PUBLICATIONS DE L’INSTITUT MATHEMATIQUE
Nouvelle série, tome 22 (36), 1977, pp. 189—199

NEW COMMUTATION FORMULAS IN THE NON-SYMMETRIC
AFFINE CONNEXION SPACE

Svetislav M. Minéi¢

(Communicated May 13, 1977)

Summary

In an earlier work [1], using two kinds of covariant derivations, we
obtained 10 commutation formulas of Ricci type for alternated covariant deri-
vation of second degree in the non-symmetric affine connexion space Ly. In this
way we obtained 3 curvature tensors and 15 magnitudes which we called cur-
vature pseudotensors* of the space Ly.

In the present work we use two new kinds of covariant derivation and,
in this way, we get 10 new Ricci type identities, i.e. new commutation formulas.
In this case, besides above mentioned tensors and pseudotensors, there appears
a new curvature tensor (R).

4

0. In the non-symmetric affine connexion space L, we can observe 4
. . . R hij
kinds of covariant derivation. For example, for the tensor aj; we have

(1) ailim= atim+ Limat + Limal® + L} alf —
1
—Lnal—Lh,ail,
2) Aim= QR m+ L @2+ Lhpal? + Ly ald —
2
—Lhkayi —Liaiy,
(3) aifim= At Limal + L al + L, al? —
3
—Lhiagl—Lbald,
)] Aiim= Al + Lyl + L al? + LY, al?—
4

p hij p _hij
—Limapi —Limaip,

where the comma (,) signifies partial derivation, for example
hif 0 hij

Axl,m=——0akl .
oxm
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In the work [1] we obtained 10 commutation formulas, using the covariant
derivations of Ist and 2nd kind. In this case we obtained 3 curvature tensors
R, R, R and 15 magnitudes A4, ..., A, we call them curvature pseudotensors®.
1 2 3 1 15

In the present work we observe Ricci type identities which one obtains
by the covariant derivations of 3rd and 4th kind (3), (4).

1. On the base of (3), we obtain

arlimn =@M m) | n= (ak1|mn) +Lsnals('111m+
3 303

i hsj Jj _his s hij s hij s hij
+ Lsnakllm + Lsnaklym'—Lnkasl]m_Lnlaks\m_anakl]m
3 3 3 3

hij pij hpj
(5) akllmn = Ay, mn+me ndkl +meak +me nQkl +
3

i hpj hip hij
+meakl,n+me nQkl +meakl n— Lmk nap Lmk Apin—

p _hij sij h s pij h i spj
Lml nakp L Iakp,n+anakl m+Lsn meakl +Lsn pmakl +
sip sif sij i _hsj
+Lsanmakl Lsank api— Lsanlakp+Lsnakl m+
i psi i s hpj J hsj
+ L, meakl + L, mea +Lsn me Lsankapl_
p _hsj his pis J i hps
_LsnL Iakp+L agl, m+Lsn meakl + L, L pm Akl +
J s hip his is s _hij
+ L L pm Akl — Lmkapl Lsn Lmlakp Luyag m—
s Lh pif Ls Li hpj L hip s P hij
_Lnk pmQsi — Lk pm@si — Link me as + Lnk Lmsapl +
L hij Ls hij Ls Lh pij L L
+ Lk Lmlasp mlQks,n— Ll Lopm Aks— Lnl pmaks
hip hif L K hij
_Lnlemaks +Ln1Lmkaps+ nl Lmsakp anakl\s,
3

from where one obtains

hij hij pij
(6) Akl |\ mn—AQKl| nm = R pmn Akl + R pmnakl +R pmnakl _
3 3
hij 22 hij
kanapl lenakp+ L nakllpa

where mn designates the antisymmetrisation over m, n, for example
~S

) Li’nvn=—f25(L,’;m—Lﬁm)
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and

(8) R s L s— B r L B Ee koo
1

(9) Riimn=L';n.i,n“‘Lm m+LnuL. L Linp,
2

are the curvature tensors of 1st and 2nd kind respectively in the space Ly.
Generally, it is

u
(10) a:;;:‘lmn—a:,l tvlnm— ZR ( ) -
3 =1 1 4]
4 p tf
PR 4
__fgllzzrfmn(p)a +2Lm,,a,l__.,':13p,

where we have put
(11a) (p)ajjj=a;,'ff'.:i“pr“"”r",

n

t
(11b) (pf)a:::=a:'::::,';‘_lp:,+,...rv.

