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In the papers [1] and [2] theorems on the fixed point of the mapping
T:M—M are proved where M is closed and convex subset of a sequentially
complete locally convex space E in which a topology is defined by a saturated
family of seminorms |-|,, « &7 and the following condition is satisfied:

(1) [ Tx=Tyla<q @) | X~y lo@

for every x, y&M and every « where g(«)>0 and o:J7—7.

The aim of this paper is to generalize these results when the mapping
T:M—M satisfies the condition:

K
(2) | Tx~Tyla<¥ q(o, )| x—y|¢; () for every x, yCM

i=1
where g(«, i)>0 for every (a, )&Tx{l,2,...,k} and ¢,;:T—J for every
i=1,2,..., k.

If, for instance, the mapping T is the sum of mappings T,(i=1, 2,..,, k)
where each T, satisfies a condition of the type (1) then T will satisfy an
inequality of the type (2).

We shall use the following symbols: V(n, k) is the set of all variations

with repetitions of numbers 1, 2, ..., k of the class »;
Ly 0,V (n k), P(x, 0, x)=|Tx—x|y
P(a, n, X)= max {ITx~xg. o o ()} n=1,2,...
N ) itz
Q(x, = max  {q(p; 9 ...¢; (@), D} n=1,2,...
ifyiz...ig€ V(n+1,k) 102 n
O (a, 0):,-

S (o, X)=P(x, 0, )+ f: k"1 P (a, n—1,x) ﬁQ(a, i)
n=2 i=0

and S, («, x) is the sum of the series S(«, x) to the m-th member (m-th par-
tial sum).
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Theorem 1. Suppose that the following conditions are satisfied:

1. For every (a, i)cJx{l,2,..., k} there exist q(a, i)>0 and mappings
9;:T— T so that the following inequality holds:

k
| Tx =Ty, <> q(a, D] x—y o) for every x,y&EM,
i=1

2. There is x,&M such that:

n—1
R= sup lim P (a, n, x,) n Q (o, i) <7i~
= i=0

Then there exist at least one solution x* of the equation Tx=x. Also the follo-
wing conditions are satisfied:

n—1
(3) lim kr o omax o {[x*— X[ g0, e @} []Q@D)=0

n—oow L. ip&V(nk) ;=0
Jor every a €Y
4) | x* —Tmxy |l <S (@, Xp) — S, (o, X) for every m=1,2,...; aEJ.

Every other solution of the equation Tx=x which satisfies the condition (3) is
identical to the solution x*= lim T™x,.

n—» oo

Proof: First we will show that for every n© N and every x, y&M the
following inequality holds:

(5) l T"x— Tny I“ <. E k)q ((X., In) q (‘Pin (OL), in—-l) q (‘Pin_1 Piyy (0(')9

ijiz. incV(n,

s in—2) e q(cpiz Piy- - Qiy (O()’ il) [ xX=)y I<Pi1 Dy Pin®

For n=1 we have:

|Tx—Ty|,<

1

k
g D x=ylom= Y q(i)|x-y lw,-l(a)

=1 i1 €V (L, k)

and so the inequality (5) holds for n=1.

Suppose that the inequality (5) holds for n—1 and let us prove it for ».
We have:

| Tnx —Try ly=| T 1 (Tx) — T~ Y(Ty) |o < > K (% Ju—1) 4 @in—, (@),

J1J2eesin—1 TV (—1,k

jn—2) cre q(CPh(Pjs' M (Pjn—x(oc)ﬂ ]1) I Tx— Ty|<¢ P @

51952 0 Cin—y
Because of:

| Tx =Ty o), 0, 00 < 'EVE(I K (2192 -+ Pines @, ) [ X =V 005,05, 9 @
i >
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it follows:

| T"x—T"y |y < G (% Jne1) 4 (Pin—1 (0 Jurs) - - 4 (91, Pl - - - P, (@),

J1hyesidn €V (n—1,k)

> Jx)( E G(D Pz -+ P (@), 1) | x_ylcp,«pjl.-mpjn‘l(a)):

icV(, k)

q(an jn—l) q(cpin—l ((X), jn—-z) - q ((le Csz- “ .

Jydy o dy_ EV(n—1,k) {iEV(l, k)

s (Pjn—x(cx)’ i)lx_y]<pi<pjl ‘sz-o-CPjn_l(&)} :. E q(O(, in)Q(CPi,, (0()’
Iy in &V n k)
s in—l) ... q (CPiz Piy o o« Piy (0(), l]) [ X—=y ' Pi, @iy - ‘P,'n(a)
and the inquality (5) is proved.
Let us denote by A, =x,—x, _,n=1,2,..

i . where x,=Tx,_, (n=1, 2,...).
Then A, ,,=T"x,—T"x, and when the inequality (5) is applied one gets:

