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Abstract:

We show that the group-ring RG is a unique factorization domain iff R
is and G is_ torsion-free abelian.

Terminologies undefined here will have the same meanings as in [1].

Let R be a principal ideal domain and G=(x) be the infinite cyclic
group generated by x.Let f&ERG. Then we may write f=x"(a,+ - - +a,x"
for some mcZ, n>0, g,ER. An element ¢ of R is said to be a content of f
if ¢ is a greatest common divisor of a,, ..., 4, Cont (f) denotes the set of
all contents of f. f is said to be primitive if the identity 1 of R is a g.c.d.
of ay,"..., a, Then we have the following ‘

Lemma 1. If f, g&RG are primitive, then so is fg.

Proof: Write f as before and g=x'(b,+ « - - +b,x) for some ICZ,
t>0, b€ R. To show that fg is primitive, it suffices to show that (a,+ - - - +
+a,x”)-(by+ - - - +b,x*) is primitive. But this can be proved in the same way
as in Lemma 3.23, [1], page 120.

Proposition 2: LetR be a U.F.D.,G=(x), f, g&RG. If a<Cont (f),
B Cont(g), then o< Cont(fg).

Proof: Write f=af,, g=8g, where acCont(f), f<Cont(g), f, &
are primitive. Then . ;
fe=oBf 8

Now f, g, is primitive. So «f& Cont (fg).

Lemma 3: Let G={x) be the infinite cyclic group and R a U.F.D.:
with quotient field Q. Let f& R[x). Assume that [ is both primitive and irredu-
cible as an element of RG. Then f is irreducible as an element of QG.



198 Unique Factorization in Group-rings

Proof: Assume f is not irreducible in QG. Since f is irreducible in RG
S50 and f&U (RG), the set of units in RG. So we may write f=gh, for some
g hcQG\{0}, g, hEU(QG). Write g=a~'g, h=>b"'h, for some a, bR,
8 hy&RQ. Again, write gy=ag,, hy=ph,, where ac Cont(g,), p< Cont (h,)
and both g, h, are primitive in RG. Thus, f=gh=(a"'b"'ap) g, h,. So (abf=
=(aB) g, h,. Now f and g, A, are primitive, so ab and af are associates. Hence
f=ug h, for some uc U (R). This contradicts the irreducibility of f in RG.

Lemma 4: Let R, G and Q be as before and fCRG. Assume that f
‘is primitive in RG and irreducible in QG then f is irreducible in RG.

Proot: Trivial.

Lemma 5. Let F be a field and G={x). Then FG is a P.1.D.

Proof: Clearly F[x]CFG. Also, for each y&FG, y=x/f(x) for some
JEZ and f(x)EF[x].

Let A be a non-zero ideal of FG. We can pick a non-zero element
a(x)c AN Flx] with minimal degree. We claim that A4=a(x)F(G). Clearly,
a(x) FGCA. Next, let y& A4, y#0. Write y=x/f(x) for some j& Z, f(x)E F[x].
Then f(x)&A4. Also, f(x)=g(x)a(x)+r(x) for some q(x), r(x)EF[x] with
r(x)=0 or deg(r(x)<deg(a(x)). Thus, r(x)EANF[x]. It follows that r(x)=0
by the minimality of deg (a(x)). This shows that f(x)Ea(x) FG. Consequently,
y=x/f(x)Ea(x) FG. Hence ACa(x)FG. This proves Lemma 5.

Proposition 6: Let Rbe a U.F.D. and G={(x). Then RG is a U.F. D.

Proof: Trivially RG is an integral domain. Let Q be the quotient field
of R. Then QG is a P.1.D. hence it is a U.F. D.

Let pc RG be primitive. Then as an element of QG, we can write p=
=p- Py where each p,c QG is irreducible. Write p,=a; ! f; for some a,&R,
fi€RG. Also, write fi=c,g;, where ¢;&Cont(f;) and g, is primitive in RG.
Then p,=a; ! c;g; since p, is irreducible in QG, so g, is irreducible in QG. Now
by Lemma 4, g, is irreducible in RG. Now,

—1 —~1
P=Pi* "Pe=a1 G C vt -Cg & SO

QP Pp=CitccC8 "+ & Since p, -« - p, is primitive, so a4, - - - g, &
«Cont (a,- « -a,p,- - - p,). Similarly, ¢,- - -¢,&ECont(c;- - ¢, 8, - -&). Hence
p=p, " pp=ug, - & for some ucU(R). This shows that every primitive
element of RG is a product of irreducible elements in GR.

