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1. Introduction

The study of singular integral equations in the spirit of generalized func-
tions seems to have orginated for the first time with the papers [1], [2], [5]
[6], 8], [9], [10], [11]. The method used is very specific and therefore it is
applicable only to convenietly constructed classes of generalized functions.

In the present paper we shall discuss the singular convolution equation
(pointed out in [12]) of the type

(H a(t) T+ ()(T*vp ) S

with respect to unknown distribution 7. Here a(¢), b(r) are certain infinitely
differentiable complex-valued functions defined on R wbhile S is a given distri-
bution in § =& (R) or O, =0, (R). A role of the distributional convolution
process is stressed in [18].

The equation (1) will be solved without technique of an appropriate con-
volution algebra (if it exists). The basic idea is first to reduce the solution of
(1) to the solution of a distributional Hilbert boundary problem for half-planes
and thereafter to solve this problem paralleling the classical approach ([7].
The Plemelj formulas extended to distributions in & and O, ([12], [14]D
are the main tool in proving.

We recall that & is the space of distributions with compact support. Let

« be any real number. We say (according to a modified definition in [4]) that
<p(t)€0a if (t)&C=(R) and for each nonnegative integer p there exists a
constant M,>0 such that [DPo(r)|=M,(1+]|t|)* for all t&R. A sequence
{9, ()} is said to converge in (), to zero if the following are satisfied: (1) each
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A singular convolution equation in the space of distributions 153

To establish the above results let us first observe that the function A+(¢)
(h™(2)) is necessarily continuous on R. The same is valid for its derivatives. So
h+(¢) and A~ (¢) belong to C=(R). By definition,

lim 7 Tt +ie)e()dt=(T+*, )

g—>+0 —o

for all ¢(1)=<D. Let k(c) be a function vanishing with . Then we may write

lim fh(t+te)T(t+le)cp(t)dt—11m f[h(t+zs) RO T(t+ie)o(t)dt

g++0 —o

+ lim fh+(t)f(z+is)<p(z)dt=

e>+4+0 —c0
= hmo fzs[D1h+(t)+k(e)] T(t+ls)cp(t)dt+llm f T(t+ie)[h* (1) o (2)] dt.
e—>+0 —oo

The limit of the integral involving D!A+(¢) and k(g) is equal to zero. The
limit of the last integral is

(THh+ () @)y = Ch+ () T+, (1))

Likewise, for the second limit it follows

(T~ ()9 ()= (O T (1)),
This finishes the proof.

In addition, if the functions A+ (¢) and A~ (t) are bounded on R with
all their derivatives, then the equalities just established are valid in the @),
topology (— 1<a<0). To justify the multiplication of a distribution in ¢J," by
an infinitely smooth function, we need the

Lemma 1. If h(t) is a complex-valued C> (R) — function with the pro-
perty |DPh(t)|<A, on R(p=0,1,2,...) then it is a multiplier for any O,
«& R (here the A, are constants).

The proof depends on the well-known Leibniz formula for the successive
derivatives of a product of two functions in C* (R).

Let « be any fixed number in R. The relation ¢ ()& (@), implies at once
h(t) o (t)&0,. Now suppose that the sequence {p,(?)} converges to zero in (Jy
and let f,(#)=h(t)¢,(t). Obviously, f, ()0, for n=1, 2,... By hypothesis
on the functions ¢,(f) we have the inequalities

|D? g, (1) = M, (1+t]),

where the constants M, are mdependent of n and ¢&R. Since all derivatives
of h(t) are bounded on R, using the Leibniz formula it follows that there
exist the constants B, such that

|DP fu ()| = Bp(1+]1))
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A singular convolution equation in the space of distributions 155

for any z& A+, Using the Cauchy integral formula as in [13] we get

fr@=—t <f,+, I >for ZCAY

2ni t—z
f*@=0 for z&A™.
Similarly, we find
f~(®=0 for zCA™,

1 (@)= ——1—<f7, L> for zEA-.
2ri t—2z

Now if define

f(z)=-1—_<ff’, " klv,<f:, ‘ >,ZEA¢,
2xwi t—z 27 t—z
we have
f@=r @ for zE A,
f@=1"() for z&C A,

