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The function of E. M. Wright [3]:

@ . . — it Zn
(5 ~ o5 2) ,Zo C(n+ )T B—-no)’

O0<o<l,

B complex number, was found to be very useful in the theory and applications of
Mikusinski operators. Even if many properties of this function have been proved
[2], [3], we shall prove some new ones which we need in the theory of opera-

tor differential equations.

The following two propositions show that the properties, proved in case z

a real number {2], can be enlarged for z complex.

Proposition 1. Let us suppose that \ is a complex number, A= e*i,

and that for «, B, x, of the following two restrictions, is satisfied:

1. ]a|<—;—(l —06), B arbitrary real number, x,>0;

2. a= ﬂ:—;—(l——c), B>0, x,>0;

then:
1 Xo+io0
(1) xP1PB; —6; —Ax"9)=—"0 f sBex—Ms x>0,
2mi
Xg—ioo

If we require in addition to the restriction 1 or 2 also that B<<1 we can

take x,=0 and then:
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1 o
BB —0; —AX"%)=_—— f s~ Bexs—2%s x>0.
2ri

—ioo
Proof Let us start from
2 fs‘ﬁe’“‘“"ds: 0.

Pod
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Where C’ is the closed contour given in figure 1.
This integral equals zero because the subintegral function is regular inside
and on the contour C’. We shall decompose it:
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2
0
Fig. 1 + f(z—Ri)“ﬁe"(z‘R")“(z‘R")"dz=0.
X0
When R-—o0o, some of these integrals tend to zero. For the second and fifth
the proof is the same. We shall give it only for the second one.
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It is easy to see that lim 7,=0, if it is supposed that the restriction 1

R—w
or 2 is satisfied.
Let us consider now I, with the restriction 1. We suppose that the num-
ber w is defined in such a way that

azj:(%(l—c)—co) and for >0, 0<€<fﬂ’
G

T ™
then we have ?—®<GI+M<7+0’€—& or

~(£(1—6)~w>+g—<ct+ ocs:-(i(l *G)_w>+9£+65_
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Consequently, cos(sf+«)>0 when of+o remains in the given intervals and
lim 7,=0.

R—o0

Let us suppose that restriction 2 is satisfied and oc=% (1—-0). Taking

care of the following inequalities:

2 T b1 1 T
cost<l——1, ?<t<~2—+s and Cos(oc+ct)>7—t, ?gtg +¢,

T
s 2
K T
—<a+ot<{— +oc we have:
2 2
3

2
12= f RI—Bechost—Rucos(fz+m)dt<

k11
2tE
k3
: 2
< f R1-Bexp (xR(l —*t)—R" (£—t>)dt<
™
T
m
2
< R!-8 f exp (xR TR (ﬁ~ R") t) dt=0(RB).
2 b
17
2t
The same treatment applies in case o= —%(1 —06).

As the proof for the third and sixth integral is the same, we give it only
for the third one:

o
lf(,+Ri)—eex(z+Rn—A(r+Ri)°d, t<
0

Xo
_B s T
<f(t2+R2) 2 exp (xt—(tH—Rz)2 cos(oc+c*2*— 80)) dt.
V]
Where 8 depends on ¢ and 0<{3<3,, 80=l;——arg(xo+iR)—>0, when R— 0.
Let us suppose that the restriction 1 is satisfied and that o= 9;(%(1 —c)—m),
then o+ — 8= " —w—05 or a+t " —dc= -—(1(1—5)~m)+97—1— 69d;
2 2 2 2 2

consequently cos (oc +%— 0-8)>0, 0<3<3, and the last integral tends to zero

when R — o0,
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GTC
With restriction 2, cos (‘1 +? - 63)20 and

X0

? _B s oT
j (124 R?) 2 et e)(p(—(t2+R2)2 cos(oc +o- cb‘))dt=O(R‘B).
0

After this, there remains only

A
c 3) 1 sPexs 2%y =
2rwi
3 ¢
\i/ Xg+ioo
1

— —B pxs—As% J.
Fig. 2 2w fs emmids,

Xp—io

where C is contour in figure 2. We know ([2] p. 114)

1 s~Best 5%y =@ (B; — o3 2),

2mi,
C
z is complex number. If we introduce the change z= —Ax-° and ->- —v,
x
x7#0 we have
@ B0 o ) [ypera,
2mi

C

From (3) and (4) follows the requested relation (1).

We shall introduce our additional restriction, namely B<1. Now we
shall start from the integral

fs*"e”‘““ds =0.

c’r R‘L 8

Where C””’ is the closed contour in figure 3. Suppo-
sing the restriction 1 or 2 satisfied, the integrals
over the parts A and B tend to zero and
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With our additional restriction, B<1:

|

x
2
S—B+1e-ﬁti+xee’i—ks°e“‘il’etidtI< f sl—ﬂexscost—s"cos(a+ut) dt—)-O, e—>0.

N]T—l\nln

[NIE]

and our relation (2) is proved.

Proposition 2. If 0<o<l, [a|<%(l—c) and B<1, then

&) | XB=1D(B; —0; —AX~9)| < ¢ F(L_—ﬁ), x>0
27o c
where
g1 oT e-1 oTt
(6) C=cos (oc+ 2)+ cos (a—T)
and
@) xB-1D(B; —o; —Ax"%)=0(xP"1), X-—>00,

Proof. Let us suppose that 0<8<<x<{M, 8 and M fixed. Using rela-
tion (2) we have:

(8) |xB—1¢’(B; —0; _;\x—u)|<2i f |s|—ceRe(xs—)\s0)id_gl<
T

—ico

1 o7 1 [ o

P ~Bexp| —y°cos ot—f-—)d +—f —Bex (— °cos(a—~—)>d <

2T:fy P( y ( 5 ) y o y p y 5 y
0

0

A

0

1 Bt oT ol on )f By, C l_,(___l—ﬁ)
i a 2 G — a e~fdt = —— a
<27w (cos (a + > > + cos (oc 5 ) t Pmo .

0

This inequality holds because cos (cx + 0 %) #0 for |« [<l2t— (1-0).

