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1. Introduction. — Let M be an n-dimensional differentiable manifold of

0
class C=. Let there be given a Riemannian metric g in M, and V denote the
Levi-Civita connection with recpect to the Riemannian metric g. If v is a 1-form,
let P be a vector field defined by

| g(X, P)=m(X)
for any vector field X.

Let V be an other linear connection in M. When V satisfies
0
VY=V, Y+n(Y)X—g(X, Y)P

for any vector fields X, Y, a linear connection V is called semi-symmetric metric
connection [1], [2]. This linear connection has also appeared in [3]. Following

the notations in [3] we shall indicate such linear connection by V, that is
2 0
(1.1 Vi Y=V, Y+n(Y)X—g(X, Y)P.

For the covariant differentiation of a 1-form «, we have

2 0
(Vxo) () =(Vxo)(V)—oX)r(Y)+o(P)g X, ).

The connection (1.1) being given, we can consider the connection

1 0
12 V, Y=V, Y+ (X)Y—g(X, Y)P

1 0
(Vxo) (N =(Vxo)()—o¥)r(X)+o(P)g(X, Y)

as well as the connections
3 1 2
(1.3) VeY)=w(VY)+ (Vo) (Y)

(1.4) %(w Y) :w(Y27 Y)+ (Vo) (Y).
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If g=(g;) be the Riemannian metric on M with respect to coordinates
(x!, x2, ..., x"), and g" are the components of the corresponding tensor field of
type (2,0), we have

2 2
V8=V, g7=0,

2
i.e. the connection V is a metric connection.

The other three connections are not metric. Indeed, it is easy to see that

3 4

(1.5) Vi&y;=0, V.87=0,
but

1 4
(1.6) V8=V 8= —2P 8+ Pigut Pgu
and

1 3 ) .
(1.7) Vi g/=V,87~2 P, gl— P& —P &

where P; and P’ are the components of the form 7 and of the vector field P

with respect to local coordinates.
3

Taking into consideration (1.5), (1.6) and (1.7), we call the connection V

4
and V the pseudo-metric semi-symmetric connections.
The purpose of the present paper is to study some properties of connec-
3 4

tions V and V in a Riemannian manifold. We consider, in §2, a Riemannian
3

manifold which admits a connection V whose curvature tensor and Ricci tensor
4

vanish, and in §3 the same problems concerning a connection V.

. 3

2. Curvature tensor of the connection V. — Following the notation in [3],

we shall denote by R, the components of the curvature tensor of the con-
3

3

nection V with respect to coordinates (x!, x2, ..., x7), that is
2 1 . 1 2 . i

Vi V.z -V, V, 7= Ifajk z4,

where z/ are the components of vector field Z. Consequently we can put

2 1 1 2 2 1
2.1) R(X, Y)Z-V,V,Z—V,V,Z+V, Z-V, Z
3

vy X vxY
Substituting (1.1) and (1.2) into (2.1), we find
2 0 1 0
RX, V)Z=Vy(VyZ+x(Y)Z—g(¥, Z) P) -V, (Vx Z+m(Z) X—g (X, Z) P)
3

0 1 1
+V, Z+n(Z)VyX—g(Vy X, Z) P
vrX
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0 D 2
—V, Z-n(VxY)Z+g(VyY, Z)P

vxY
Y, (V, Z+ (Y Z—g (¥, Z)P) +7t(%YZ+7c(Y) Z—g(Y, Z)P)X
(X, VyZim(V)Z—g (Y, Z) P) P
Yy (Ve Z 4 7 (Z) X—g (X, Z) P)— (V) (V5 2+ 7(Z) X—g (X, Z) P)
L g (Y, VyZ 4 7(Z) X—g (X, Z) P) P

0 1 1
+(Vi Z+n(Z)Vy X—g(Vy X, Z) P)

VyX

0 2 2
(V2 Z4+m(VyY)Z—g(Vy Y, Z) P),
VyY
from which

0
R V) Z=K(X, 1) Z+{(Vam) (1) == (1w (X) 8 (X, V)= (P} Z
0
V(@) X (Z) = (¥) X+g (Y, Z) = (P)} X
L g(X, Z) (Vy P—g (Y, P) P+ ¥=(P)}

(Y, 2){Vy P—g (X, P) P+ X=(P)}

—8X, Z)n(P)Y+g(Y, Z)m(P) X,
that is

RX, VZ=K(X,Y)Z4BX, Y)Z-B(Y,Z)X+g(X, Z)BY—g (Y, Z) BX
3

(2.2)
—8X, Z)n(P)Y+g(Y, Z)m(P) X,

where
0 0

0 0 0
KX, YV Z=VyVyZ—-V,VyZ—VixnZ
0
is the curvature tensor of the connection V, § is a tensor field of type (0,2)
defined by

0
B, V)=(Vym)(¥)—n(¥)=(X)+g (X, Y)n(P)
and B is a tensor field of type (1,1) defined by
(2.3) g(BX, Y)=6(X, Y),

for any vector fields X and Y.
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We now put:

KX, Y, Z W)y=g(K(X, Y)Z, W), RX, Y, Z W)y=g(R(X, Y)Z, W)
3 3

S(Y,Z2)=2.K(X,, Y, Z, X)), r=2,8(X;, X)

2 (Y, 2)=2.R(X,, Y, Z, X)), 'R=2."0 (X;s X))
"o (Y, W)=Z§(X,-, Y, X, W), ”13:2”g (Xi» X5)
"o (2, W)=ZI§(X,-, X Z, W), "’13?=Z"’39(X,-, X)

