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1. In the present paper we consider the sequences of following functio-
nal-differential equations

(1) Y X)) =F,(x, y(x), y[f()]), n=0, 1, ...
and
2 Y () =F,(x, y(x), y[£,(®)]), H=0, 1, .,

We shall prove some theorems about the existence, uniqueness and conti-
nuous dependence on the given functions of solutions of these equations. The
corresponding problem for the equations

3) Y (x)=F,(x, y (x)), n=0, 1, ...
has been investigated in [2].

2. Let R be the space of real numbers and let
4) Y={(x, y, 2):| x—x,|<a, |y = yo|<b, |2—2,|<b, a, b>0},

x’ y9 Z, xo, yo zo, a, bER.
We assume the following hypotheses:

(i) The functions F,:Y— R, n=0, 1, ..., are continuous on Y. There
exist positive number M and bounded sequences of positive numbers {L,},
{K,}, n=0, 1, ..., such that

%) |F, (x, y, 2)|<M for all (x, y, 2)EY, n=0, 1, .
and
(6) \F,,(x, Vs Z)—Fn(x’ Yis Zl’)lgl‘”yl—y‘—’_Knlzl_Z!

for all (x, y, 2), (x, ¥, 2)EY, n=0, I, .

(ii) The function f:7— R is continuous on 7 and f(x)<x for x&l,
where I={x,—a, xy+a).
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(iii) The sequence {F,}” converges pointwise on Y to F,.
The following result is known.

Theorem 1. (Nadler [2]). Let (X,d) be a locally compact metric
space, let T,: X—>X be a contraction mapping with fixed point a, for n=0, 1, ...
If the sequence {T,}~ | converges pointwise to T,, then the sequence {a,}
converges to a,.

Now we shall prove

w0
n=1

Theorem 2. Let hypoteses (i), (ii), (iii) be fulfilled. Then there exists
0<h<a such that on the interval J={x,—h, x,+h) the initial value problem

Y (X)=F,(x, y(x), y[f(0)]), x&J

y(x) =0, (%), x&La, x,— )

where o=min f(x) and @,:{a, x,—hy—>{y,—b, y,+b)> is given continuous func-
xcJ

@)

tion, has for every n=0, 1, ... exactly one solution y, given as the limit of
successive approximations. Moreover, the sequence {y,}~ . converges uniformly on

J to y,.
Remark. If a)xy—h, we assume {a, x,—h)={x,—h}.
Proof. From the boundedness of the sequences {L,}
there exists positive number h<Ca such that
(8) 0<2h(L,+K)<1, n=0, 1, ...

and such that MA<bh. Let G be a space of these functions ¢ :J—>(y,— b, y,+ b)
which fulfil a Lipschitz condition with Lipschitz constant less than or equal to
M and such that ¢(x,—h)=q,(x,—h). Let X be a space of all functions ¢
defined as follows

and {K,}” |

o«
n=0

¢ (%), xeJ,
Py (%), x&<a, xo_h>’

where ¢ G. Then X and G with the supremum metric d are compact metric
spaces.

The problem (7) is equivalent with the equation

¢(x)={

X

YO ==+ [ F(s, y(s), yISG))ds,  x&J,
h

y(x):cpo (X), XE<O€, xo'"h>'
Now for each n=0, 1, ..., and J&X, we define T,(}) at each x&J
U{a, x,—h)y by the formula

T, () ) =0, (xg= )+ [ F (s, ¢ ), (F@)ds,  x&J,

xo—h

T, () (x) = @, (%), xG (o, X5—h).
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From (i), (ii) it is easy to verify that for each n=0, 1, ..., T, maps X into
itself. We also have from (9), (i) for ¢, $,cX and n=0, 1, ...

d[Tn (q"l)a Tn (4’2)] =

- sup | f [F, (s, 4, (5), 4, [FON) = F, (5, $, (5), b, [F()])] ds |

x<J U, xo—h) Xo—h

<2h(L,+K,) sup |91 ()=, )| =2k (L, + K)d ({§y, §,)

which means, in view of (8), that T,, n=0, 1, ..., is a contraction mapping
from X into X with Lipschitz constant 24 (L, + K,)<1.

From the known Banach’s fixed-point principle for contraction maps [1]
there exists exactly one fixed point ¢&X of transformation (9), i.e. exactly
one solution ¢ =X of equation (7) given as the limit of successive approximations.

