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AN APPROACH TO FIXED POINTS IN PRODUCT SPACES
D. S. Jaggi
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Abstract. The paper deals with a class of mappings defined on products
of metric spaces satisfying some conditions with respect to the metric defined
on the product space. As a consequence it is shown that such a mapping poss-
esses unique fixed point under suitable restrictions.

Introduction.

A well-known result due to Banach is that: A self-mapping f defined on
a complete me;tric space (X, d) satisfying

) d(f(x), f(M)<kd(x, )

for some k, 0<k<l1; x,y & X, has a unique fixed point in X. Singh [13]
established the same theory for a mapping f which satisfies

2 d(f (%), fON<ad (x, f()+ By, f()s

for all x, y € X and O0<a+B<1 instead of (1), which is a modification of the
condition taken by Kannan [3].

In a recent paper [1] Dass and author have considered a class of mappings
defined on products of metric spaces which satisfy Lipschitz condition in each
variable separately (abbreviated LCIEVS) viz.

dP (f(xy, 2,0, f (1> 2D <kdP (%15 2,), (015 Zz))}

A

d® (f(zy, x,), [z y)<kdP (21, X)), (21, ¥2)) *)
where x,, y,, z; € X, and x,, ,, 2, € X,, and have studied as to when these
satisfy Llpschltz condltlon jointly and hence contraction or contractive. This
study helped in to extend almost all results regarding fixed point theorems in
single spaces whose basis is contraction mapping (i.e. (1)) to products of metric
spaces for suitable choices of constants.

In this correspondence we consider a class of mappings defined in products
of metric spaces as follows:
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Let X=X, x X, be the cartesian product of two metric spaces (X, d,)
and (X,, d,) with the product metric d® defined as

[d, (x15 yIPP+1d, (x,, )PP 0<p<l
d®@ (x5 x,), (V1> ¥))= [[d, (x5 yIP +[d, (x,, P17 1<p< ®© (B)
max [d, (x;, y1), d,(x,, ,) p=>
for (x;, x,), (> y) € X.
Let f; and f, be two self mappings defined on X, and X, respectively

and f=f, xf, be the mapping defined on X into itself satisfying:
for any x,, ¥, 2, € X;, %;, V5, 2, & X,

a9 (f(xs 2,), Oy 2ND<adP (%, 2,), [ (x5 2)) +BdP (0,5 2,), f(7y5 Zz))} ©
dw (f(z,, x,), f(zy, y)<ad? (zy5 %), f(z15 X))+ gd@® (215 ) f(z15 ¥2)

where «, 8 are any positive real numbers.
We shall investigate as to when these conditions imply the following:

d? (f(xy, %2, 1> < dD (%), x,), f (%15 %))+ B dD (1, 1,), f,y)) (D)
where o' and ' are constants depending upon « and 8.
Further, we seek for the values of «, § for which o' +'<1.

This observation is important in the sense that almost all results to date
regarding fixed point theorems in single spaces whose basis is (2) (refer [2—9,
13, 14} etc.) can be extended to product spaces for the said type of functions.

2. We prove the following:

Theorem 1. Let fi:X,—~ X, and f,:X,—~ X, be any mappings. Then a
mapping f=f, xf, defined on X=X, x X, into itself satisfying (C) for some a,
B where the metric d® defined on X is as in (B) would satisfy condition (D)
where

215 3 (a4 B) I<p<oo

3(x+B), 0<p<l
w+ﬁ={
2 3(x+P) p= o0

Proof. We have

(3) AP (f(x15 X2 (15 YINKAD f(x15 %), [ (%15 ) +dD (f(x15 320 f (V1> 2)
<od® (s %), £ 51 %)+ BAD (5, ¥, S5y )+
% d® (G5, ), fGeys 7)+BAD (1 ), S, 9))
—ad® (G, 3, 5y %)+ (0B AP (G ¥y S (51 3)
+BdP (1, 2 f(15 ¥2))-
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Case 1. When 0<p<(1, then
R. H. S of 3)=a[ld, (x,, f; x)]?+d, (x,, [ (x))°] -+ (e + B) [[d, (x5 f; (X )]7 +
[d, (v, [, 1P+ BId, (015 [y GNP +[dy (025 1, (0 )]7]
=Qa+B) [d, (x;, [y GOIP+old, (x5, f, )17+ Bdy (00 [L )P
4 +(@+28) [d,(y2, o, (W)
(5) SQatB) d? (x,, 3): F(Xy, 7)) + (@ +2B) dP (%, 7). £ (%35 7))
Case 2. When 1<p<<eo, then
RH. S of (3)=alld, (x,, / G+ [d, (o S GDIT? + (o4 B) [[d, (x, DI
+ [dy (%5 1, CoDIPTY2 + B 11y 0y, GOV + 1y (0, 1, D112
<aldy (x;, fy (x)) +d, (%5, f5 D]+ @+ B) [d, (x5 1, (1))

(6) +d, (125 OO +B LA, 31, [ D))+, (025 1, (9]
<Q2a+P) [d, (x5 f1 (x)) +d, (x5, £, (x))]
(7 +(a+28) [d, (v, [y () +dy (025 F2 (22))]

SQatB)3dD (x,, %) (51, 1)) + (€ +28) 3D (9, 7). f 31,72)
d, (z, [, (2) +4d,(2;, 1,(25)
s 2 12 2 X.

