PUBLICATIONS DE L’INSTITUT MATHEMATIQUE
Nouvelle série, tome 19 (33), 1975, pp. 139—145

ON THE RANGE OF A BOOLEAN TRANSFORMATION
Sergiu Rudeanu*
(Received December 25, 1974)

Abstract. A Boolean transformation F:D—>B™ is defined by a system
F=(f,,...,f, of Boolean functions f;:B*—B (i: =1, ..., m) and a Boolean
domain DCB-” (i.e., D is characterized by a Boolean equation d(X)=1). In
this paper we determine the range F(D) of a Boolean transformation and
study a few related problems. Previous results of Schréder, Whitehead, Lowen-
heim, Eggert and the author are obtained as particular cases.

§ 0. Statement of the problem and prerequisites

Let (B, U, -, ', 0, 1) be an arbitrary Boolean algebra. A Boolean func-
tion of p variables is a mapping f: B?—B which can be obtained from variab-
les and constants by superpositions of the basic operations U, -, . A Boolean
equation is obtained by equating two Boolean functions and in particular by
equating a Boolean function to 0 or to 1; it is well ‘known that any (system
of) Boolean equation(s) can be brought to this latter form. The set of solu-
tions to a Boolean equation will be called a Boolean domain. Let further n
and m be two arbitrary but fixed positive integers. A Boolean transformation
is a mapping F:D—B", where DCB” is a Boolean domain defined by a Boo-
lean equation d(X)=1, while F is of the form F=(f,, ..., f,), where each f,
is a Boolean function f:B"—B (i: =1, ..., m); in other words, F(X) is defi-
ned for every X&D by F(X)=(f, (X), ..., f,.(X)).

In this paper we determine the range F(D) of a Boolean transformation
F (theorem 1), thus generalizing the theorem obtained by Whitehead for m: =1.
As a corollary we deduce a necessary and sufficient condition for F to be
surjective, previously obtained in [5] and generalizing a theorem of Whitehead
and Lowenheim. A result of Eggart is then obtained as another corollary.
Theorem 3 establishes a necessary and sufficient condition in order that F(D)
be a given Boolean domain of B™. Theorems 3 and 4 give necessary and
sufficient conditions for F to be a constant and a given constant, respectively.
In order to facilitate the understanding of all these results, they are transcribed
in §2 for m: =1, 2.

* This paper was written while the author was with the Département de Mathémati-
ques, Faculté des Sciences, Université d’Oran.
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Before proceeding to the statement and proof of the above announced
results, we still need a few prerequisites.

Notations like X=(x,, ..., x,), Y=(y, ..., y,), ... denote vectors with
components in B, while 4=(«, ..., a,), B=@,, ..., B.), ... stand for elemen-
tary vectors, that is, vectors with components in the subset {0, 1}CB; the
number p of components will result from the context. As is well known,
Boolean functions f:B?—B are characterized by the property that they can be
written in canonical disjunctive form

SX) = U f(4) X4,

where (U, means that A=(x, ..., «,) runs over the 27 elementary vectors,
X4=x{"...x,”and x*=x", x!=x. Quite naturally, notations like

FEX)=f1"(X)...f5° (X), FE(A=f1"(4)...[;7(4)

will also be used, where C=(y,, ..., v,), f¥(X) stands for [f(X)]", etc. Recall
that computation with canonical disjunctive forms is facilitated by the rules

U Xi=1,

XAXBE—X4 if A—B, XAXP=0 if A+~B,
(U b XD (U gca XN = U 4(bs\Ucy) X4,
(Uaba X (Uaca X = bacy X4,
(U aba X4) = U 4 by X%

more generally, these rules also apply to orthonormal systems, i.e., families of
elements {@,}aca such that Ujea @,=1, a,a,=0 for A, €A and r#£p.

Computation is also facilitated by the use of symmetric difference x -+ y=
=xy'Ux’y, mostly due to the property x+y=0 & x=y.

The Boolean equation f(X)=0 is consistent if and only if Il1,f(4)=0.
Thus in particular the equation in one unknown ax!Jbx =0 is consistent if
and only if ab=0, When this is the case, the set of solutions is the interval
[6, d'1={xEB|b<x<a'}.

The reader is urged to transcribe the above results in dual form, interchan-
ging U with., 0 with 1, and < with >. For more details and many other
properties of Boolean functions and equations, see [5]

1. The range of a Boolean transformation

Throughout this section n and m are two arbitrary but fixed positive
integers. Let the letter X (the letters A4, B) denote (elementary) vectors from Br,
while the letter Y (the letters C, D) will stand for (elementary) vectors from B™.
Let further DCB” denote the Boolean domain defined by a Boolean equation
d(X)=1 and

(1) F:D->B"
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the Boolean transformation defined by the restriction to D of a vector
F=(f,, ..., f,) of Boolean functions f;:B"—B (i: =1, ..., m).