Next, assume that p=r, - - .r, where each r,&RG is irreducible. Since p
is primitive, so is each r. Hence each r; is irreducible in QG. But QG is a
U.F.D., so I=k and for some 6ES,, r; and g, are associates. This shows
the unique factorization of primitive elements in RG.

Finally, let f& RG be arbitrary. Write f=cf,, where c&Cont (f) and f, € RG
is' primitive. Thus, f; is a product of irreducible elements in RG. Also, since R
is a U.F.D,, ¢ is a product of irreducible elements of R, hence also a product
of irreducible elements of RG. It follows that f is a product of irreducible ele-
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ments of RG. Now combining the unique factorization of f in the form cf|
with ¢ER, f, primitive and the unique factorization of ¢ and of f;, we have
proved the Proposition.

Corollary: Let R be a U.F.D. and G be a finitely generated torsion-
-free abelian group. Then RG is a U.F.D,

Proof: Indeed, since G is finitely - generated torsion-free abelian, then
Gz=zcx - - - x¢, Where ¢; is infinite cyclic. But then RG=2(Rc;) (¢, X * * * X €y)s
thus we may apply induction to complete the proof.

Lemma 7: Let fEU(RG, and H be the support group ofkf. Then
SEU(RH).

Proof: Let gcRG be such that fg=gf=1. Write g=g,+g, with
Supp (g,) CH and Supp(g,)NH= . We note that for ac H, beG, abc HS
& be H. Thus, from fg= 1, one has fg, +fg,= 1. Thus, it is clear fg,=0. Hence
FEU(RH).

Lemma 8: Every torsion—free abelian group can be fully ordered.
Proof: [2], Lemma 26.6, page 113.
We are now in a position to prove the following

Theorem: RG is a U.F.D. iff R is a U.F.D. and G is torsion-free
abelian.

Proof. (<). Assume that R is a U. F. D. and G is torsion-free abelian.
Let 0£fcRG and H the support group of f. Then H is finitely generated.
Thus RH is a U.F.D. and f&RH. Hence f=f,- - -f, for some irreducible
elements f;C RH. We claim that each f, is also irreducible in RG. Indeed f;+0.
Next, assume f,=«f for some «, P& RG\{0} and o, BEU (RG). Let K be the
subgroup of G generated by the supports of a and $. Let H,=supp. group
of f. Then H,CK. Also, K is finitely generated and RH,CRK. Now RK is a
U.F.D. and «, B, f,ERK. Hence either U RK)CU(RG) or BEU(RK)C
CU (RG), a contradiction. Hence f; has no proper factorization in RG. Finally
we observe that none of the f; is invertible in RG, otherwise by Lemma 7, f;
would be invertible in RH, a contradiction. This proves the sufficiency of the
theorem.

(=). Assume that RG is a U.F.D. Then R is an integral domain and G
is abelian. Next we show that G is torsion-free. Assume g&G, g=#1, g"=1.
Let x=1+g+ -+ +g*tand y=1—g Then x5£0, y#0, but xy=(1+g+ -+ +
+g" 1) (1—g)=0, contradicting the assumption that RG is an integral domain.
Hence G can be fully ordered by Lemma 8. Finally we show that Ris a U.F.D.
Let 0#£aER, ad-U (R). Since RG is a U.F.D., a=f,- « -f, for som irreduci-
ble elements f; in RG. We claim that for each i, f,& R. Write

fi=a gl - ang)
with gP< ... <g. If j;>1 for some i, then f;- - -f, would contain at least

1 1 . .
two terms: @, - - - @, 8% - - g and ayy, - - - an, 8% - g, a contradiction.

Trivially, f; is irreducible in R. Next, in view of the fact that the units of RG



200 Unique Factorization in Group-rings

are trivial (that is of the form ug for some u&U(R), gER), and the above
proof, we note that an irreducible element of R is is .also irreducible in RG.
Thus the uniqueness of factorization in R follows from that in RG. This com-
pletes the prof of the theorem.
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