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In [1] Aczél proposed a use of saturated (intuitionistic) theories instead
of Kripke-models as a (classical) semantics for intuitionistic logic. He also sug-
gested that a construction analogous to that of ultraproduct could be carried out
by means of saturated theories. In the present paper such a construction is
proved to be valid and as an example of its applicability a proof of compact-
ness theorem for first-order intuitionistic logic is given.®

We shall first give a short account of some notions defined in [1] and
state (without proof) the basic theorems from [1]. If 4 is a sentence (closed
first-order formula), Ind 4 denotes the set of all individual constants occuring
in 4. If T is a set of sentences, Ind(I')=U{Ind(4):4€I} and Cn(I)=
={A:Ind (4)&Ind (I') and I' -4} (I denotes intuitionistic consequence relation).
A set of sentences I' is called saturated theory iff it is deductively closed
(Cn () =T), consistent (A& T, where A denotes absurdity), prime (if 4V BET
then AT or B&ETD) and existential (if 3xA(x)ET then A(a)&T for some
acInd(T)). If T is> a consistent set of sentences let Sr ={A:T'CA and A is
saturated} and let I' ;=4 mean A< A for all AC Sy, such that Ind (4)ClInd (A).

Lemma 1. (Strong semantic completeness) (Aczél, Fitting, Thomason)
T4 iff ACA, for all AC Sy such that Ind (4)ClInd (A).

Let S be the class of all saturated T with Ind(T)# . For T€S let
Ar =(And (), {Pr : PERel}) be a classical relational structure, where Rel is the
set of all relational symbols and Pr={{a,...a,y:P(a,...a)ET}. Then ¥ =
={Ar:T &S}, C) is a Kripke structure, with forcing relation defined for atomic
sentences A (withInd (4)CInd (")) by Ar| A4 iff ASI. Let Val(,#, )=
= {A :(*}41“ ] }——A}

Lemma 2. (Aczél) T is saturated iff Val ., T)=T.

Lemma 3. For every Kripke model (K, i), (i being anode in the tree K),
Val (K, i) is a saturated theory.
Let {A;:icI} be a collection of saturated theories and let L;=Ind (A)).

We assume L;s o for all il [] L; be the direct product of sets L; defined
icl

® I wish to thank Dr. Aleksandar Kron who suggested to me the use of prime filters
instead of ultrafilters.
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in the usual way and let F be a prime filter on /. We define usual equivalence
relation on [ | L;:a~b iff {i: o' = b} F (by @ the ith cooidinate of a(<] | Li)
is understood), and corresponding equivalence classes g, = {bEl_[ Li:a~b}.

Now we define a reduced product of sets L; over the prime filter F:L =
=[TLyr={a~:ac] L} Let ®={4:Ind(4)C L} and for 4 (ay~, ... ay~)E
Ed let A'=A(ay,...,d,). Finally we define:

HI Aip={AC® {i: ACAN}EF}
ic

Theorem 1. [[Ayr=A is a saturated theory.
ict

Proof. 1) A is a theory, i.e. Cn(A)Y=A. Obviously AC Cn(A). Suppose
AZCn(A). This means that there are B,, ... B, such that |—(B, &...& B,)—> 4.
According to Lemma 1. C iff C=T for every saturated theory I' such that
Ind (C)CInd ('), so we have (Bi&...& B;,)-»A"EA,- for all ic1. On the other
hand By A k&L, ..., m}) iff fy={i: Bk A}EF. So {i:B, & ..&B,&A;}=
=fi"--+Nf, as A; are theories, and since F is a filter f=f, M- .- Nfa=F.
So we have

(ACAYD{i Bl & . &Bic AN {i:(Bi&...& Bl > A A} =fNI=fEF
and that means AEA.

2) A is consistent. Since all A; are consistent, i.e. AZA,; for all i<, it
follows from the definition of A that AZA.

3) A isprime. Let AV BEA, That means {i: 47\ B'< A;} € F. Since all A; are
prime theories, A’V BICA; iff ACA; or BC A If fi={i: A/ A;} and f, =
={i: B'cA;} then obviously fiUf,={i: 4"V BB=A;} (EF). As F is supposed to
be a prime filter, it follows that fi,&F or f,=F, i.e. ACA or BCA,

4) A is existential. In proving this fact we make use of a version of
Axiom of Choice. Let (3x) 4 (x)&A. We shall show the existence of an a, & L,
such that 4 (g;.)EA. (3x) 4 (x)=A by definition means {i: (3 x) 4' (x) S A} F.
Since every saturated theory is existentlal, (3 x) A*(x)EA; implies A (¢;))SA;
for some ¢;=L;. By the Axiom of Choice, there exists an aEHL,-=L, so that

icr
aj=c; for all j&{i:@x) A (x)=A;}. Then, obviously, {i:A'(a;)A}EF, ie.
A(g;)EA.

Definition. We say that the saturated theory A= ][] Ayr is the redu-
icl
ced product of the collection of saturated thzories {A;:i¢-I} over the prime
filter F or shorter the prime product.

Compactness theorem. In this section we shall consider only sentences with-
out individual constants, i.e. A'=4 and ACA iff {i:t ACA}CF.
We say that a sentence A is satisfiable iff there is a Kripke model (X, i)

such that i|}—4. A set of sentences X is satisfiable iff there is a Kripke mo-
del (K, i) such that ZCVal(K,i)={A:i|}-4}.
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Theorem (Compactness) A4 set of sentences % (without individual con-
stants) is satisfiable iff every finite subset of £ is satisfiable.

Proof. One direction is obvious. Let I={A:ACZX and A is finite}. By
hypothesis for every AeZy there is a Kripke model (K, i), such that AC
CVal(K,i)y=T4. By Lemma 3. I', is saturated. For ACT let A*={A'CI:
:ACA’}. The set {A*:AcT} has a finite intersection property, so that it can

be a enlarged to a prime filter F. Let Ly=1Ind([4) and L=HLA,F. Then the
ael

prime product I'=]] 'y is a model of Z, i.e. ECT and (&, T) is a Kripke
A€l
model for X (since for any ACX, ACT: AACT 2} ={A: ACT A} D{4}*EF).
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