2. Using (4), we get

hif hif i B sif
i\ mn="Qxl\m) \n=Qhi|m), n+ LnsQiijm+ * -
4 4 a 4

4
s hij hij s hij
'_Lknasl|m_‘L1naks|m Lmnaklls’
4 4
i.e.
hij hij h pij h hpj
(12) Akiimn= Qkl,mn + me,nakl + me akl nt me, nQKl +

4
hpj hip Jj hip hij
+meakln+me,nakl +L pakln Lkm na Lkmapln
r hij ko _sij h K pij s17.I

"“le,nakp Llnaakp,n+LnsakI,ln+Lns mea +Lnsmea

Lh sip L L sij Lh sif Li hsj
+ Lipns mp Akl — Lips Ligm @ p1— Lins LIm Qip+ LinsQkl,m+

L Ly @30 + Lis L3y @ + Liyg Ly @4 — Lus Limay)
+ Lips pa 1+ Lips pa + Ly pakl ——Lips kmapl -

— L L8,alS + Ll als o+ Lis Ly a3 + Ly Lip a8 +

i s hip ku' his s hij
+ Las meakl _‘Lns Lkm Lnx lea Lknasl,m—

hi) hij
_Lkn meapu Lkn mea sl —Lkn meas;p+LknL ap;]'l—

s yp _hij hij s hpj
+Lknleasp_"LInaksm LIanpaks LIanpa

hij

hip
_‘Lln mpak.v +L1nLkma +L1anmakp Lmnaklls’
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from where it is
hij hij pij P hij
(13) akllmn—akllman o @ikl + + 0 — R, @pi—
4 4 1

14 hij p _hij
—R?)aakp—2L nakup
1

Generally:

(14) a::.....';;llmn—‘arl tylnm ZR pm ( ) '—
4 r

v t
Yy ...
~z Rptfmn( )a...—‘sznna::..-frglp'
f=11 p ~ 4

3. Combining the 3rd and 4th kind of derivation on the base of (3)
and (4), we have

hij i hsj j _his
akl\ min= (akll m), n + Lnsakl}m""LnsakI[m + Lnsakl\m_
3 4 3 3 3

hij
—‘Lkn sl\m Llnakslm LmnakHsa
3

and further

(15) akl[m]n_altl;jmn+LZm,na +meak +me,nak1 +

3 4

i hpj hip hip
+meakl,n+me,nak1 +meakl n Lmk napl Lmkapl n—

4 hij p _hij h_sij h ys _pij spf
_‘Lml,nakp_LmIakp,n+Lnsak1,m+Lns mea +Lns meakl +

sif sif

h 1 sip h P
+LnsL m Akl — LnsLmkapI—"Lns Lmlakp+Lnsak1m+

i rh _py hpj hsp hsj
+Lns mea +LnsL m A nl +Lns meakl Lns Lmkapl_'

j  his j pis Jj i hps
_LnsLmlakp+Lnsak1,m+Lns makl +Lns pm ALl +

hip his p his s hij
+Lnstmakl L Lmkapl LnsL lakp_Lknasl,m"‘

i hpj hip hij
_'Lkanmasl Lkn measl Lkanmasl +Lkn Lmsapl +

hij pij s pi hpj
+LkanIasp'_Llnaks, Llanmaks Lln meaks -

hip hij K hij
_Lln meaks +Lln Lmkaps +Llan:akp Lmnaklls,
3
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from where we obtain

