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In what follows, we let w denote the set of all natural numbers and Q
a cardinal number which is cofinal to o, i.e,, ¢/ (Q)=w.

In this paper we prove that every sequence (S);cq of type Q of subsets
S; of natural numbers has a convergent subsequence of type (.

Also, we show that for every infinite cardinal ¢ there exists a sequence
(Ducc of type ¢ of subsets D, of the powerset of ¢ (i.e., x&D, implies
x Cc¢) such that (D,).c, has no convergent subsequence of any infinite cardinal
type.

The above is done by extending the notions of limit superior and limit
inferior of denumerable sequences of sets to sequences of sets indexed by arbit-
rary sets of ordinal numbers.

For related results pertaining to the denumerable case (i.e., Q=c=w)
reference is made to [1] and [2].

As usal, we identify every ordinal (and therefore every cardinal number,
i.e., an intial ordinal) number with the set of all ordinals less than it (since for
ordinals ¥ and v we have u<v if and only if #Cv). It then follows that for
every set 4 of ordinal numbers, as well as every family (4,);c, of sets 4; of
ordinal numbers, we have

) Ud=supA and |) A;=sup 4,
icqg icaq

We recall that every set A of ordinals is similar to a unique ordinal 4
which is called the rype of 4. Moreover, as expected, if 4 is a set of ordinals

then the sequence (S));c4 is called of type A.

Let 4 be a set of ordinal numbers. Based on (1), we define limit supe-

rior lim S; of a sequence (S));cs of sets S, by:
iccA

) lim S;={x|U{p|vEA and xCS,}=UA}
icA
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and we define limit inferior lim S; of (S)ica by
ica

3) lim S;={x|U{v|ved and xES}<U4}

icd

From (2) and (3) it follows that lim S; as well as lim S, always exists

icd ieA
(of course, allowing @ as a valuz) and lim S,C lim S;. Furthermore, we
icd fed
call (S)ica convergent to lim S; if and only if lim S;=lim §;, in which case
icA icA ie4
(4) lim S;= lim §;= lim S,
iea ica A

In view of (2), (3), (4), we see that (S));ca is not convergent if and only
if for some m

(5) Ufr|vEd and mc S} = U{v|vcA4 and md S,p= U A

Finally, for every set H of ordinal numbers and every ordinal number &
we set
6) I, (H)= the set of the first k+1 elements of H

(when it exists). Thus, I,({9, w+1, 3, o+2, })={3} and I,({9, o+1, 3,
0+2, o})={3, 9, o}.

Theorem. Let Q be a cardinal number which is cofinal to ©, i.e.,
cf( ) =w. Let (S);-o be a sequence of type Q of subsets S; of w. Then
(S)icq has a convergent subsequence of type Q, i.e., there exists a subset A
of Q such that

(7 lim ;= lim S, and A=Q

icd icA4

Proof. Since cf(£)=w, there exists a strictly increasing sequence (r,)ic e
of ordinals r, such that (using notation (1))

(3 Ur=Q

iCo

For every natural number #n, i.e., for every n & w, we definie by induc-
tion a subset A, of Q as follows:

) Ay={v|vEQ and 0E S}

provided, {v|vEQ and 0=S,}=Q,
otherwise,

(10) A= {v|vEQ and 0&S)}
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and «(using notation (6)),

(1D Ay =I,(A4,) U{r|vEA, and (n+1)ES,}
provided, {v|vCA, and (n+1)&8,}=Q,
otherwise,
(12) Ay~ In(A) U [YEA, and (n+1)E S}
From (6) we see that I.,(A4,) C A4, and therefore, in view of (11) and (12),
we have 4,,, C 4,. Hence,
(13) m<n implies A,C A, C Q for every m, n C

Let us observe that if P is a subset of Q such that P< Q then Q— P=Q.
But then from (12) it follows that

(14) A,=Q for every nCo

Since ()i« is strictly increasing, from (6), (8), (14) we have
(15 I, (A4,)<Q for every nc o
and
(16) U Iry(4,) = Q

rco

Let the subset 4 of Q be defined by

(17 A= U I, (4,)
reco

Obviously, in view of (6) and (13) we have
(18) AC A, for every nC o
_ 7We claim that A4, as given by (17), is the desired subset of Q mentioned
in (7).

( )From (16) and (17) it follows that

(19) A=Q and UA=Q

Hence, in order to establish (7), in view of (5) it is enough to show that

for no mCw it is the case that

(20) U{rived and me& S,}= U {v|vEA and mE S,}=UA=Q

Let us assume on the contrary that (20) holds for some mCo.

We assert that m==0. This is because otherwise, by (18) and (20) we
would have
(21) UivlvE4, and 0 S,}=I1{v|vE A, and 0 S,}=Q

which is impossible. Indeed, if (9) holds then we see that {v|v& A4, and 0 E S,) =
= ¢ which condradicts (21), and, if (10) holds then {v|v& A4, and 0ES,}= o
which again contradicts (21).
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Hence, m=n+1 for some nE€ w. But then from (18) and (20) we have
(22) U{r|ved,, and m+1)ES,}= U {v|vEA,,, and (n+1)ES,}=Q
Now, if (11) holds, then by (11), (13), (15) we have:
{vivEA4,,, and n+1)ES}C{v|vEI,(4,)}<Q
which cotradicts (22), and, if (12) holds, then
{vived,,, and (n+ 1)ES}C{v|vEl, (4,)}<Q
which again contradicts (22).
Thus, our assumption is false and (S;);c4 is convergent which implies (7).

Hence, the Theorem is proved.

In contradistinction with the above Theorem, we show below that for
every infinite cardinal ¢ there exists a sequence (D,);cc With no convergent
subsequence of any infinite cardinal type a<c.

Lemma. Let ¢ be an infinite cardinal and let (D,),c. be a sequence
of subsets D, of the the powerset of ¢ such that

D,={H|HC c and uH} for every ucc

Then (D),c. has no convergent subsequence of any infinite cardinal type a with
a<c.

Proof Let A be a subset of ¢ such that 4—a. Let A=B|jC with

BNC= and B=C=4=a. Such a decomposition of A4 exists since 4—=a and
a is an infinite cardinal. Let us consider the subset E of ¢ given by

E={x|xEc and x B}
But then
U{r|vEA4 and EC S,}=U{v|vCA and EE S,}=JAd=a

which, in view of (20) shows that (D,),c4 is not a convergent subsequence of

(D)ucc. Since A is an arbitrary subset of ¢ with A=a (where a is an arbitra-
ry infinite cardinal such that a <c) we see that the Lemma is established.
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