conditions (2).

In particular, for S=8 and A=0, the solution of (1) has the form
*
Tear ()5 2000, 1
niZ (0) t

2. Before formulating the equation adjoint to (1), let us recall an essen-
tial definition.

The function f:R—C is said to satisfy the Holder (H) condition at

infinity for the constant w>0 if f(f)—f(0)=0 (-[—lr I) , where
PR

f(+ 00)=t_1>iﬂlwf(t), f(=o0) lim 7(5), f(+ @) =f(— ) =f(0)cC.
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When it is necessary to specify the constant p. the H condition at infinity
will be denoted by H (., 0).

The definition implies the following assertions (which will be used imp-
licitly):

The continuous function f:R—C satisfying the H condition at infinity
is bounded on R.

It the continuous functions f, g:R-> C satisfy the H(u, ) and H (3, )
conditions respectively, then the functions f+g, f-g satisfy the H condition

for the constant equal to min(w, ); if f(¢)40 on R, then —}— satisfies the

H(u, ) condition. Moreover, if
1
——A{logf(#)}. =0,
5o los Wiy

then log f(¢) also satisfies the same condition (note that the last rela‘ion imp-
lies the single-valuedness of the logarithm).

Problem. Let a(t) and b(t) be given complex-valued functions in C* (R)
which satisfy with all their derivatives the H (w, ) and H(n, ) conditions,

respectively. In addition, one supposes that a(t)+b(t)==0 on R. Let B be a given
distribution in &'. Find the distribution AC O, with —1<a<0 such that

3) a(tyd— - (b iy ¥p —17> _B.
™! t

Solution. First of all let us observe that the functions a(¢) and b(¢)
are multipliers of ¢),. After a detailed discussion in [1]it can be introduced at
once the locally holomorphic function

T T—2

/i\(z)=-2~l» _<b(‘r)A, '_--> (zEA)

vanishing at infinity. In view of the formulas

A A

At — A= =b(1) A,

A A l

A b A= —(b(t)A*vp~~),
, t

true in the @J; topology (—1=<a«<0) it may be shown that .he solution of
the equation (3) is equivalent to the following boundary problem:

Find a distribution 4 and a locally holomorphic function A (z), vanishing
at infinity, subject to the conditions

b(t)A=A* —A-, a(t)A= — A+ —A- +B.
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Paralleling the proceeding in [I] and using (7) we obtain

(9) ,f(z): 1 {_L<X+(T)b(T)B , 1 +Qv_1€2)}
X(2) a(t)+b () T~z (z+i)

(zeA%),

2mi

where Q,_,(z) is an arbitrary polynomial of degree not greater than v—1
(Qy_, (2)=0 for v=0).

Suppose v= —r<0(2>0). In this case the function AA (z) is also given
by (9) with Q,_,(2)=0, if the following necessary and sufficients conditions
are satisfied:

(10) <X+ ()b (1) B 1

a(v)+b(7) ’mk>=0 (k=1,2,...,(=V).

Finally, let us calculate AA+ or /f— from (9) by the Plemelj formulas. In
view of the relations

B b®nB

PN =a * (t) B9
a(t)=b(t) a*(t)—b* (1)
XT0B _ x
a(®)+b(1) ZW5* (0,

one obtains for v=0 by either of the formulas (4) the solution of the equa-
tion (3):
1P ()

1 1
b*()B*vp |+ " .
mza)(zm (B t)+Z(t) (t+i)

Here for v=0 it is necessary to put P,_;(£)=0. If v<<0 the solution is
also given by (11) with P,_, (f)=0 if and only if the distribution B satisfies
the conditions (10).

(1D A=a*(@)B+
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