Now we shall prove that ¢,—{,, uniformly on J as n—>o. From (i),
(i) we have F,—~F; pointwise and |F,|<M for n=1, 2, ... Consequently
the Lebesgue bounded convergence theorem ([3], p. 295) implies that

fF(v ¢ (s), VI )] ds fF(s b(), VI ds  as n—>oo,

Xp— X0~

hence {T, ()} , converges pointwise on J\J{«, x,— k) to T,. We also have
lT (‘I’) (x) T (\I})(Z)[ ] _Z]’ X, ZEJU<(X! xo_*h>5

which means that the sequence {7, (})}:21 is equicontinuity on the compact set
JU{a, xo~h). This implies (see [3], p. 162) that the sequence {7, ({)}7>s con-
verges unltormly on JU{x, x,—h) to T, and hence the sequence {7,};>; con-
verges pointwise on X to T,. From Theorem 1, the sequence of unique fixed
points of transformations T,, for n=1, 2, ..., tends to the unique fixed point
of 7,. Since these fixed points are equal the unique solutions of the equations
(7), we have ¢,—{, uniformly on JU<{«, x,—h), which completes the proof.

We shall assume that
(iv) The function f:7—R is continuous on I and f(x)>x for x&1.
We have

Theorem 3. Let hypotheses (i), (iii), (iv) be fulfilled. Then there exists
O0<h<a such that on the interval J the initial value problem

YV ()=F,(x, y(x), y[f (0)]), x&J,
y (x) =9, (x)’ X <x0 + h’ B>,

(10)

where = maxf(A) and @, : {x,+h, B>y, —b, y,+b) is given continuous func-

tion. has jor every n=0,1, ..., exactly one solution ¥,. Moreover, the sequence
{y,,}n | convergences umformly on J to y,.
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Proof. Let G, be a space of these functions @:J—=>{p,—b, y,+b) which
fulfil a Lipschitz condition with constant less than or equal to M and fulfilling
condition ¢ (x,+h) =g, (x,+h). Let X, be a space of all functions ¥ such that

¢ (%), xeJ,
b (x)=
9, (%), XE (Xy+h, B,
where ¢ ©G,. We can verify that for n— 0, 1, ..., &X, the transformation

T, = [F(s 4@, /@) ds,  xcJ,

Xo+h
T, () () =9, (x), xX& Xy +h, B)

Is a contraction mapping from X, into X;, As in the proof of Theorem 2, we
can show that the sequence {T,}:_, converges pointwise on X, to T, and
from the Theorem 1 we obtain our assertion.

Now we assume the hypothesis.
(v) The function f:I—R fulfils the condition

[f(0)—xy| <|x-x,| for x&I

Theorem 4. Let hypotheses (i), (iii), (V) be fulfilled. Then there exists
O0<h<a such that on J the initial value problem

Y (x)=F,(x, y(x), y[f(2)]) xEJ,

Y (x)=Y,

(1)

has for every n=0, 1, ..., exactly one solution y, and the sequence Vs ks it
converges uniformly on J to y,.

Proof. We define X, as the space of these functions @:J>(y,—b, y,+b)
which fulfil a Lipschitz condition with constant less than or equal to M. From
(v) follows that if & X, than e[S Yy—b, y,+b) for x&J. For PEX,
and n=0, 1, ... we define the transformation T, by

T,@ @)=y, + [ Fu(s 0(), 0[fG)])ds,  xEJ.

We can verify that for each n=0, 1, ..., T, is a contraction mapping from
X, into X, and that the sequence {T.},_, converges pointwise on X, to T,.

Applying Theorem 1 we complete the proof.
We shall assume

(vi) The sequence {F,}”  tends uniformly on Y to F,.
(vi)) The functions f,:7—> R, n=0, 1, ..., fulfil the condition

|f;,(X)—XO|<iX—XO,, xEI
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Theorem 5. Let hypotheses (i) (vi), (vil) be fulfilled. Then there exists
0<h<a such that on J the initial value problem

y'(x)an(x’ y(x), y[fn(x)])’ XEJ

Y(xg) =,

(12)

has for every n=0, 1, ..., exactly one solution y, and the sequence {y,}
converges uniformly on J to y,.

The proof of the above theorem does not differ from that given for
Theorem 2 and is therefore omitted.
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