hij pij
(16) akl}!m‘in akl;n!m'—A pmn Akl +Apmnakl -+

J hin P hij ] hif
+ Tl pmn Akl _f kmn Qpl —A Imn A kp +
4

~hij - hij hij
+4akl<mn>+4ak1<»mn\ 2Lmnak11pa
~ v

where we denoted

(17) I?ijmn:L_;'m,n jm n+ijL. lel mp,
(]8) fjijmn:Linj,n nj, "‘ij np L me,
- hi
(19) ak?(mn) = me aillln + me azl?]n + - Lmk a;,;;]n Lmlaﬁg,ns
~hij i i ij
(20) akll imn e _L[pm L’ns] aﬁj'f‘ L[pm Lkn] ap} cot +Lfmk L;n] az;},
|
(2 1) L[pm LnS] = ’5 (me L me Lsn)
Generally, it is
(22 an !l imin— a8 nim=
3 4 34
u
yo (P t
=2 A" ( ) — 2 A" ( )a:::+
=11 o ry le 4 g P
+ 4d;|l Iy<mn> + 4d:; . tv <mn="_ 2Lmn atl tr::!p’
v 3
where
u v
_ p t
(23) ar oy = 2, L,’,i,.( )a;::,n— 2> Li’mf( )a:::,n,
=1 o\l f=1 ~ \P
rpas PA[SY ...
(24) at:...trrén1n>= Z Z L[pm ns]( ) ( )a'—
lf 2 rl rf
(1<f)
u v v—1 v
— L Ls ( )( ) L+ L tLt ( a
Izlle [Pm ?_":’] 7 s 121 fg [”’l f”] p s
(<f

4. Applying two kinds of covariant derivation (3), (4) in inversed order
than in preceding case, we obtain

hij hij h_sif i hsj Jj  his
(@ri|m)in=(akl\m), n+ Lsn@ri|m+ Lsn@Qid'm+ Lsn Qi i m—
4 3 4 4 4 4
s _hij s _hij hij
_Lnkasl\m_Lnlakv]m anak1|s;

4 4
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i.e.

(25) al

bij i hpj
m|n ~‘akl mn+me nQkl +meak +me,nakl +
4 3

i hpj hip hip ¥4
+meak1,n+me,nakl +meak1 n Lkm,napl"‘Lkmapl n—

hij hij h _sin pij
"—le nQip leakp,n+Lsnakl,m+Lsn mea + Lsn meakl +

Jj sip su sij i hsj i h
+LsnL mp Bkl — L.sn Lkm Lsn leakp+Lsnakl,m+Lsn mea

i s hpj hsp hSJ
+Lsanpa +LsnL pakl '_'L,\n Lkmapl Lsn lea

his Jj pis i i hps 7 s hip
+ Lsnakl m+ Lsn meakl + Lsn meakl + Lsn meakl -

his

Jj p _his s hij
"“Lsn Lkm apl — Lsn leakp""Lnkasl,m Lnk measl -

hij s hij
"‘Lnk mea sl ~"Lnk measl +Lnk Lsmapl +Lnk leasp

s _hij s h pij s i hpj 7 th
"—Lnlaks,m—‘Lnlepaks—Lnlepaks ‘—'L IL paks

hij hif
+LwLima U+LnILsmakp L;makll\sa
4
from where it is
hif hii n hii
(26) ak’i’lmln""aklljlnlm=A pmnaillj‘i‘ ‘—Apkmnapllj“ e
4 3 4 3 3 2
L hif
4ak1<mn>"“4akl<mn>+2 mnal\llp’
where
(27) A‘imn;—L:nj.n_L:lj,m'i"L:‘nijn L me’
3
(28) I;Iljmn=L;‘m,n_le'n,m+Llr,njL1lm"‘szL;7m

Generally, it is

Tyeoolu ri...fu
(29) A ..tyimin—8Qy .ty |nim=
4 3 4 3

u P tf
YO (AP N LA
21 3 P\ ry le 2 I pl]

-7y ry .. .ru
"4atl tv<mn) 4at:...ty<mn>+2Lmnatl Ltylp-
v 4
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5. Based on (3) and (12), we obtain
hij hij pij
(30) ak;\mn Akl nm—A pmn Akl +A pmnakl +A pmnakl +
4

P hij r hij
+A knm A pl +A lnmakp+
6

_hii _hi i hi
+ 4akllj<mn> + 4akllj mn\_‘Lﬁm (aklljlp——akxll[ p)a
- 3 4
where
i i ] i i
(31) A'jmn=LJ,'m,n—L;gi.m+L]Pm Lpn_Lﬁijpa
5
. . . i .
(32) Aljmn=le'm,n—Llnj,m+L’r)njan _‘Lfn L;;m,
6
= hi, h i hii
(33) akllj mns = L[pm ’m] aﬁj + - L[pm Lnk]arl - <+ Lf)mk L;I]apls,’

and mn means the symmetrisation on the indices m, n.