To complete the proof we must only show that f(z) is holomorphic on the
open interval Q (by definition f(z) is holomorphic in A+ and A7). Let a(?)
be a C= (R)—function equal to one on supp (f+—f "), that is, on the comple-
ment of 2, and zero on some arbitrary closed interval Q' Q. We may write

a(t)

t—2z

1 - 1 | _
r@=——{ =, ~—>=#_ =
2mi t—z 27wi
If now z tends to a point #,c€2’, the then functions

a(t a(t) .
L10) converge to a) in 0_,.
t—z t—1,

Because f*+ —f~ is continuous on (J_,,

lim f(2)=ﬁ <(f+ —f e t“_it)> .

21y

This shows that f(z) is continuous on Q’. Hence f(z) is holomorphic on Q’.
Since distance between 2 and Q' can be made arbitrarily small, f(z) is holomor-
phic on Q. Thus f(z) is holomorphicin A+ JQUA™ and f* (2), f~ (z) are analytic
continuation of each other. The function f(z) is unique. In fact, let us assume that
there exists an other function f,(z) and define g(z)= f(z)— f,(z). Supposing
that f(z) and f, (z) were not identical would lead to the conclusion that non-
zero function g(z) which converges in the <’ topology could have a distri-
butional boundary value equal to zero in Q. But this is impossible ([15], Pro-
position 2).
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A singular convoluiion equation in the space of distributions 157

H(z) is a rational function in C vanishing at infinity. Consequently, the gene-
ral solution of the Problem 1 is given by

(5.1 f(z)=—1f<Fr, 1 >+pm_1(z)’
2mi T—2Z

(z—a

where p,,_, (z) is an arbitrary polynomial of degree =m-— 1.
A verification: in view of the Plemelj distributional formulas expressed

explicitly we have

2 2wi t] (—am’
f"=_£ ! (F*VP—L)+—M,
2 2mi t (t—ay"

in 9 (here the rational function is a regular distribution in ¢),’ for any
< 0). Hence f+—f~=F.

In Problem 1 let F be a given distribution in @, (—1=a<0) and let
f+,f exist in the @, topology (—1=a<0). If the other conditions remain
the same, it is readily seen that the solution (5.1) is again true. In particular,
if f+=f" on R in the sense (), (—1=<a<0) the Cauchy representation of F
is equal to zero and the solution is reduced to the rational function in (5.1).
If the function f(z) in Problem 1 is required to be locally holomorphic in C
cut only along the supp F, then the solution (5.1) is given by the Cauchy
representation of F.

3. Hilbert transform.

Before stating a solution of (1) it may be of interest to solve separately
the following simplest convolution equation of the type under consideration:

Let S be a given distribution in &'. Find the unknown distribution T such that
(6) i.(T*vp}‘>=S.
T t
Solution. First of all recall that vpi is a distribution in @, for any
t

a<0 (with the support equa! to the whole R). Let T be a distribution in 9"
According to the definition of the convolution we may write

™) <T,*vpi,<p>=<r,, <vp ! ,<p<r)>>=<r,,f“’“) dr>=
t T—1 T -1

=27<{T,, @ (1)) for all p(t)ED. Since the singular Cauchy integral @ (t) is not

an element of 9, the last expression in (7) is not defined (@ (HEO_; for all 9 () ED).
Thus the unknown distribution T belongs to a subspace of 9'. Suppose TC &'
Now the convolution (7) is well-defined in %’ but this hypothesis relative to
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A singular convolution equation in the space of distributions 159

A verification: substituting the solution (10) in (6) we obtain

__L[_l_ (Mvpl.)*vpi]: __1_[3*(”,}_”,,_1,)]:
i kit 2 t t

- iz [S*(—n28)]=8*3=S (3 being Dirac distribution).
T

4. Main result

In this section the general solution of (1) in the closed form will be given.

