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In this paper we propose to use the idea of Lie theory as suggested by
Miller [2] and Weisner [4, 5, 6] with a view to obtaining generating functions.
The process, in short, involves introducing first order linear differential operators
generating a Lie Algebra isomorphic to sl (2) [2, p. 8], and then, based on
these operators, determining a multiplier representation [T (g) f](x, »), g&SL (2).

By choosing f(x, ) in a certain way, this multiplier representation leads us to
generating functions.

2. Differential operators and multiplier representation

Atn;
(2.1) u(x)=,F, x
Y
is a solution of [3, p. 124]
d*u du
2.2 x—+(—x)——@A+n)u=0.
22 ot k)

. . . . - 0
We contsruct a partial differential equation by substituting y(—)— for n, and,

thus, have

0? P 0

f(x, y)=y"u(x) is a solution of (2.3).
Now we introduce the first order partial differential operators

2.4 J3=yi+7\—j—, J+=xy50—+yzi+7\y,
x

oy 2 oy
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J =xy !l —— =+ (y—A—x)y!
y % 3y (v )Yy
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obeying the commutation relations
2.5 (3, J&l= £ J%, [JY, J7]=2J5

These J-operators form the basis of a Lie algebra isomorphic to the Lie algebra
sl (2) [2, p. 8]
The Casimir operator

(2.6) C=J*"J"+ 333
2
=x2—a—+x(y—x)i—xyi—7\x +l/l— 1)
2x? ox " oy 2 \2
commutes with J3, J* and J—.
(2.3) may be rewritten as
@7 & y)=%(%*l)f(x, ».

To determine the multiplier representation induced by J-operators, we
need to compute the expression

2.8) eI b’ It g I3,

The action of the group element e?’/~ is obtained by solving the diffe-
rential equation [2, p. 18]

dx(a’) _ x(a) dy(a) _
dd  y@) da

—1,

dV(a’)zv(a,)Y;l—_xL“')u, x0)=x, y0)=y, v0)=1,

da' y(a)
giving
I x ' ’
@)= @) =y—d,
Pa-y 22X
v=<l—i) Yey_“.
y
Therefore
—alx P ,
@9) e = (1= 0T (2 ya) | T
Yy y—a y
Similarly
(2.10) e””*f(x,y)=(1—b'y)“f( o 1) i<t
1-b'y  1-b'y
and

2.11) e f(x, y) = e(}\_?) i f(x, ye).
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Thus
1_1 o —a'x I\ A—
(2.12) eI gb' It pc'J3 =e< 2) er—a ( 1 _a_) ¥ %
Y
e Xy y—a ,
(1+a'b'—b'y)-> ( , ec),
4 (y—a)(1+ab'—by) 1+a'b—by

The complex parameters a’, b’ and ¢’ are related to g SL (2),

a b
= , ad—bc=1,
g (c d)

by [2, p. 8]

, c
el=q, q=——
a

, b'=—ab.

Therefore, for g in a sufficiently small neighbourhood of the identity element

((1) ?)eSL )

cx

A=y
2.13) [T () /] (x, y)=e‘+“y(a+%) (d+ by)=x

( Xy c—l—ay)
(c+ ay) (d+by)’ d+ by ’

c

ay

<lI, ‘édx)<l, —n<arga, argd<w, ad—bc=1.

3. Generating functions

We choose f(x, y) to be a common eigen function of the operators C and
PR+ (r+y —22=1)J3—J*.

Let f(x, y) satisfy the simultaneous equations

_Y(Y_
G.1) Crx 3= ( . l)f(x, )

B2+ (v +yY —20—1) P—J*]f(x, »)

=(1_%) (%er'—x—l)f(x, »)
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which may be rewritten as

0 0 9
(3.2) [x‘—);+ (Y—x)a—)—:y@—l] f(x, »)=0,

i o 0
St (YY) —x——A | f(x, )=0.
[y Py '=» oy Fox ]f (%, )

These equations have a solution [1, p. 234]

(3:3) Fe =40 1,75 % 9]
where
. ’. _ < ()‘)m+n n
b0 vy X = m;:() P TRV
Therefore
e ¢\
G4 T 11059 =e (a4 1 gyya
, xy c+ay
A 5 )
%[ v (c+ay) (d+by) d+by]
£ <1, %} <1, —=w<arga, argd<mw, ad—bc=1.
ay
[T () f] (x, y) satisfies
(3.5) ClT(®)f1(x, y)=32(—(%—1) T 1, »).
(3.4) has an expansion of the form
w A+ n;
(3.6) T@f1x = > Jj.(® lFl[ x}y"-
n=—ow .Y
Putting x =0, this gives
. _T(+n
3.7 (Q=(—Drar-Yd-r-npr "~ x
(3.7) Jn(@=(—1) ro)

nd (7\ +n)r (Y—k)r (b—c)r
o F! T (14+n+r) \ad
—n—r, l+A—r;
2F2 o

’

Y, l1+i—y—r
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Thus, the generating function (3.6) becomes

L A— —A
(3.8) ec+“y(1+i) Y(1+b_y> x
ay d
/ Xy c+ay
Ay >
%[ L (c+ay) (d+by) d-l—by]

At n;
» T(+n) [ by\ ’
o= = {2\ F
n=2w FO\) ( d) 1 1[Y X | X

i (7\"‘71),. (Y_x)r ~
reo ! T (1 +n+r)

—n—r, 1+r—vy;

be\" a
=\ .F =1,
(ad)“ b

’

Y, l4+i—y—r;

e, 12]<t, ad—be-1,
ay
where the terms corresponding to n=—1, —2, —3, ... are well defined because

of the relation

(3.9) S MM({?Q)

uws—k,—or!T(l+p+r)\ad

—u—r, l—=r—y;

Y l+dk—y=i;

- OBl (et 3 O (ot e,

k! ad) /= ri(l+k), ad
—r, 14+X—ry;
a
2Fz _b— 4

Y, l4+r—y—r—k;

k=1,2,3,...
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(3.9) yields the following special cases:

wx_ v
(3.10) ew“(“ri) %[l; Y =2, w+y]
y Wy
_ 3 Toenra) e
e DA DO +m)
At+n, 1+r—y+n; w
.5, w |y ‘—1<1;
l+n, ¥ +n; v
, X —w
(3.11) (I—py)— %[l; »Y; —, —y]
I—y 1—y
A+n; —n;
-] )\”
= gn)v—lFl X 1F1 w |y,
n=0 7 Y; Y
ly|<l.
In (3.10) the terms corresponding to n=—1, —2, —3, ... are well
defined in view of the relation
A, 1+r—y+up;
w
Tty v+p;
3.12 Lt _F
G-12) Rt F+w
A L4+r—y;
- —v—k
_ G kik'(leka )k Wk F, wl,
'(Y— )k l—l—k, _Y/;
k=1,2,3, ...
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