Generally, we have
Fi. - ry ry...ry
(34) at:...tv\mn'—atll..'. ty!nm=
3 4

u , p tf
— I o
zf”"’"(n) +ZA" (p>a“'+

f=16

=F .

~r P .
+4d, ! tv<mn>‘|'4atl1 tv<mn\ Lm,,(a . tv!p at: tvlp)’

where, analogically to (24), we put

’ N
(35) d:: mn\—z ZLIPMLS{;](I}")(I' )a"—
~ H

f
(1<f )

8 Beial]) (e S o)1)

=1 f=1 =1 f=2
(l<f)
6. Using (5), (15), we obtain
hif i hij
(36) akyl mn—"akljinlmzA mnall:llj"l‘ "'Apkmnapllj" *
3 3 4 7 14

+ 2ak1<mn> + 2ak1<mn\ s

13*
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where
(37) Ajjmn = L;:m,n_LJI:n, mt Lfm L;m-— Lfn Linp N
7
(38) Aijmn = Li‘nj,n—Lnj m + L an ng Linp;
14
(39) Gl =l L L+ L L+ - -
—a% (Lpm L+ Lon L) = -+ - + @ (Lo L+ Lig L)
~ A
Generally
(40) al i mm—an nim=
3 3 4
< p Lo (Y
+2 4" ( )a:::— A ( all+
12:17 b r f; 14 ”” p
+2&;11 fv<mn>+2at1. ;‘l:‘<mn';>
where
- u—1 u . . , p s
(41) @y emnm= 2 2 (Low L+ Loy L, ( )( )a:::
I=1f=2 N v r; rf
d<f
u v p tf)
2 2 L Loyt Ly xf)( )(s a

v—1 v R t t
+ 2> > (L’,’,,,,Li,’,f+Li,’,,Lm,,)( ’) ( f)a:::.
I=1f=2 ~OAD

u<f)

7. From (5) and (25) one obtains
hij hif h ij P hij
(42) ak'{lmn"“akllin\mzA pmnail'i' _A kmnapl“" °
3 4 3 9 12
- hij = hij hij p hij
+2akl<nm> + 2d 1 <nm=— (anakhp”“Lmnakllp)’
3

where we have put

(43) gt‘jm,.=L;?m,,.—Lij,m+L5-’m Liy—L% Ly,

(44) gijmn = L';nj, n_L;n, m+ Lfnj L;n_Lln,] Linp
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In general
(45) al"';.l....lrylmn al, tr: nlm=
43
u p tf
=2 4" ( ) =2 A ( )a:':+
Zl 5 ry fZl 12 i ¥4 ’

—ri...ry ~r . P ri...ry
+2atl...tv <nm>+zat1 tv<nm) (anatl .tv\p"‘Lmnatl tv\p)
3

8. On the base of (12) and (13):

hij hij h
(46) akll\mn akII\n m= =A pmnaillj’*‘
3 11
A? hij 2 7V p ki
_ kmnQpl— * * * — akl<nm;+2akl<mn\+(anakllp Lmnakllp),
10 4
where
. f R . .
(47) Alljmn= Lmj,n—L;’n,m+Lrpnj L:lp_L]pn L;np,
1
J i 4 p gi pyi
(48) IAljmn=ij,n_L;tj,m+ij L:tp_‘Ljanm,
0
~hi h i h i
(49) ak’i’<mn>_aifl (me L;rs_*"an Lin.\')'}' e
- ~
h h : hi
—a¥/ (Lmp Lin+ Ly Lim)— - +ap.[rj (Lkm Lin+ Lin Lim).
v v v v
Generally, it is
rya.. [T
(50) atll...;:Jmn_at:...t:]n!mz
4 34

