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1. Introduction

Following Bell polynomials [5],

(B) H,(g h)=(~1yes Do, p="
dx

and Singh’s generalised Truesdell polynomials [9]

(1.2) T5 (x, r, p)=x"*erx" (xD)y" (x* e—px"),

Shrivastava [6] recently considered generalised polynomials G, (k, g), defined as
(1.3) G,(h, g)=e "8 (xD)y" .

Singh’s generalisation was motivated by the generalisation of Hermite poly-
nomials of Gould-Hopper [4] given by

(1.4) CHY (x, o, p) = (— 1)t x~%epx” Dn(x% e—r¥").

(1.2) and (1.4) lead Chandel [2] to define generalised Stirling polynomials
TS (x, r, p) as ~
(1.5) TR (x, r, p) = x~%~k=Dn epx” (xk Dyr (x* e=px")

Chandel’s generalisation also took note of the generalised polynomials of
Chak [1]

(1.6) G, (x) = x~% e* (x* D) (x* e~ %).

Following above generalisations, we define another generalised polynomials
by relation

(1.7) G® (h, g)=e~"8 (x* Dy eke,
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It is interesting to note that all polynomials defined above viz. (1.1), (1.2),
(1.3), (1.4), (1.5), and (1.6) are particular cases of (1.7). Also Shrivastva [7]
noted that generalised Laguerre polynomials

(1.8) T (x, p) = l' x~%=1=n epx" (x2 Dyt (x2+1 e—pa")
n:

is particular case of (1.7). Many more special cases of (1.7) can be given. In
the present note author proposes to study certain properties of (1.7).

2. Operator 0

Some familiar properties of the operator x* D=8, which are useful in the
development of this paper are as follows:

(2.1) P xe=()*k LM xx+&=Dn_ where ()% =o(a+k) (@+2k)... (x-+nk—k),

22) e ur)-S ) EU) @),
r=0
2.3) e (U.V) = (e U) (e V),
10 _ x
2.4) e (%) f{[l_ T g ]

2.5) F(®) {x*- g (x)} = x* F (o k=1 4-6) g (x),
2.6)  F(0) {"*®-f(x)} =" Fxk hg' (x)+0]f(x), where g’ (x)= dig @
X

dam

en  vrewi= 3 E T S (e

3. Explicit expression and generating function:

From (1.7) and (2.7) we obtain an explicit expansion for G (h, g) as

(

(3.1) ¥ (h )= S

m=0

— 1= m m , )
hm Z (“‘,1)'(;' )gm—z engx

m! i=0

Now

S t—ne—hge"e"g=e"‘ge'°e"3,

n=0 n!

gives us a generating function, by use of (2.4) as

S aw _ : X _
(3.2) 'Zo G (B 8) eXP[h{g([1_(k_1)txk_1]mk_1)) g(x)}],
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which reduces to, in particular for T5"® (x, r, p), T (x, p), T%(x, r, p) and
HY (x, o, p) respectively as

G-3) io% TS 9 (e, v, p)=[1 = (k — 1) 15~ explpw {1 — (1 — (k— 1)y =T},

n=

3.4) S TS (x, )= (1= )L exp[px {1 - (1 - 1)~7}],
n=0
(3.5 i —tn—' Th(x, r, p)=explat+px (1 —en)],
n=0 R
> U go (1LY, S REEAY
(3.6) 5 HD o (1 x) exp[px [1 (1 x) }]

By simple manipulations, from (3.2) we also obtain following addition
formulas for G%® (h, g) as

3.7) GO f+g)= S (") Y, (h, 9 GX (h, 1),
m=0 \ M

(3.8) G (h+1, g)- i(”)Gi’:’m h)GP (, ),

and "=t

(3.9) G¥ (a, hg+1f)= 3 ( ) G (ah, 8) G(al, f),
m=0 \ M

where a, h and [ are parameters and f and g are functions of x. As a special
case (3.8) we obtain

(3.10) P2k &)= S ( :1) ¥ (h, ) G (h, o).

m=0

4. Operator @ and some relations:
From (2.6) and (1.7) we obtain

(4.1) G (h, g)=(x*hg' +0)-1.
Putting ® = x* hg' 4+ 0, we have
(4.2) G® (h, g)=D"- 1.

This operator @ generalises analoguous operators those given by Gould-
-Hopper [4]

(43) @:D_J'_gﬁ_prxr—l’
x

by Singh [9]

4.4 C=xD+a—prx,



176 0. P. Vijay

Shrivastava [6]

4.5 D=xD+xhg
and ‘Chandel [2]
(4.6) € =x*kD+axk-1—prxk+r-1,
From (2.2) and (1.7) we obtain
@) Gt 9= 3 (") 6~ 9 Ktk o)
i=0
which for m=1, gives
(4.8) 0 G (h, g) = —x* hg' G\ (h, g)+ G2 (h, 8)
or
(4.9) @ G (h, &) = Gudi (b, 8)-

From (4.9) repeated operations of @ yields
(4.10) O" G, (h, 8)= Gaim (b, 8)-
From (4.2) and (4.10), we observe that
4.11) Ot 1= @ Gy (h, g)= O Gy (h, 8)=Gulm (h, 8).
It is easily proved by induction that
(4.12) U-V)= 3 (” )(ei U)- (@ V).
=0\ 1
From above, we immediately obtain
(4.13) o f= S (’f )Gﬁ,"li(h, g0/
i=0\ I
When f =1, (4.13) yields (4.2) and when f—Gw (h, g), we get