Theorem 1. The range F(D) of the Boolean transformation (1) coinci-
des with the set of solutions Y to the Boolean equation

@ UclU d(A)FEA]YC=1.
Comment. For m: =1 we have F=f:B"—B, equation (2) reduces to
[Uad@Df D]y UUdA)f D]y =1
and its set of solutions is the interval
3) ML (ADUSA], U dADf(A]
discovered by Whitehead [7] (see also [5], theorem 2.5).

Proof. The condition YE F(D) can be written successively in the follo-
wing equivalent forms:
3X) dX)=1& Y=F(X),

@AX) U d@XA=1& %l /O U/ fi D)= 1,
AX) U d@ TRy s (L, f @ X =1,
Vad@ IR fi DUy £/ (=1,
UelU @ TR alv i U/ f (O Ye=1
and the latter condition coincides with (2) because
[Ti-ibvf U 7 (@] =TTE fY () = FC ().
Corollary 1. The Boolean transformation (1) is surjective if and
only if
M U d(4) FE(4)=1.
Comment. This is theorem 8.2 in [5].

Proof. The equation (2) is identically satisfied if and only if all the
coefficients equal 1, i.e.,
U d(A) FCA)=1
for every C.

Corollary 2. The range F(B") of the Boolean transformation F:B"—>B"
coincides with the set of solutions Y to the Boolean equation

) UclU4FEA]YC=1.
Comment. For m: =1 we have F=f:B"—B, equation (5) reduces to

[U Sy ULV Dy =1
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and its set of solutions is the range

©® (ML f(d), UafA)

a classical result due to Schréder [6] (see also [5], theorem 2.4).
Proof. Take d=1 in theorem 1.

Corollary 3. The Boolean transformation F:B"->B™ is surjective if
and only if

7 [, U FC(4)=1.

Comment. This result was first discovered by Whitehead [8] and L&-
wenheim [4] (see also [5], theorem 8.3).

Proof. Take d=1 in corollary 1.
As another application of theorem I, let us give a shorter proof of the
following.

Theorem (Eggart [2]). Given a Boolean function f:B*—B and two ele-
ments a, b&B with a<(bh, the range of the Boolean transformation

(® f:[a, b)"—B
is
(9) [HEE[a b}nf(E) , UEE{a,b]"f(E)]-

Proof. The range f([a, b}") of the Boolean transformation (8) is the
interval (3) given in theorem 1 for m: =1, where d(X)=1 is the characteristic
equation of the Boolean domain [a, b]?, that is,

dX)=T1}-10x;ua x)).

Therefore, setting 0=(0,...,0), I=(1,..., 1) and noticing that a<h
implies a'(Jb=1, it follows that the range (3) reduces to

ML U= (B oy U as’) US(A)],
Uall T} c1 oy U@ o)) ()] =
=[la U £ONY Uf (D] Myro, [[ab' U f (A

a f(O)Ubf(I)U Uaxo I a bf(4)],
hence it suffices to prove that (9) coincides with (10). But

aUf(0)=f(0)Ua-b-(aUb)=f(O)UNl=(E,U- - - U &),

YUSD=fDHUa b (@ Ub)=fHUTz E'U- - - UE),
FAUaUb = f(4)U1-(aUb)- (@ Ub)=
=f@UT=EU - - - UEY) (Y40, I),

(10)
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a f(0)=f(0)(@Ub' Ud b)=f(0) Uek,’...E,,
bf (I)=f ) (@UbUab)=f()U=E, ... &,
a' bf (A) =f(A) (OUab' Ud' b) = (A) U 4B (v 40, I),
so that (10) can be written
M4 [f (DU EFU- - - UEM),
Uaf(AD Uz EA =T, D= [f(HUE U - - UE"],

UaUsf(4)E1,
which coincides with (9).

Theorem 2. The Boolean transformation (1) has the range GCB™ de-
fined by a Boolean equation g(Y)=1 if and only if

(1 Uclg(C)+U4d(4) FC(4)]=0.
Proof. The equation (2) coincides with g(¥Y)=1 if and only if
(12) Uad(4) FC(A)=g(C) (v C&{0, 13m),

which coincides with (11).

Corollary. The Boolean transformation F:B"—>B™ has the range
G B™ defined by a Boolean equation g(Y)=1 if and only if

(13) Ua FC(4)=g(C) (v C&{o, 13m).
Proof. Take d=1 in (12).

Theorem 3. The Boolean transformation (1) is a constant mapping if
and only if

(14 Uc{u[d' (DUFC(DI{Uad(4) FC(A)}=1.

