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Introduction. Let (M, d) be a metric space and T a selfmapping
of M into itself. A mapping T is called a contraction if

(O d(Tx, Ty)<a-d(x, y)

holds for some <1 and all x, y& M. A well-known theorem of Banach states
that if M is complete and T is a contraction on M, then T has a unique fixed

il d(x, Tx).

point u in M and for each x in M lim, T"x=u and d(T"x, u)<1
—

E. Rekotch [7] has proved that if a=oa(d(x, y)) is a monotonically
decreasing function and O0<<a(#)<<1 for ¢>0, then a mapping satisfying (1)
has a unique fixed point. D. Boyd and J. Wong [1] and F. Browder {2] extended
some of results of [7]. A. Meir and E. Keeler [6] have introduced and investi-
gated mappings which satisfy the following condition:

Given >0, there exists 8>0 such that
(2) e<<d(x, y)<e+8 implies d(Tx, Ty)<e.

Such mappings they called weakly uniformly strict contractions. For these map-
pings Meir and Keeler have proved a fixed point theorem which is an extension
of the results of [7] and [1].

In [3] (cf. [4]) a notion of a generalized contraction was introduced
as follows:

A mapping T: MM is called a generalized contraction if
1
(3)  d(Tx, Ty)<a-max {d(x, Mo AT, d, Ty), — 146, T +d0, Tx)]}
holds for some a«<1 and all x, yEM.

In this paper we introduce and investigate mappings which satisfy the
following condition:
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For each >0, there exists 3(g)>0 such that

(4) e<max {d (x,»), d(x, Tx), d(y, Ty), % [d(x, Tyy+d(y, Tx)]}<s +3 ()

implies
d(Tx, Ty)<e.

We present a fixed point theorem with an estimate of a distance between a
fixed point and its approximation. This result is an extension of some results
of [3] and the results of [1], [6], [7]. and others.

1. Let T:M—M be a mapping of a metric space M into itself. Recall
that T is said to be orbitally continuous if lim T"x=u implies lim TT"%x=Tu

i—0 i—o

and that M is said to be T-orbitally complete if every Cauchy sequence of the
form {7"ix};Z; converges in M.

Before we shall state our result we observe that (4) and
1
max {d(x, ), d(x, Tx), d(y, Ty), ?[d(x, Ty)+d(y, Tx)]}>0

immediately imply

(5)  d(Tx, Ty)<max {d(x, s d(x. TX), d(», Ty), %[d(x, M dO, Tx)]}.

Note that the condition (4) does not guarantee the existence of a fixed point
of T, even if M is compact and connected.

Example 1. Let M=[0,2] be a subset of reals with usual metric

and let a function T of M into itself be befined by Tx=% for x+#0 and

T(0)=1. Since d(Tx, Ty)=%d(x, y) for x-y#0 and d(Tx, TO):I——; and

max {d(x, 0), d(x, Tx), d(0, T0), %[d(x, T0)+d (0, Tx)]}>d(0, TO) =1,

we conclude that (5) is satisfied and d(Tx, Ty)<1 for all x,yEM. Also T
satisfies (4) with 8(s)=min{

|

} for e<1 and 8(e)=1tor ¢>1. Indeed,

for e<1 (4) is satisfied, since then must be x.-y#0 (as e<1 implies
e+8(e)<1), and for e=1 (4) is satisfied because d(Tx, Ty)<<1 always. Note
that here T is not orbitally continuous.

Now we are going to prove some fixed point theorems for maps which
satisfy (4).
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Theorem 1. Let (M, d) be a metric space and T a selfmapping of M
satisfying (4). Then for each x in M {T"x},_, is a Cauchy sequence. Furthermore,
if M is T-orbitally complete and T in addition satisfies the condition

(4) d(Tx, Ty)<maX{d(x, y), ald(x, Tx)+d(y, Ty)], %[d(x, Ty)+d(y, Tx)]}

Jor some o, 0<<a<1, or T is orbitally continuous, then

a) There exists a unique fixed point u of T,
b) im T"x=u and

n—o

¢) d(T"'x, T"x)<min{g, 8(e)} implies d(T"x, u)y<ec for every xEM.
Proof. For x, y&M denote

m(x, y, T) = max {d (4, y), d(x, T), d(7, Ty), % [d(x, Ty) +d (3, Tx)]} .

First we shall show that (4) implies
(6) m(x, Ix, T)=d(x, Tx)

for each x&M. If m(x, Tx, T)=0, then (6) trivially holds. Assume now that
m(x, Tx, T)>0. Then by (5)

d(Tx, TTx)<m(x, Tx, T) = max {d(x, Tx), d(Tx, TTx), % d(x, TTx)} .
As d(Tx, TTx)<<d(Tx, TTx) is absurd, it follows that
m(x, Tx, T)=max {d (x, IT'x), % d(x, TTx)} .
Suppose that d(x, Tx)<% d(x, TTx)=m(x, Tx, T). Then by (5) d(Tx, TTx)<
<—;— d(x, TTx), and after addition of these inequalities we obtain
d(x, Tx)+d(Tx, TTx)<% d(x, TTx)+ % d(x, TTx)=d(x, TTx),

which is incompatible with the triangle inequality. This contradiction proves (6).

