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1. Introduction

In [3, 5], it has been shown that a non-archimedean (n.a). Banach space
of countable type has a basis. Very recently, the authors [1] have obtained a
necessary and sufficient condition for a general n.a. Banach space (countable
or uncountable type) to have a basis and derived certain criterion for a ba-
sis to be orthogonal. In this paper, it has been observed that there is close
connection between the existence of bases and projections. In fact if there is
a basis for a closed linear subspace F of a n.a. Banach space E, a very ge-
neral condition allows to define a projection of E on F.

2. Notations and Terminology

Let K be a n.a. non-trivial valued field which is complete under the
metric of valuation of rank ome. Throughout, by E we shall mean a n.a.
Banach space over the field K with n.a. norm || |. Let E', E”, E”’ denote
the duals of E, E’ E" respectively. Let J, J' be the natural embeddings of E
into E” and E’ into E”"’. For general properties of n.a. Banach spaces we
refer to [2, 4, 6].

Let XCEN\{0} be any system of vectors. We may write
X={x:AEA},

where A is an index set of any cardinality. Let & be the set of all finite
subsets of A directed by inclusion.
A system X is said to be summable to x in E if lim ¥ x;=x, c<=2,

¢ A€c
where lim y, denotes the limit of a net {y,:6CZX} in E. Further, a system X
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is a basis for E if to each x in E there exists a unique system {o,:AESA}
of scalars such that {«, x,:AE A} is summable to x ie.

Q.1 x=1lim 2 oy X3, 6EZ
o A€o

Clearly, with each basis {x;} there is associated a unique family {f;} of
linear functionals on E such that f; (x) =«,, where x is given by (2.1). Thus,
without ambiguity, we may write a basis {x} as {xx, f,} as and when we
need so. If for a basis {x,, fo} the family {f;} is in E’, then the basis is
said to be Schauder.

A double system {x,, o}, ©»EE, /LEE’ is called a biorthogonal system
if f, (x,) =3,,, where 8,, denotes the Kronecker symbol. Let {U,} be a family
of linear operators on E defined by

Usx= 2 f,(x) x5, xEE, cCX.
A€o

Obviously, the operators U, are continuous projections of E with the pro-
perty Ug Ue=Ugyy»-

By a projection on E we mean a linear transformation P:E— E such
that P2=P,

3. Projections on E

Theorem 3.1. Let {y,:A&A} be a basis system* in E. If there exists
a system {fy: A} in E' such that fA(3,) =8y and {fA(x)} is summable
in E for all x in E, then P given by

3.1 Px=1im 2, f, (xX) ¥
a8 ACo

defines a projection of E on _s_g{yx}. Conversely, if K is spherically complete

and P is a projection of E on sp{y,}, then there exists a unique system { f : AC A}
in E' such that f, (y,)=2%, and (3.1) holds.

Proof. The proof of first part is simple and is omitted. For the con-
verse, let {g,:AC A} be the associated biorthogonal family to {yx:A&A}. Since
K is spherically complete, by Hahn-Banach theorem (see [4], p. 8) there

exists an extension g, of g, (AGA) to the whole space E. Obviously, HEE.
Let P*:{sp{n}} —E be defined by

P*g(x)=g(Px), g&{sp{n}}, xEE.

* {y:AC A} is said to be a basis system in E if {;»} is a basis for sp{»}—.
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Take f,=P* g CE’. Then fu(y) =85, Since {y,, &} is a basis for sp{y},
we have

Px=1im >, g (Px)y,
A€e

=lim % LX)y xEE.

The uniqueness of the family {f,} follows obviously.
As an immediate consequence of the first part in Theorem 3.1, we have.

Theorem 3.2. Let {x;, fi} be a basis for E. If {F(f;)x\: \EA} is
summable in E for all F in E”, then J(E) is complemented** in E".

The converse of theorem 3.2 is available in

Theorem 3.3. Let {x,. fi} be a basis for E and P a projection of
of unit norm of E' on J(E). If for every fin E' there is unique & in E"'
such that || F{|=| f|land f(x)=F (Jx) for all x in E, then {F(f,)x,:AEA} is
summable in E for all F in E".

Proof. Since {x;, fi} is a basis for E, we have

J-U'PF=lim 2, f,(J-' PF) x,
6 Ao

=lim 2, J' f, (PF)x,
AEo

a

=lim 2, P*J' f, (F)x,, FEE",
o ACo

where P* defined as in Theorem 3.1. To establish the theorem it is enough
to show that P*J' f=J' fi.

Let F, be the restriction of J' f; to J(E). Then F, (Jx)=J' f;(Jx)=f, (x),
xEE. Therefore

!IFxlI=SUP{ﬂ—I?!J(TJI)I‘)|L:Jx¢0}
T ad)

>sup[ﬂ%§%ﬂ:x¢0] .

since ||Jx||<|| x||. Thus
B = ANZI Al

** A subspace F of E is said to be complemented in E if there is a projection
from E onto F.
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Further P*J' fi€E"’ and P*J f,(Jx)=J' fi(PIx)=J" [ (Jx)=F,(Jx), for
all x in E. Consequently, P*J’ f; is an extension of F, to E” and so

IRI<IP*T AP I AI<IT Al

because ||P*||<|P||=1. Hence, |[P*J’ fill=[|J" fill. Since fi(x)=J"fi(Jx)=
=P*J' f, (Jx) for all x in E, it follows that P*J' fi=J' fy.

4. Existence of basis in F

Theorem 4.1. It {x,:\<A} is a basis for E, then there exists a po-
sitive constant « such that

dist. (Sq, Ej)z=a, 6&£X,

where

4.1 So={x:xEsp{xy:AEaq}, | x| =1}

(4.2) E,=sp{x,: \E A~0c}

(4.3) dist{S,, E,)=inf||x—y||:xES,, yEE}.

The converse holds provided || E||=|K|.

Proof. Since ||x|<sup||Usx||<oo for allx in E, we have ([4], p. 75)

sup ||Us x|
1 <sup —Wix#o =S‘c1,PHU0H<\?°'

Take
_ 1
sup|| U |
so that 0<a<1. Since each U, is a continuous projection, (I—-U,) is closed

and hence E,C (I-U,)E Therefore, S, being the unit sphere of U, E, we have
dist (S5, Eo)=inf{{|x—y||:xEUGE, yEE,, ||x||=1}

>inf{|x—y|:xEU E, yEU-U)E, ||x||=1}
>ainf{|Us(x—y)||: xEULE, yE(I-UQE, || x||=1}

since || Us(x=2)||<||Us|| || x—y||<a~'||x—yp|. Further it, may be noted
that U,(x—y)=x. Hence

dist (S5, Eo)>o.

The proof of the converse part is simple and the details are omitted.
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