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In a recent paper [1], Ciri¢ investigated mappings f on a complete metric
space (X, d) that satisfy the following condition: there exists a constant k<1
such that for all x, y € X,

ey d(fx, fy)<k max{d(x, fx), d(y ), d(x, ), d(x, fy), d(y, [x)},

and showed that such mappings have a unique fixed point in X. The purpose
of this paper is to strengthen Ciri¢’s result by considering mappings that satisfy
a functional inequality. ‘ ‘

Throughout this paper, let (X, d) be a complete metric space, R* the
nonnegative feals and ¢:(R*)*— R* is a continuous function which is non-
decreasing in each coordinate variable and satisfies the condition ¢ (¢, ¢, 1, ¢, 1)
<t for any r>0.

The following is the main result of this paper.

Theorem 1. Let f:X— X satisfy the condition: for all x, y < X,
2 d(fx, (P<e(d(x, fx), d(y, fy)d(x, y), d(x, fp), d(1, 1X)).

If for some x, € X
3) sup {d(x,, f" x,):n & I (positive integers)}< oo,

Then f has a unique fixed point in X.

Proof. For each n & I, let

8, =sup {d(f? x,, fx,):p, =1}

Then by (3) 8,<<oe. Since §,(n>=1)is a nonincreasing sequence in R*, there
is a >0 such that §,— 3. We claim that §=0. If >0 then for any p, ¢ € I,

d(f? xo, f1x) <P E(S771 Xg, [P Xo), d(f771 %01 X), A(fP~1 X, f271 Xy),
d(f?= %05 S X0)s d(f771 %4, /7 X))
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Therefore, if p, g>n, it follows that

8n<(P( —1* n 19 Sn 198}1 1° n 1)

and hence by the continuity of ¢, 3¢ (3, 8, 3, §, 8)<3, a contradiction. Thus
8=0. This, implies that {f*x,} is a Cauchy sequence in X and hence, by com-
pleteness, there is a u & X such‘ that f* x— u. Now, since

d(fu, frlx)<e(du, fu), d(f"x,, 71 xy), d(u, f*x,), d(u, f**1x,), d(f" x,, fu).
Therefore, as n— oo the above inequality yields
@) d(fu, u)<o(d(u, f), 0, 0, 0, d(u, fu).
It d(u, fu)=t>0 then by (4)
<ot t, t, t, 1)<t,
a contradiction. Thus fu=u.

To prove uniqueness, suppose there is a v+4wu for which fu=u and fr=v.
Let r=d(u, v)>>0. Then by (2)

r=d(u, v)=d(fu, 1))<e(0, 0,r,r, r)<r,
contradicting r>0. Thus v=u.
Corollary 1. Suppose f:X-> X satisfies either (1) or the condition:

there exists nonnegative constants a, b, c¢ with 2a+2b-+c<1 such that for all
X, yE X,

(5 dfx, <ad(x, fX)+d@, M) +b(d(x, 1) +d(p, X)) +cd(x, y)
Then f has a unique fixed point in X.

Proof. Since (5) implies (1) with k=2a+2b+c, it suffices to prove
the result satisfying condition (1) Now, it follows (sez Cirié [1]) that mappings (1)
also satisfy (3) for each x & X. Further, defining @:(R*)*— R* as

(1, 1y, ts, by, t)=kmax {t,, t,, t,, t,, 1},
it is easy to verify that ¢ satisfies the conditions of Theorem 1. Thus f has a
unique fixed point in X.
It may be remarked that several fixed point theorems have becn obtained
(see Hardy & Rogers [2], Kannan [3], Reich [4], Sehgal [5]) under condition
(5) when some of the constants in (5) are zeros. All these results are special

cases of (1) and hence of Theorem 1. Now, we give a simple example of a
mapping f that satisfies (2) but not (1) for any value of k<1.

EXAMPLE. Let X=[0, ) with d(x, y)=|x—y]|. Define a mapping
i X—>Xby

fr=—2o
1+x
and let @:(R*)>— R* be defined as

ty
@ty 1y Uy 1y t) =

1+t
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Then it is easy to verify that ¢ satisfies all the conditions of Theorem 1.
Furthermore, for any x,y € X,

X x— | :
a(fs, )= — 2« X i |y o eyl [x = ol [y £
l+x+y+xy 1+|x-y]
Thus (2) holds. Since f satisfies (3) for each x & X, therefore, Theorem 1 applics
and in fact f0=0 is the unique fixed point of f in X. However, f does not
satisfy (1), for otherwise there is a k<1 such that for all x € X

2
6) X _ a0, fro<kmax|o, X, x, X x].
14+x 1+x 14+ x
2
Since for any x & R*, X <x, it follows by (6) that for each x>1, x
1+x 1+x

<kx that is " <k for each x>1. This is clearly impossible. Thus, f does
+x
not satisfy (1) for any value of k<1, Therefore, Ciri¢’s result (with Condition

(1), Corollary 1) is in fact a special case of Theorem 1.
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