(4.14) G (hy £)= z( )GS",w 98 GY (1, ).
i—o\ 1
This is a generalisation of many similar results for
Tw(x,p) and Hp(x,a p)

discussed by Chatterjea [3] and Singh [8] respectively.
(4.7) and (4.10) suggests

(4.15) o —

It

(”_’)Gf,’?_,«(~h, 9P
i

1
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Which is easily verified by method of induction. (4.15) happens to be the
inverse relation to (4.13). Here it is noticed that relation analoguous to 4.15)
for (1.3) should have been

(4.16) 3= %(",’)Gm-:(—h, 8) D,
i=0\ 1
and that analoguous to (4.7) should have been
m m
(417) 3Gy )= 3 (" )i~ £) oy (G 9
i=0

where 8=xD and 9 is (4.5), instead of those given in [6].
Further we observe from relation (4.13) that

10 = 5 LGP g)-er ),

n=0 n!

which with the help of (2.4) and (3.2) yields

: _ X
(4.18) ? ‘D'f(")‘exp[h (i o

8 (x)}] i {[1 . l)jxk?]”(k—n]'

In particular, when f(x)=1,

%
et®. 1 =exp[h {g([l T txk—l]l/(k—l))_g(x)}]

which by (4.2) implies that

X " X
419) e®.1=3 L 600 g —ex h[ ( )— x}
(4.19) ”go [ On (b g)=exp|hig [ (k1) £ 6D &)
and when f(x)=G¥ (A, g), we obtain the following generating function
(4.20) ¢ (h £)= 3 -G (h, g)
n=0n!

=exp[h {g ([1 —(k—1) :x"‘lll’(k‘”) _g(x)]] .

-G8\ h g( = )
"1\ = k= 1) e xkpre-n) |

(4.20) also gives generalisations for many similar generating functions spe-
cially for Hy (x, o, p), T (%, p), T&(x, r, p), and TP (x, r, p) ete.
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From (4.15) we obtain an addition relation

@.21) §(1) G (~h, §) G (h, §)=0

i=0

5. Some more operational formulas:
Consider,
On (ehs f)=0r1ehs (xkhg' + xk D) f

= Q-1 {x—r ehe (xk+r hg' + xktr D) f}
— en42 {x—Zr ehg (xk+rhg' — rxk+r—1 + xk+r D) X
(xk+r hg' +xk+r D) f}

which by repeated operation of 6 gives

5.1 e~he @ (ehs f)=x—rr []{x**"hg'—(n— iyrxksr=14 xkerp}. f
i=1
where product on the right is in operative sense and r is an arbitrary parameter.
Also
en(ehgf)= z (I’l )en—iehg_eif
i=0 \ 1
< 0 ;
= ehg .20 Gn—i (ha g) e f
or
5.2 etetr (@)= 3 (1) 62 th 9)-0'F
i=0\ 1
Hence from (5.1) and (5.2) we obtain
(5.3) H{xk""hg’_(n_j)rxk+r—1_|_xk+rD}f
i=1

It is interesting to note that (5.3) gives us many new operational formu-
las for the special functions as particular cases of G¥ o, g).
When f=1, (5.3) gives us

(5.4) [k g’ —(n—i)rxk*r=14 x%+r D} 1 =x" G° (h, g).
i=1
In particular, we obtain for r=0,

(5.5) (x*hg' + xk Dy*- 1= G (h, g)
which is (4.1).
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In case of HY (x, a, p) with k=0, k=1 and g9 —alogx—pxs, we get
(5.6) [T @—psx*—(1—i)r)+x" D}- 1= (= 1y'x" H (x, , p).
i=1

For r=0, (5.6) reduces to the formula given by Gould-Hopper [4].

In case of generalised Laguerre polynomials T (x. p), with k=2, h=1
and g(x)=(x+1)logx—pxs, we get

(5.7 [T+ {a+1—psx*—(n—i)r}+x*2D]- 1 =nlx"C+h TY (x, p).

i=1

For r=1 and r=0, (5.7) reduces to the formulas given by Shrivastava
[6] as

(5.8) [T {a+1—psx = (n—i)}+x*D]- 1 =n! X2 T, (x, p)
i=1

and

5.9 {x(@+1)—psxs*1 4 x2D}*. 1 =n!lx" TS (x, p).

In case of generalised Truesdell Polynomials T (x, s, p), with k=1. h=1
and g(x)=alogx--px*, we get
(5.10) [T {&—psx*—(@n—i)r}+x+1D]- 1 =x"Tu(x, s, p)

i=1
which for r=0, reduces to the formula given by Singh [9].
And in case of T®® (x, s, p), we get

n
(5.1 1) l—[ [xk+r——1 {oc—ps x*—(n—1i) ,.} +oxktr D]- 1 =xnr+n(k—1)T$lot,k) (x, s, p).

i=1

Many more interesting particular cases of (5.4) can be quoted with the
choice of r. It is also interesting to point out that the results (5.6), (5.7) (5.10)
and (5.11) are new results and generalise many already known results for the
special cases.

My sincere thanks are due to Dr. P. N. Shrivastava for his guidance
during the preparation of this note. I am also thankful to The Principal,
Mr. S. Swarup, Bundelkhand College, Jhansi for providing me the facilities.
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