Problem 2. Let a(t) and b (t) be given complex-valued functions in C* (R)
such that a(t)xb(t)#0 on R, DPa(t)=0(1) and DPb(t)=0(1) as |t|—> o
a(t)y+b(t)
a(t)—-b(1)
the same value different from zero as t— + wo and satisfies a Hélder (H)

condition at infinity. Let S be a given distribution in §'. Find the distribution
TcO, with —1<a<0 such that

(p=0, 1, 2,...). In addition, suppose that the quotient tends to one

(11) aﬁ+0“nw )S

Solution. Assume that T satisfies the equation (11). Acting on testing

functions the distribution T generates the function

T—2Z

(12) f@y=1.<nfj_>,z:Ai

27mi

With the aid of the Plemelj distributional formulas, we reduce (11) to the
Hilbert boundary problem

(12.1) () -b®OIT" —[a()+b(]T =S.

Since T satisfies (11) the function 7'(z) defined by (12) must be a solution of
(12.1) which vanishes at infinity. Conversely, let the locally holomorphic function

T(z) (with a boundary on R) vanishing as Il when |z| —> o0 be a solution of
zi
the problem (12.1). Define T by setting T=T* —T". Solving this boundary

problem (Problem 1), the function 7(z) may be written in the form (12), and
hence the formula

i t

will be also true. Since f‘(z) is a solution of (12.1) it follows that T is a
solution of (11). We summarize: a solution of (11) is equivalent to the solu-
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where S+ =1lim S(t;tzs) in @,, —1<a<0. In order to deduce from (16) the
e—>+0

unknown function T(z) define a new locally holomorphic function

N (z) -
(17) WE)=—=-S(2)
X(2)
in C cut along the RU{—i}, where X (z)=X*(z) for zEA+, X(2)=X(z) for
z& A-. Let us observe that the function W(z) has in the domain C—R as
unique singularity a pole of order A at z= —j. Since the function X (z) is

1 R
bounded and T (2), N (z) vanish as — when |z| tends to infinity, we have W (z)=0
Z

(|—1—|) when |z|— 0. In addition, using the results (4.1) and (4.2) we see that
z

the limits W*=1lim W (t+i<) exist in O, (—1<a<0) and
e~>+0

. + . . - .
W+ = T -St, W= T -8
X+() X=(t)

But the relation (16) shows that W+ =W-. Hence, from the solution of Prob-
lem 1 formulated in the sense of the @), topology (—1=<x<0) we infer that
Py, (2)
+ip’
where P,_, () is an arbitrary polynomial of degree <i—1. Now comparing
(18) with (17) we get the solution of the problem (13):

s L\, PL@]
@)= X(z){zm < X' @) [a@)—b@)] T_Z>+ (z+i>1}’ FEAT

For A=<0 it is necessary to put P,_, (2)=0. If A<<O the problem (13) has no
solution (since this hypothesis implies the mefomorphy of the function f“(z)).

We are now in a position to derive effectively the unknown distribution
T=T+—T-. Applying the Plemelj distributional formulas on the found func-
tion T(z) we get:

Tr=X+(t){ S N 1.( S ”pi) P;‘,(t)}
2Xx+()[a()—b(] 2mi\ X+()[a(t)-b ()] (t+i)

(18) W(2)=

2X+@W)a()-b()] 2mi\X*(1)[a(t)—b(1)] t (t+iy
in 0,/ with —1<a<0.
Consequently,

19 T- XOHXTO o X 0-X"@ ( S wp L )
2X+ () a(t)—b ()] 2mi X+ [a()-b(@)] = ¢

() — x— (g Fr=1
+HXH () - X ()] i
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