& P\ < AN
:ZAlpmn(r)a...—ZAp’fm”(p>a...—

I=1 11 7 f=110
_25:: tv<nm>+2at,' tv<mn>+(L 1 tv‘p Lfnnatr:;ﬁp),
3 4
where
—F) ... rr 42 p §
(51) a:l...w&m}—z Z(L Lig+LyLin|, I\, Jeii—
! f
(1<f)
ii(L" Lot L Loy (7 Nar s
o o e e e ey rnl\s/)

v—1 v t
+ z Z (Lt,mLtfn+LtlnLtfm)( ) ( f)a

S
(1<f )

197



198 Svetislav M. Mingié

9. By (12) and (25) we get

(52) Q) mn— i) n 1 m= A AR+ -
4 4 3 13
"‘A kmn agll‘— ' —'2a-lié;j<mn> + Zd%jznm;’
where it is
(53) 11;1",»,,,,,=Li,,,-,,,-—L,,, mA Loy L, — L7 LE
(54) glijmnzle:m,n—L;'n, m +L1r7nj inm_LJ!"n L;m'
Generally
(55) a;:::::g\nzn—a::.'....trfln\mz
4 4 3

< n [P AN
zzgxglpm"(r,) —lef'fmn(P)a:"_
— 2G0T o oy F 2G0T
10. In the end, by (15) and (25), we obtain
(56) ak1|m;n—akunrm—A pmnapU+A pmnakl +A pmnakl +

p hij I3 hij P hij hij
+ A kum @pi + AL i p— Loun (@ii| p—Qki1 ) »
15 1s 3 4

where we designated

(57) llzijmn = le'm, n'—Lixj, m + Lfm L;zp’—‘ Ll:r/ LLm .
Generally, it is
u
. Py .
(58) a::.‘..?y"m!n_"aa tvmln ZA mn( )a+
3 4 I=115 r

t
+ Z A’f”m( )a..._‘Lﬁm(a::...:hp—a;I lvﬂp)
f=115 14 3

The magnitudes 4, ..., 4, which we introduced for the first time in the
1 15
work [1], are not tensors, but because they have a form and a role of curva-

ture tensors, we called them in [1] curvature pseudotensors of the non symmetric
affine connexion space L.

The equation (56) can be transformed into another form. In fact, if we
count the difference in the right side in (56) according to (3), (4), we obtain

(56) akllm[n_akllnlm—R pmnak1+Rpmnak1 +

J hip 14 hij 14 hij
+R pmn Akl +R knm 4 pl +R Inm Qkp >
4 3
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where we put
(59) gf,-mn = ;3’;-,"” + L, (Lyy—Lip) =

= le:m,n—Lilj, m+ Lfm Lizp_Lij L;m + Llr:m (LLJ_L;P) »
(60) 1}",."," = g';m + Lo (Ly—Ljp) =

= LJ‘:m, n—L;j,m + Lfm Lip_LﬁjL;m + Llr,nn (L;ijpr) .
Generally, the following is valid
(58’) a:,l....:tr;‘[m[n—a;::::Irg|n\nx=
34 43

u , P v tf
_ R'mn( ) S R nm( )
I=Zl4 P a... 2 3 i p a...

rv.
The magnitudes R and R are tensors and we call them curvature tensors

3 4
of the 3rd respectively 4th kind of the space L, .

The identities (6) and (10), (13) and (14), (16) and (22), (26) and (29),
(30) and (34), (36) and (40) (42) and (45), (46) and (50), (52) and (55), (56)
and (58), (56') and (58') are generalizations of the Ricci identity in the symmetric
affine connexion space.

Also, all the curvature tensors R, R R, R and all the curvature pseudo-
1 2 3 4

tensors A, ..., A are generalizations of the Riemann — Cristoffel curvature
1 15

tensor R'ju, and become the same tensor in the symmetric space.
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