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1. In paper [1] M. S. Klamkin considered the difference equation ana-
logous to the generalized Clairaut’s differential equation and obtained the
following result:

Any sequence of the form

m—1 n
X, = a R
2 (k)

where q,, ...a,_, are arbitrary constants such that F(a,, ..., a,_;)=0, is a
solution of the difference equation

F(zy, z, ..., 2,_1)=0,
where

z,=A’x,,—nA'“x,,+%n(n+ DA™ x, —

(_ l)m—r—l

np+1). - -(m+m—-r—-2)Am-1tx,.
(m—r—1)!

The solution given by Klamkin corresponds to the general solution of
the analogous differential equation. However, differential equations of Clai-
raut’s type also possess singular solutions and it is therefore natural to ex-
pect the appearance of such solutions in the discrete analogue. There is no
mention of such solutions in Klamkin’s paper [1].

In this note we shall consider the following difference equation

(1.1) x,,=§ g——llc)'k——ln(n+l)---(n+k—l)A"x,,+f(A'"x,,),
k=1 ! ’

o
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where (x,) is the unknown real sequence, A X,=X,,;—X,, A%x,=A(A*"1x,)
(k=2, 3,...). It is the discrete analogue of the generalized Clairaut’s differen-
tial equatlon

(=D ) -

(1.2) - § 3y 4 f (),

The general solution of the equation (1.2) is
mo 1
y=73 —Cix*+ f(Cp)
=1 k!
and the solution obtained by Klamkin for (1.1) reads

(1.3) X, = § Con®+ £(Cp),

1e
k!

where n®=n(n—-1)---(n—k+1), and C,, ..., C, are, in both cases, arbit-
rary constants.

The analogy is, so far, perfect. However, as we shall soon see, this analogy
breaks down when we consider singular solutions of equations (1.1) and (1.2).

2. Singular solutions of the equation (1.2) were considered in paper [2].
It was shown that the equation (1.2) is also satisfied by any function of
the form

m—1
y= Y+ Z Ak x",
k=1

where A4,, ..., A, _, are arbitrary constants and Y is any particular solution
of the equation

2.1 1 (ym™) = (=D~ xm.
: m!

Similarly, solutions of (1.1) not contained in (1.3) can be obtained by
solving the equation

(22) f(Am xn+1)— f(Am xn) — (_ l)m

Amtl x m!

nn+1)- - -(n+m)

and checking the result by substituting into (1.1).

Equations (2.2) and (2.1) are clearly analogous. However, the solutions
of the corresponding equations (1.1) and (1.2), to which they give rise, are not.

In order to see that, we shall consider two special cases of equations
(1.1) and (1.2).

3. For m=1, f(t)=1 equations (1.1) and (1.2) become
(3.1) x,=nAx,+(Ax,)>
and
(3.2 y=xy"+ ()%
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The singular solution of (3.2) is

1
= ——xz’

¢ 4
whereas it is readily verified that the corresponding (singular) solution of (3.1)
is given by

1 1
(3.3 Xp=——nt+—+4 A2+ A(= 1),
) 4 16 (=D

where A4 is an arbitrary constant.

Hence, the singular solution of (3.1) is not a fixed sequence, but a
family of sequences defined by (3.3).

Remark. The equation (3.1) was considered in [3], and the sinqular solution (3.3)
is given in [4].

For m=2, f(t)=1t* equations (1.1) and (1.2) become

3.4) x,,=nAx,,——;—n(n+ 1) A2 x, + (A% x,)?
and

’ 1 124 1y
(3.5 y=xy *7x2y + (")

The singular solution of (3.5) is (see [2])
1

=——x*+ Ax,
4 48

where A is an arbitrary constant.
On the other hand, the corresponding solution of (3.4) is
n=—1—n4—in2+i+An+16BZ+B(—1)",
48 12 64
where 4 and B are arbitrary constants.

In the general case, the singular solution of the equation (1.2) contains
m—1 arbitrary constants. The above examples suggest that the singular solu-
tion of (1.1) contains m arbitrary constants.

4. The geometrical relation between the general and the singular solu-
tion of (3.2) is well known. Namely, the singular solution of (3.2) is the
envelope of the family which defines the general solution of that equation.

It is interesting to note that some sort of analogy is preserved in the
discrete analogue, i.e. the equation (3.1). In fact, for each fixed sequence (S)
of the form (3.3) there exists a family of sequences of the form

4.1 X,=Cn+C? (C arbitrary constant)
such that (S) is the discrete envelope of that family.
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For instance, put 4=0 in (3.3). Then (3.3) is the discrete envelope of
the family of sequences of the form (4.1) subjected to the condition that

—(2 C+—;—) is a positive integer. Indeed, for each fixed n,EN there exists
a constant C, (C0= —%(2 n0+1)) such that

Con+Cl?= _an+i
4 16

and

both for n=n,.
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