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1. Introduction.

We consider here some of the most familiar separation axioms, namely
T,, T3y, T,, T,, T,, T,, N (normality), CR (complete regularity), R (regula-
rity), and R, the terminology for the T, ’s being that of [3] or [7]. Tsi.-space
means Tychonoff space. An Ry -space (also called symmetric space) is a topolo-
gical space (X, ) satisfying the axiom

(R) x,yEX; xEcli{y} _— yEcli{x}
(cf. [1] p. 889; [7], p. 49, Problem 9). It is well known that the implications
T4 >T31/2 >T3 >T2 >T] >T0
(1) U U Y U
N CR > R > R,

hold ([7], p. 61, Theorem 4. 3. 1). A property P which can be attributed to
a topological space (or to a topology) is called sup invariant (inf invariant) if,
for any family () of topologies on a fixed non-empty set X, sup L, = \/ij
jer jer

(inf T, = (1F;) has property P whenever each T, has property P. A topology
jer jeJ
having property P is called a P topology.

The purpose of this note is to complete the statements about invariance
or non-invariance of the separation axioms occurring in (D).

2. Sup invariance.

On the basis of topological embeddability of (X, \/ij> into the topolo-
jer

ic
gical product of the (X, L;>’s, N. Levine ([4], Corollary 8) established the sup
invariance of most of the separation axioms considered here. His method easily
applies also to T, and R,. (For a different procedure concerning R and CR
cf. [6]). A remarkable exception from sup invariance is normality ([4], Example
17.5); however, the counterexample given there does not serve for T,.
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Theorem 1. T, is not sup invariant. More precisely, the sup of two T,
topologies need not be normal.

Proof. Let 3 denote the usual topology and R+ the right half-open
interval topology ([7], p 24, Example 3) on the set R of real numbers. For
simplicity we denote the product topology of two topologies T, and I, by
T, xT,. Since RC R+, it follows that.

2 RxPAHVR xR xR+

MR+ xR+ is called Sorgenfrey’s half-open rectangle topology). By virtue of
E:=@-1,b)x[c, )ER xR+, E,: =[a, b)x(c—1, )ER* xR, [a, b) x[c, d)
=ENE,ER xR VR xN) for any real numbers a, b, ¢, d such that a<b
and c¢<d, and of (2) we obtain

3) RxRHVEO x =R+ xR+,
Now, for I: =[0, 1], we define the subspzce topologies
6} Ti=RxRD|UIxD), T,i=Rr=x\|UdxI).

It is known that & =R|I xR+ |I1(2], p. 99, 1. 2. (3)). As a closed sub-
space of the 7, Lindelof space <R, R+> ([7], p. 78, Example 2), (I, R+ |I)
is T, Lindelof, therefore T, and paracompact by Motita’s theorem ([2], p. 174,
Theorem 6. 5). This and the fact that M |7 is T, and compact imply that I,
and — analogously —3, are T, topologies ([5], p. 180, Theorem V. 7).

On the other hand, by (3), (4), and the easily verified formula ¥, VT,
=[RxRYVR <RI xI), we get T, VT, =N+ xR +) | xI). The points
of I xI having both coordinates rational form a Z,VT, — dense subset of
IxI, so T,VT, is separable. 4: ={(x, 1 —x): x&I} is a discrete closed sub-
space of (Ix1, T,VT,). By an argument of F. B. Jones ([2], p. 144, Exam-
ple 3), T,V <, is not normal.

3. Inf invariance.

Here the situation is quite different from that of section 2.

Theorem 2. Among the axioms in (1), T, is the only one which is inf
invariant. More precisely, if P is an axiom occurring in (1) and being distinct
from T,, then the inf of two P topologies need not be a P topology.

Proof. i) T, is inf invariant since, for every non-empty set X, the cofinite
topology {G(CX; X\ G finite}lJ{@} on X is included in any T, topology on X.
ii) Let X be an infinite set and p a fixed element of X. We define

6)] T,: ={GCX;, X\ G finite and/or p¢ G}.

It is not hard to see that ¥, is a topology on X and that {g}cT, for
every ¢ in X\ {p}. (This topology was used in [4], Example 17.1, for other
purposes). The ,-closed sets F are characterized by

(6) FCX, F finite and/or pCF.

Let F,, F, be two disjoint T -closed sets. Case 1:pCF,UF,, say pcF,.
Then p&F, and, by virtue of (5), F, is T,-open. Hence F, and F, can be
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separated by the open sets F, and X\ F,. Case 2:p&F,UF,, 1. e, p&F, and
P& F,. By (5), F, and F, are T,-open and can be separated by F, and F,.
This shows that &, is normal. By (6), %, is also T,, thus T,. (By the way,
Z,, as the one-point compactification of the discrete topology on X{p}, is
compact and T,, hence T,; cf. [7], p. 139, Theorem 8.1.2, and p. 83, Theorem
5.4.7). As a consequence of (1), I, satisfies all the szparation axioms occurring
in (1).

Now let p, g be two distinct elements of X. Then {p} and {g} are dis-
joint, T ,-closed, and T -closed, therefore I, T -closed. Let G|, G,cI,NT,
such that pG,, ¢&G,. (5) and G, €T, G,& T, imply that X\ G, and X\ G,
are finite. It follows that X\ (G,1G,) is finite, 1. e., ==X, in other words that
G,NG,+ @. So {p} and {q} cannot be separated by ¥, T -open sets which
means that T,MNY, is neither normal nor regular nor 7,. A fortiori, by (1),
3,NE, does not satisfy T,, T, T,, and CR. (For a different argument con-
cerning T, cf. [7], p. 92, Problem 106).

iii) Of course, the counterexample of part ii) cannot serve for the sepa-
ration axioms “beyond* T,, namely for T, and R,. But the 7T, case is settled
by X={a, b}, a+b, T,={w, {a}, X}, T,={>, {b}, X}, and the R, case by
X=R, I, the usual topology N on R, T,={a, (0,1), R\ (0,1), R}.
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