Let x&M be arbitrary and consider {T"x}, ;. Since by (5) and (6)
d(Tx, TTx)<d(x, Tx) for each x& M, we have that

(6" d(T"x, T"+ ' x)=d(TT" 1 x, TT" x)<d ("' x, T" x)

for each n=1, 2, ... Thus {d(T"x, T"+!x)},_, nonincreases and hence has a
limit #>0. Assume (if it is possible) that ¢>0. Then 3(#)>0 and, for
some k, d(T+ 'x, T*x)<<t+38(¢). Then (4) and (6) imply d(TT* 1x, TT*x)=
=d(Tkx, TF+1x)<<t, which is a contradiction with d(7"x, T"*'x)>t for
n=1, 2, ... Therefore

N lim d (7"~ 1x, T"x)=0.

>0
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Now we prove that {T"x},_  is a Cauchy sequence. Let ¢>0 be arbitrary
and let &' () =min {e, 8 (¢)}. By (7) we may choose n, such that
(8) d(T"'x,T"x)<¥ (e) for n>n,.
Fix n>n,. It clearly suffices to show that
) d(Trx, Tix)y<e, i=1,2,....

As for i=1 (9) follows from (8) and (6’) immediately, we may proceed by
induction on i. Assume that (9) holds for some fixed i. Then by (6'),
(8) and (9) we have
d(Tn+ix, Tr+i+l X)<8, (8),
d(T"'x, T xX)<d(T" 1 x, T"x) + d(T" x, T** x)<e + &' (¢)
and
d(T"'x, TT"* x)<d(T"'x, T"x)+d(T"x, T"+i x) +
+d(Tr+ix, TPt x)<e + 28 ().
Hence

m(Tr~1x, T"*+ix, T)=max {d(T"“lx, T7+ix), d(T"1x, T"x), d(T"*'x, Tr+i+lx),
—;—[d(T"“lx, TT*ix)+d (T +ix, T”x)]}<max {z—:+8’(s), ' (e), %[e+28’ (s)+s]}

<e+3d(g).
Then by (4)
d(Trx, T"*1x)=d(TT"1x, TT""i x)<e.

Thus we conclude by induction that (9) is valid for any n>n, and for all
i=1,2,... Hence {T"x},_, is the Cauchy sequence and the proof of the first
assertion of the Theorem is complete.

Suppose now that M is T-orbitally complete. Then there is some uC M
such that

(10) Iim T*x=u.

n—o

Suppose now that (4') is fulfilled and us£Tu. Since

max {d(T"x, u), a[d(T"x, T"*1x)+d(u, Tu)], %[d(T"x, Tu) + d(u, T"+1x)]}
< max {d(T" X, u) +d W, T"* 1 Xy + o d (4, Tu)], —;—[d(T" x,u)+

+d(u, Tu)+d(u, Tn+1x)]}<d(Tn X, w)+d (u, T x) + qd (u, Tu),
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1
where g=max {cx, ?}, we obtain that

d(u, Tu)<d(u, T"*' x)+d(TT" x, Tu)<d (u, T"*1 x) + [d (T" x, u) +
+d(u, T"+1 x)+ qd (u, Tu))
and consequently

d(u, Tu)<rl——[2 d(u, T 1x)+d(u, T" x)].
—q

Hence, by (10), d(u, Tu)=0 and we conclude that Tu—u. Therefore, if T in
addition satisfies (4'), then T has a fixed point u in M. Clearly, if T is orbitally
continuous, then again by (10) w=Tu. Since (4) implies that T cannot have
more than one fixed point, we have proved (a) and (b).

Letting i tend to infinity in (9) we obtain (c) which provides an estimate
for d(T"x, u).

The proof of the Theorem is complete.

The following example shows that the above theorem is indeed more
general than the corresponding theorems of [1], [2], [3], [6], [7] and others.

Example 2. Let M=[—1, 1] be a subset of reals and let T be defined
by T'(x)=-1 for x>0 and T(x)=0 for x<0. Then d(Tx,Ty)=0 or
d(Tx,Ty)=1. If x>0 and y<0 then

d(Tx, Ty)y=1<1+x=d(x, Tx)<max {d(x, ), d(x, Tx), d(y, Ty),
S e T +d0, ).

Therefore, if in (4) e<1, then x and y both belong to [—1, 0] or to (0, I].
If e>1, then d(Tx, Ty)=1<e. Since there are not x and y in M such that

1=max {d(x,y), d(x,Tx), d(y, Ty), %[d (x, Ty)+d(y, Tx)]} we conclude that (4)

is satisfied for any 8 (e)>0 and all x, y© M. Since T is orbitally continuous, we
may apply the above theorem. But T is not a generalized contraction since (3)
is not satisfied for y=0 and x>0 which is sufficiently near to zero.

2. Since each mapping which satisfies (2) also satisfy (4) and (4') (and
is continuous), we have as a consequence of our Theorem the following.

Corollary. (Meir and Keeler). Let (X, d) be a complete metric space
and T a mapping of X into itself. If (2) holds, then T has a unique fixed
point u. Moreover, for any xS X, lim T"x =u.

h-—>

Now we may state the following improvement of Theorem 1.

Theorem 2. Let T be a selfmapping on a T-orbitally complete metric
space M. If for some k a mapping T*=T (T* ') satisfy (4) and (4'), then T
has a unique fixed point u in M and for any xC M lim T" x=u.

h—>o0

6*
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