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Every n-ary (n=0, 1, 2,...) truth function f of the two-valued sentential
algebra (with T, L as constants) satisfying the condition

(*) T Toee s TI= T

can be built using T, A and = only (the converse is obvious). This is proved
by induction on n. For if n=0, fis T, and if a>0, the proposition follows
from

f(plﬁ'-'5pn)=

{fJ. (Prsees D)) >P)>(frPrs oo s P AP HE fL(T5o o, T)=T
((-'f_l_ (pl 3y pn—l)jpn)jpn)j(fT (pl 3000y pn—l) /\pn)’
if £ (Ts-- )= L,

where the functions fr and f, are defined by  f+(p1s...,Dn )=
Sy oo PaisT) and f1(pyseeny Puoy)=f(Prs--os Pays L), because, by
induction hypothesis, it holds for f7(p,,...,p,_;) and exactly one of
fi(Pise ooy Pu)s WL (P1se..» Py_q). As a simple corollary, any truth function
can be conctructed this way, at most one use of negation.

There is a slight generalization of this result to the case of finite many-
-valued sentential algebra. Consider such an algebra with E={1, 2,..., n} be
a set of truth values (n>>2) and let, for some /<<s<n, D={1,2,...,s} be a
set of designated elements. Here, some truth functions have the following
property, analogous to (*):

(P) the restriction of the function to the domain D is itself an operation on D,

These are some of them, for example:
(1) maximum and minimum,
2) >,y x,)=

{s, if (x,,...,x,)CDm

. (I=s+1,....,n m=1,2,...);
I, otherwise
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(3) Jryeoikm X e X) =

Lif (s, x,)=Cky,.... k)
{s, if (Xp,..., X)5%Kky,...,k,) and (x,..., x,)ED"

n, otherwise
((kyy oo, k) EE™, m=1, 2,...).

It is interesting that the functions (1), (2) and (3), together with the
elements of D as constants, constitute a basis for the class of truth functions
with the property (P). For if f is in the class, it can be expressed as

Fxs .oy x,)=min{max (K}, ji,.. km X5 e er X)) [ [ Kysenos k) =1}
where

I, ifleD
0 K= S |
¢ (X150, Xp), if IED.

To prove this let (x;,..., x,) (e;>-.., €, be an arbitrary m-tuple of
elements of E. The proof splits in two cases.

a) f(e,...,e,)=d=D. Then the >disjunct
max (K, je,...em (X15 -+« X)) =max (d,l)=d, by (4) and (3). All other dis-
juncts® D(x;,..., x,) are of the form max (Krw,,..., km)> Je1.. km X15++ 5 X))
with (ki ,..os k) #(@1sevs )y SO D(€1s-s ) Zheyeiim(@sees ) =5,
by (3); hence, the minimum of all “disjuncts* is d.

b) f(e,...,e, =ed D. Then, since f has the property (P),
(e5--., e, & D™ Therefore, using (4), (3) and (2), max (K,, je,...em (X155 X))
has the value c,(e;,...,¢,)=e. For all other ”disjuncts’ D(x;,..., X,,) it
follows by (3) that
De;,...5€,)=0k...km(€1s..ns y)=n (since (ky, ..., k,)#(er, .. 5 &)

i. e. the minimum of all “disjuncts* is e.

The above defined basis is not finite, so the next problem is to look
for a finite one. The problem is settled by the relations
3) (X1 oees Xp)=mmaX (¢, (X1), ... 5 € (X)) (r=s+1,...,n),

(6) jk;...km (xl e xm)=max {jq( (xqa xt) l 9.t & {kl 3 v km}}

(especially, for m=1 we get ji (x) =/ (X, X)),

because it follows from them that the following functions constitute a finite
basis for the class of truth functions with the property (P), namely:

1° constants 1, 2,..., s;
2° ¢, (x) r=s+1,...,m
3° ju(%,5), g, tEEY.

1) Functions ¢, and j, are, of course, defined as in (2) and (3), resp.
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To get this it remains to prove (5) and (6). For (5) note that the right
side R(x;,...,x,) of (5) has the property (P) and also

N SKR(xy, ..., x,)<r,

by (2). Soif (x,,..., x,)& D™ then R(x,,..., Xn)=sand if (x,,..., x,&D",
then some x;&D (I<i<<m), hence R(x,..., x,)=>c,(x;)=r by 2), i. e.
R(xy,...,x,)=r, by (7).

To prove (6) first let (x;,..., x,)=(k;,..., k,). Then the right side
S(X15...5%,) of (6) is obviously ! by (3). Secondly, if 15005 %)=
=b,...,b,)# k..., k,) and (b, ..., b,)S D™, then some b, 4k, I<igmy,
O S(by, ..., bp)Zjkini (b, b)=s5, by (3). Moreover, S(b;,...,b,)<s since
S(xy,...,x,) has the property (P), hence S(b;,...,5,)=s. Finally, if
1oy ) = (65 onns C)FEky, ..., k) and (cq,..., ¢,) & D™, then some
¢, 7k, (I<q<m) and some ¢, &D (I<t<m; the case g=¢ included). It follows
by (3) that ji,x (c,» ¢)=n, hence S(c;,...,c,)=n.
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