We shall now consider our function in the neighbourhood of x=0. If

|arg(7\x”°)|<min(327—t(l—c), 7:) —e then ([2] p. 121):

)i o) e,

18—
[ X178 (B: —0; —Ax7°)|<Cx (

- exp (—(1 — c)lt;x_l—“;cos * ) .
— 0

This inequality shows that our function ® tends to zero very fast when
x—0" and it is possible to choose 3 in such a way that the inequality (5) is
true for all 0<<x<< M.
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We have to analyze the behaviour of the function ® when x-—>o0.
Using relation (4):

|10 (B; — o —2x-) | =| L [seeerea |<

27i
c

-]
xP-1 —ay0
< (ft—ﬂe—t—x t cos(a—cﬂ)dt+
2w

€

ki3
+ f5—B+1eacost—x—°a"cos(a+az)ldt‘+
-1
-]

+ ft—ﬁe—t—x_atocos(rx+ct)dt).

€

Let us consider each of these theree integrals

m n
el-g f escost—x~ %% cos(a+at) [ dt |<sl—ﬁ fes+e°x‘°|dtl_)0’ =0,
-7 -
o«
x‘s—l t G
ft—B exp ( —t— («) cos (o — cm))dt =
27n X
0
0
= V~Be—xve—v°cos(a—an)dv~__l— r (1 — B) 0

C2n 2n  x1-B
0
when x— oo (see [1]).

The third proposition contains the behaviour of the function x~1® (0; —c;
—Ax~°) in the right neighbourhood of zero. The difficulty lies in the fact that
this function has an essential singularity in x=0 and tends exponentially to
zero when x—0%. For this reason we find first an analytical continuation by
a suitable function.

Proposition 3. Let C(«, k) be

k+1

F( ) _(kt1) (k+1)

——6—~(cos ° (cr£~oc)+cos_ & (o-E#oc)) a=£0

on(k+1) 2 2 ? ?
C(a, k)= for 1

F( i ) (k+1)

> %, (Cos G (G£>) a=0

on ' (k+1) 2/ ?
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then for 0<oc<<l; A=e%, ]a]<%(l —0) and 0<x<T: x 1P (0; —0; —Ax~ %)~y

~0 and
[x71® (0; —0; —Ax79)|<C (o, 21) T +C(n, 2n+ 1) T2+1,

Proof. From the proposition 1, relation (2) follows

x 1@ (0; —0; —Ax%) =
1 - b1 . ki
=— exp(—t°cos<a—c;))cos(xt+t°51n (oc—c~2—>) dt —

27
0

-

i T . . ki
——fexp(—t“cos(o:—o—)) sin (xt—l—t“sm (oc—c—)) dt+
27 2 2

0

@

1 T . T
+~fexp(~t°cos<oc—o-—>) cos (xt—t°s1n <a+c‘>) dr+
27 2 2

0

w0

i T . . T
+~fexp (— t°cos(oc+c——->) sin (xt—-t“sm (oc+o-*~)) dt=
2 2 2

0

1 . . . .
e f exp ( —1°cos p) (cos xt - cos (t°sin p) — sin x - sin (¢9sin p) ) dt —
T
0

— 2—l~f exp (—2°cos p) (sin xt - cos (¢°sin p) + cos x - sin (¢°sin p) ) dt +
™
0
1 . . . .
+ 2— f exp ( —£°cos q) (cos xt cos (£°sin g) -+ sin xt sin (¢°sin q) ) dt +
e

0

+ 2Lf exp ( —19cos q) (sin xt cos (t°sin g) — cos x sin (¢°sing) ) dt =
ri3
0

=1,(p)~ L(p)—ily(p)—il,(p) — I,(9) + 1,(9) +il,(q) —il,(q)

T T
where p=o—6c— and g=a+oc—.
P 2 2
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We shall find Taylor polynomial and remainder for every integral I,.
So for I,(p) we have

oo

Il(p)=51—fexp(—t°cosp)cosxtcos(t“sinp)dt=
7TO
o0 — 1Y 2k
_ 1 (—1Fx 1,(2k+1)cosp(2k+l
27eo k=0 (2k)'

In such a way we can express all the integrals 7,. From the sum of every
two integrals with the same indices remains only the sum of remainders:
I.(p)+1.(9) =R, (n, p)+ R, (n, 9), k=1, 2, 3, 4. We shall show this only fork =1.

1 2 (—DF 2k+1 2k+1 2k+1
()T (q)——— 5 ST jaep (2D ELIL TP
(D HL@ =70 3 e ( o )(COS”( - )*cosq( o ))+

+R,(n, p)+ R (n, q)=

o 1)« _
_ 1 Z( 1) x2kl_<2k+1)2005(2k+1>(p+q>cos<2k+l>(p q)+
276 k=0 (2k)! G G 2 G 2

+ R, (n, p) + R, (n, 9.

Now is easy to find an estimate for the rests. As the treatement is the
same for all the rests we shall give it only for R,(#, p)

) +R,(n, p).

o0

1 40 . (Xt)2n 2
R/ (n,p)|=|-— | e*c°sPcos(t°sin p) (cos(0x1))™dr | <
2m (2n)!
0
‘ 2 1
. o 1_,( n+ )
xn o

< —1%cosp g2n Jf < 2n
S2w(2n)! fe Pl S S T @n+ 1) cos@ 0lep

0
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