' An+1 foc< . E q(a’ in) q((P"n (OL), in—l) s 9(<Pi2<Pi3 v Py (“)’ il) x

iy, . ipEV(n, k)

n
><|x1~x0|¢i1.¢‘.2,_,@in(a)< ¥ P(a, n, xo)]—IQ(oc,i—l)<
iy i SV (n k) i=0

n—1
<k"P(a, n, x,) l_[ 0O (o, 7).
i=1

1. L& .
From R<? it follows that the series ¥ A, is convergent and because of

i=1

Xp= 3 A;+x, there exists lim x,=x* Using that x,—=Tx,_, and that T is a

j=1 n—> o0
i=

continuous mapping one gets that x*=Tx* immediately.
Let us prove the inequality (3). From the inequality (5) it follows:

lxm_xo ]w,-l MO lxl — X ]“’il LA <&7,~,,(0t)7L

m
+ 2 ' A, ’@il By« o Pl S ’ X1~ %o f«:,-l iy @@ T
§=2

+ < q((Pil Pi, Pin (O(), js—l) q(chs*ICPi, iy - -
s=2 NiJy.. ds_ €V (s—1,k)

v Qi (O(')9 js«z) - q (Csz @iz e o Qs Qi Piy - -

- Qi (‘X)s ]1) l X1~ XO ‘inl Piy Pig_y Piy Pipr v+ cpl.n(:x))

§==2

© s—2
<P (a1, x) + kP (o, nts— 1, x)[]Q (@ nti)=
i=0
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1

- n—1 o
:‘-ﬁ-—“<P(<x, n, x) K [T Q (e i)+ 3 k™51 P (o, nt-5— 1, xp) %
kr. l_l Q(oc’ i) i=0 5=2
i=0

n4s—2 oo
xHQ(oc, i) h 0 (a, l)) 1—(sgﬂk’“lP(oc,s—l,x(‘)><

nQ(a i)
S (a, xo) S, (o, xo)
HQ(“ i)

xilij(a,i)

Now we have:

k- H Q (x, i) max { l Xm— X Piy Piyene &D,'n(a)} <

i, g€V (k)
<8 (o, xp) — S, (@, xp)
and when m— oo it follows:
n—1
k" 1130 Q (o, i)n . .T,?e)(V(n,k){ | x* =X, O, Py wi,,(oc)} <
<S8 (a, x5) — S, (@, Xg).

If n— oo we obtain (3) because of lim S, («, x,)=S(«, x;). For n>m

n—- o

we have:

[ %= Xmla< 3 [Ala< 2 k1P (o, s— 1, xO)HQ(oc ) =S (o, xo) — S, (&, xp)
s=m+1 s=m+1

and when n— o one gets (4) since the right side does not depend on n. Sup-

pose now that y=Ty and

lim k» H Q (e, 0): max { ly—x, "Piz“’iz"' o} = 0.

n— o iyiy...in€V(n,k)

We shall show that x*—=y using the inequality (5). From x*=Tx and y=Ty
it follows:

|x*_y10(= 1 T x*— T"y[a< 2 q(O(, in)q(cpin(“)’ in—l) v

iy o inV(n k)

. q (Cpl.2 cpis e (Pi,, (O(), il) l x¥— y [‘ph @iy e i) <

< max {1x - X, |¢i,<9i2~-- <Pi,.(a)}knn O, i— D+
i=1

iyig...incVn, k)
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n
+ max . 7 kr o, i—1
iziz...inGV(,n,k){|y o|<¢>,1¢,2 <Pz,,(oc)} II;[IQ( )
and if n— oo we have |x*—y|,=0 for every «cJ so x*=y.

Using this theorem wo are able to generalize the result of B. Stankovié¢
[3] concerning the existence of a solution of the initial-value problem:

d
(6) ;[’;C:f(x, n o x(t)=x

Let U={x|xEE|x—x,|u<b,i=1,2, ..,n}b>0 and let A=[1,—a, t,+ad]
be the closed interval, f be a continuous mapping of the product UxA into E.

Theorem 2. Let the following conditions be fulfilled:

1. sup |f(x,D)|y<p<oo i=1,2,...,n.
(x, )cUxA

2. For every (a, iy JIx{l, 2. ..., k} there are numerical functions {k, (1)}
intergrable over A, mappings @;:J ~>J and k' >0 such that:

k
a) |[f( D) —f 0 ) o< 3 Ko i (D[ X = [o, ()
i=1

Sor every (x,y, t)EU2x A.

n—1 1
b) R= su hm Pa,n Q (o, i)y<—
) aeg Jim, ( )LI1 (o, 1) k

where:
P(a, n) =max sup {|f(x0, 1) |q,‘1 %, - iy ®| tEA}

hH..

otk
g (o, )=max { [ ka,(u)du, fka () du)
I —K

Q@m=  max (g (cp,.,- 2, (DD},

tiyiy .. in€V(n+1,k)

Then there exists a solution of the differential equation (6) which is defined

over [ty—h, ty+h]=hl=A" where hzmin(a,—ll,h’)/Z.
p

Proof: We shall apply Theorem 1 taking for the space E the space
@ (&', E) of all continuous mappings of the interval A’ into the space E where

topology on % (A’,E) is given by |;€{a= sup [x(t)|, and M=% (A", U).
te A
Mapping T is given by:

Tx) (1) =%+ [ £(x @), u)du

8*
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Then following inequality holds:

s w k !
| T2~Typls= X shp {| {ka,,(u)]x(u)—y(u) loscmrd | } <
k to+k fo
<.Elmax{f kq,;(u) du, / ka,i(u)du}lx—y!qoi(«):
Ft 1o to—H

k ~ ~
=3 q(% )| x— Y oy

i=1
and since h’<i, Txc G (A, U) for every x& % (A', U). Reimaining conditions

of the Theorem 1 can be verified easily. Applying it one gets that there is a
solution of the initial-value problem (6).
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