4, @00 f, @I + [, G0 (ZZ),,P,,,/ G270 2) €

It can be easily seen that §=21"1p

Therefore in this case R. H. S. of 3)<{217V2[2 a4+ B) dP ((x;, x,), (x> X,))
(3) +(@+2B)d? (35 y,), f (1> ¥

Case 3. Lastly, for p= oo
R.H.S of (3)=amax[d, (x, f](x)), 4, (%, f5 (x))] +

(a+Bymax [d, (x,, f; (%)), &, (¥, fo ()] + Bmax [d, (y,, /1 (),

where 3 =sup {

&, (25 [, ()]
<Safdy Geys fy (%)) +dy (%5 5 (D] + @+ B) [, (x5 S1 (%)
® +dy (5. [, W1+ B 01> 0D+, (325 12 (92))]
<Qa+P) [d, (x5 fr )+, (%55 15 (X))
(10) +@+20) [d, s LN+, G325 L]
S@a+B)2dP (%, x,), [(x;, X)) +
(11) @+2B)2dD (y1, 2, S (315 72))

Thus 4@ (f(xl s X2)s f(yl s yz))<°‘-, ae ((xl ’ xz): f(xl s X))+
A (G ANACASS))
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3(x+8), when 0<p<1 (from (5))
12) where o' +f'= { 2171P 3 (4 B), when 1<p<oo (from (8))
2 3(x+p), when p=oo (from (11))

This completes the proof of the theorem.

Remark. The study made in Theorem 1 can be extended to any finite
product as follows:

Let (X, d®) be the cartesian product of metric spaces {(X,, d), i=1, 2,...
., n} with

S 4, (x, p1, 0<p<1
i=1

d(p)(xh Xps eens xn)’ (y19 IIIRER :yn))= [i[di(xi’yi)]p]”p 1<p<°°
i=1

max[d;(x;, y), i=1,2,...n],p=o0.

Then, a self mapping f defined on X such that f=f xf,x - - . xf,(each f; is
a self-mapping defined on X)) satisfying
d(l’)(f(xl, Xy eens Xjmps Xps Xpags o ov s X, SO0 X5, 0 Xim1s Vis Xprgo oo v 5 X))

Sad® (X, X5 v s Xpo Xpaqs o on %) S Xay ooy Xy Xpygs oo 5 X))
+BAP (x5 Xys oo s X1 Vi Kyars oo e 5 Koy

S Xps oo s Xpmts Yoo Xpggs oo 5 X))
reduces to

AP (f(x1, %5505 %) (D1 oo o5 IS AP ((x), %5500 05 %), [(X5 Xy, 00.X,))
+B A (s Vs e s I S G5 Yo ees 9)

2n—-1) (x+8), 0<pkl
-_«{(n"””) Cr-D(@+p), I<p<on.
n. 2n-1) (@+p) , P=o

where o' + B’

3. Application to Fixed Point Theorems

To the best of our knowledge, the theory of fixed points whose basis is
(2) has not found any attention for products of metric spaces. However, by
taking o' +f'<<1 in (D) we get condition (2) and therefore we are in a position
to extend the results of [2—9, 13, 14] and others whose basis is (2) to pro-
ducts of metric spaces for the class of mappings under consideration. To fully
illustrate our contention we state a result.
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Theorem- 2. Let f=f,xf, be a mapping defined on a metric space
(X, x X,, dP) into itself satisfying \B), where f, and f, are self-mappings defined
on X, and X, respectively,

1/3 , 0<pkl
oc+f3<{ 1/3.2117 , 1<p<oo
1/3-2 , p=oo

and there exists (x,, ¥o) € X, x X, : {f" (X, ¥o)} {fM (x4 ¥5)} = (x*, y*).

Then (x*, y*) is unique fixed point of f.

We now discuss an example of a function defined on the product of two
spaces satisfying (C) but not (A).

Example. Let f=f, xf,:[0, 11x][0, 11— [0, 1]1x[0, 1] be defined as
f(x: y) = (fl (X), fz(.)’))
0 if x(ory) €0, 1/2)

where £, (x) (or f, (y))={x(°_fy) if x(ory) € [1/2, 1]
20 '

Since f is not continuous, therefore f does not satisfy LCIEVS.
However, for a=0=3/48, we see that (A) is satisfied.

Remark. The restriction imposed in (12) on «' and B’ with o' +p'<1
are sufficient for the existence of a unique fixed point of f. However, in view
of the conclusions in (5), (7) and (10) from (4), (6) and (9) respectively, we
can say that these restrictions may not be exhaustive.

The conditions for the mapping f=f, x f, satisfying (A) and (C) can be
unified as follows:

dO (f(x,, 2)) [ (yy> 2)<adP ((x,, 2,), [ (%, 2,))
+8dP (315 22), f (15 25))
+yd® (x5 20), (915 2))
and d® (f(z,, x,), f(z;, y)<ad? (), X), [ (215 x2))
+BdP ((z,, y,), f(z15 7))
+Yd? ((z;, x,), (215 p))-
On the similar lines, it can be shown that
dP (f (x5 %), f (s PN AP (x5 x), f(%, x5))
+8dP ((y1> ¥, F (15 ¥2)
+y' dP (x5 x,), 1> ¥2)>
3@+B) -+, 0<p<l

where oc'+ﬂ'+y'={21_1/1’{3(0(—{-@)-*-7}, I<p<oo
2 3(@+P+y, p=oo.
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Through this - observation, we can extend results due to Reich [10—12]
and others to product of metric spaces for suitable choices of «, B3, y.
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