Proof. Using the notations from theorem 2, F is constant if and only
if G is a singleton, that is, if and only if the equation g(¥)=1 has a unique
solution. According to a theorem of Whitehead [8] (see also [5], theorem 6.7),
the latter condition holds if and only if {g(C)}. is an orthonormal system.
Therefore F is constant if and only if equation (11) has an orthonormal solu-
tion with respect to the 27 unknowns g(C), indexed by C&{0, 1}m.

Setting & ({g(C)}¢) for the left-hand side of (11), the necessary and suffi-
cient condition given by Johnson [3] (see also [5], theorem 4.7) for the existence
of an orthonormal solution to (11) becomes

(15) I,k (Ap) =0,

where A, {0, 1} is the vector for which the coordinate of rank D is 1, the
other coordinates being 0. Now (15) can be written successively in the follo-
wing equivalent forms:

Iy {UczpUad(A) FE(A)U[U4d(4) FP (4)]'} =0,
Hp {U4d (DFP (DY VU d(4) FP(A]'}=0,
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the latter condition coincides with (14) because
Ucsp FE(A) =[FP(AY

in view of the orthonormality of the system {F¢(A4)}. (cf. Lowenheim; see
also [5], corollary 1 of proposition 4.3).

Corollary. The Boolean transformation F:B"—B™ is a constant if and
only if
(16) U I FE(4)=1.

Proof. Take d=1 in theorem 3.

Theorem 4. The Boolean transformation (1) takes the constant value
GcB™ if and only if
17 UclGC+Uad(A) FC(A)]=0.

Proof. Using the notations from theorem 2, F takes the constant
value G if and only if G reduces to the singleton {G}, that is, if and only if
the equation g(Y)=1 has the unique solution Y: =G. According to a theorem
of Bernstein [1] (see also [5]. theorem 6.6), the latter condition holds if and
only if g(C)=G¢, so that equation (11) becomes (17).

Corollary. The Boolean transformation F:B"—>B™ takes the constant
value GSEB™ if and only if
(18) U4 F€(4)=G° (Vv Cc{o, 1}7).

Comment. A well known property of orthonormal systems shows
readily that F=@G if and only if FC¢(4)=GC for every 4 and C. Therefore
the sufficiency of the seemingly weaker condition (18) is the non-trivial part
of this corollary.

Proof. Take d=1 in theorem 4.

2. A few particular cases

Case m: =1

(2 [Uad@f DI yUIU4dAD S (A]Y =1,

©) [Uad(4) f(DIUdA)f (A]=1,

(11) g+ UadDf(DIU[EO0)+ Uad(A)Sf (4]=0,

(13) Uaf(D=g1), Uaf' (H=2(0),

(14) {4 [d" (DUSADL}{Uad(A)f( D}
U{IL[d" (DU (DB} {Uad DS (A}=1,

(16) I (AU f (4 =1,

(17) [g+UVad@)f(DIVIE +Uad(A) S (4]=0,

(18) afA)=g, Uaf (A)=¢g.
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Case m: =2

[Uad(A)fi (A f, (D] y, p, VLU d(A) [, (A Sy (DIy, v,V

@ ULV d DS (D LDy v, U0 d( DS (DL (D]y p, =1,
@ [UadA)fy (D (DU d (A S (A (D]

AU dAD S (DL ADIHUAdA) S (DS, (D] =1,
a [g(1, D+ UadWDfi (DS, (DHIU[E (A, 0)+ Uad(A)f, (AL, (D]

UIg 0, D+ Uad (A (A L,(D1V[g (0, 0)+ Ui d(A)f) (S, (A]=0,
Uafi (D ;D=2 1), Uafi(Df, (4)=g(1,0),
Jafy (D)=, 1), Uafy (DS (A)=g(0,0),
(14) {Iald” (D UL DL ADTH{U 4 d( DS (DS, (AU
{4 [d" (DU, (DS (DB{U 4 d (DS, (DS, (D}
U{ILa[d" (D U S (DS (AL {4 d(Af) (D, (DU
U{TL[d" (D US (DS (DR {Uad (DS (DS (D} =1,
(16)  ILafy (A Lo (DU fy (DL (DUILLS (DS, (DUIL (DS (D=1,

(13)

amn 8.8, + Uad(A ], (AL (ADIVI[g, 8 +UadA)f (DS, (AU
Ule, &+ Uad (DS, (A, (ADIULE) &' + Uad (A S (A f, (4)]=0,
(18) Uafi@Df,( D=8, 8 Uafi DS, (A=g8&,,

Uali D, (D =88, Uaf/ (D, (D=g'g,
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