PUBLICATIONS DE L’ INSTITUT MATHEMATIQUE
Nouvelle série, tome 20 (34), 1976, pp. 37—39

A NOTE ON M. PRESIC’S METHOD
Miroslav D. A$ié, Vera V. Kovacevicé
(Communicated January 23, 1976)

In [2] an iterative method for finding k roots of a polynomial P(x) of
degree n, where 1<k <n, is proposed. The formulas at the j-th step are:

(1) i+ 1)=a,(i) - Pla,) U TS SO
[T (a@)—a, () Q;(a; (D))
oy

where

(2) P(x)=(x—a (i) - (x—a. (i) Q;(x) + R, (X).

The following result is proved:
If &,,...,&, are roots of P(x) and P’ (£))- - - P’ (£,)#0, then there exists a neigh-
bourhood U of a=(£,,..., £,)7 such that the sequence (a (i))=((a, (i),..., a, ()))T)
generated by (1) converges to a if (a,(0),...,a,(0))T« U. Furthermore, the
convergence is quadratic.

The purpose of this note is to show that this method belongs to the
class of quasi-Newton methods.

Definition |. A method for finding a zero of a twice continuously
differentiable function F:RF— Rk is called a quasi-Newton method if the
following properties hoid (see [1]):

(i) ai+)=a@)-ac()s(@), i=0,1,...;6()>0 and s (i) C R*
(ii) If the sequence (a(i)) converges to a point a such that F(a)=0 and
det J(a)+£0 then
1 - .
= lle@s)-I T @@)g)||=0(|gli-V]),
le@ |l
where 0 <v<k, J(x) is the Jacobian of F and g(i/)=F(a(i)).
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In order to obtain M. Prefi¢’s method we formulate the following problem:

find a zero of F(xj=(P(x,),...,P(x))" and in order to solve it, use the
formulas

a(i+=a()—oc@)s@), i=0,1,...
(1) c(i)=1, i=0,1,...
s()=A@@)J"(a@)g@), i=0,1,...,
where
A(a(i)):diag{ s P }
P’ (a, (1)) — R/ (a, (1)) P (a (1)) — R/ (a; (D))
(P(x) and R;(x) being the same as in (2)).
Note that A(a(i)) is well defined in some neighbourhood of a since
P’ (a;(i)) is closc to P'(§)7#0 and R/ (a;(i)) is close to zero if ||a(i)—al is
small enough. It is clear that the method (1) sati:fies condition (i) of Definition
I. In order to show that it satisfies the condition (ii) suppose that

a(i)—>a, i—co, F(a)=0 and det J(a)0.

We have

1 . : .
Te@ | A@@O) I T@@e®-I T @@)e®|<[|[I @@ |-|[A@@) 1=

N . R/ (a, (i) R/ (@, () }
= J-1 A dl L s ey .
174 @ ()] diag { P'(a, (i) - R; (a, (1)) P @) - R @) ]

The coefficients of R;(x) can be obtained by setting x=a, (i), ..., x=a, (i) in
(2). The determinant of this system is a Vandermonde determinant and the
solutions are linear combinations of P(a, (i), ..., P(a,(i)) with coefficients
which depend on i but are bounded, since a(i)—>a, i— 0. Hence the coeffici-
ents of R/(x) are also linear combinations of P(a, (i)), ..., P(a;(i)) with
bounded coefficients and as (a(i)) is bounded we conclude that

k
) |R/ (@;())|<c 3 [Pa,(i)].
s=1

Relations (3) and (4) imply that the condition (if) is also satisfied, with v=0.

Let us show that the sequence generated by (1) is convergent if
li@(0)—a]| is small enough. We have

a(i+1)=a()-A@@)I'(@@)g@)
a(i+—a=a()—a—A@@)JI 1(a@)[F@(@))—F(a))
By Taylor’s formula

ai+)-a=-a() a A@)I@@)I@@O-0+0(a@)-a]ye],

where e=(1, ..., 1)7, and hence

or

&) JaG+h-a|<|a@)al|[|I-A@E)I @@ I @] +K|a@)—al]
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As A(a)=I and A(x)J-1(x)J(a) is continuous at a, there exists a ball B, (a)
such that

HI—A(x)J—l(x)J(a)H+KHx—a}[<% for x € B, (a).

If a(0) = B.(a) from (5) it follows that a(/)< B.(a) for i—=1,2, ..., and fur-
thermore that (a(i)) converges to a. According to Theorem 2 in [1] the
convergence is quadratic.

Global convergence theorem cannot be obtained without further assumptions
as can be seen from the following examples:

Example 1 The polynomial P(x)=x"—3x3— 2 x is square-free and has
three real roots. Let a(0)=(1,—1)7. Then a (1)=(—1,1)7, a(2)=(1,— 1)T=2a (0)
and the sequence (a(i)) diverges.

Example 2 The polynomial P(x)=8 x2— 1 has two distinct real roots.
Let a(0)=(1/2, 1/4)T. Then a(1)=(0, 0)T and a(2) is not defined.
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