X, Y, Z, W being arbitrary vector fields, and X,(i=1, 2, ..., n) being n ortho-
normal vectors. Then we have from (2.2)

1
(2.4) B(X, Y)=——""o(X, Y) and p—L g
n—1 3 n—1 3
where b is trace of B.
We get, too

'g(X, 2)=g(X, Z)b—B(X, Z)—(n—1) g(X, Z)=(P)+ S (X, Z)

from which
'R=(n—Db—m—Dnn(P)+r,
3

and consequently, taking into account (2.4),
1 —(IR—/IIR_r).
nn—1) 3 3
Substituting (2.4) and (2.5) in (2.2), we find

2.5) n(P)=—

RO VZ— "o (X N Z—"p(F. Z) X +g(X. 2) "R()—¢ (¥, 2) "R(X)]

o (R=""R)[g (Y. Z) X—g (X, 2) Y]

—K(X, Y)Z+~~—r——~1~f [g(Y, Z) X—g (X, Z) Y],
n

where the tensor field R(X) of type (1.1) is defined by
3
g('”1'3e (X), Y):"'%(X, Y).

The tensor on the right of this equation being the concircular curvature
tensor [4], we have the theorems:
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The tensor

R(X, Y) z—ﬁl—1 "o (X, Y)Z—""o (Y, Z) X
3 3 3

e X, 2)"R(Y)—g (¥, 2) "RX)]

L (R—"R)g (Y, 2) X—g (X, Z) Y]
nn—1) 3 3

is independent of a l-form w. It is equal to the concircular curvature tensor of the
Riemannian manifold M.

If the Riemannian manifold admits a pseudo-metric semi-symmetric connec-
tion whose curvature tensor R(X, Y)Z vanishes, the Riemannian metric is con-
3

circulary flat.

If the Riemannian manifold admits a pseudo-metric semi-symmetric connec-
tion whose Ricci tensor "o (X, Y) and curvature scalar 'R vanish, then the cur-
3 3

3
vature tensor R(X, Y)Z of the connection V is equal to the concircular curvature
3

tensor of the Riemannian manifold.

4
3. Curvature tensor of the connection V. — Let us consider the tensor
2 1 1 2 2 1
3.1 R(X,Y)Z=VyV,Z—-V,V,Z+V, Z-V, Z.
4 VyX VxY

Substituting (1.1) and (1.2) into (3.1), we find

0 1 1 i
R(X, Y)Z=Vy(VyZ)+7(VyZ) X—g(X, V4 Z) P
4

0o 2 2 2
—Vy(VxZ)—n(Y)Vy Z+g (Y, VyxZ) P

0 2 2
+V2 Z+n(Z)VyX—g(V, X, Z) P

VyX
0 1 1
—Vy Z-n(Vy¥)Z+g(VyY, Z) P
vxY
NV, (V, Z 47 (Y) Z—g (Y, Z) P)+n(0VYZ+7c(Y)Z—g(Y, Z)P)X
—g (4, %YZ—G—TE(Y)Z—g(Y, VAY SV 4
—-%Y(%XZ—{—T:(Z)X—g(X, Z)P)—TC(Y)(%XZ-{-‘N(Z)X—g(X, Z)P)
+g(v, %XZ+TE(Z)X—g(X, ZyprP)p
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0

0
Vo Z+n@)(Vy X+ (X)Y—g(X, Y)P)
Ty X+n(X) Y—g(X,Y)P)

0
—g(Z, Ve X+m(X)Y—g(X, Y)P) P
V]

0
—Vo Z—n(Vy Y+ (X)Y—g(X, Y)P)Z
WxY+m (X)Y—2(X.Y)P)

(V]
from which:

RX, Y)Z=K(X, Y)Z—l—(OVXTC)(Y)Z~(0VY7c)(Z)X+g(X, Z)%,,P—
4

—g (¥, 2) %XP
+8(¥, Z2)[g(X, P) P—=(P)X]—g (X, Z)[x(Y) P—=(P) Y]
FrX)T(Z)—=(P)gX, 2)] Y —[n (X) = (Y)—g (X, Y) = (P)]Z
If we put

0
Vxm)(Y)=y(X,Y) and =(X)n(¥)—gX, ¥Y)n(P)=3(X, Y),

we obtain:

RX,NZ=KX, V) Z+y(X,Y)Z—y (Y, Z)X+g(X,Z)G(Y)—¢g (Y, Z) G (X)

4
3.2)

—8(X, Y)Z+3(X, Z)Y—g(X, Z)D(Y)+g (Y, Z) D (X),
where G and D are the tensor fields of type (1.1) defined by
g(GXs Y)ZY(X’ Y)’ g(DXa Y)':S(Xs Y)

respectively.

Now, we put
RX, Y, Z, W)y=g(R(X, Y)Z, W)
4 4

?(¥,2)=2R(X,, Y, Z, X)), R=3"0(X;, X))
"o (Y, W)= 2 R(X,, Y, X, W), "R=3"o(X;, X))
i i
Illp (Z, W)=2.R(Afl, A,ia Z, W), IIIR=ZIIIP (AX,,, A’,)

4 i 4 4 i 4

X, Y, Z, W being arbitrary vector fields, and X;(i=1, 2, ..., n) being n ortho-
normal vectors. Then we obtain from (3.2)

(3.3) e, 2)=8&X, Z)+n8(X, Z)—y (X, Z) +g (X, Z) (G- D),

(3.4) "o (X, V)= =S(Z, V) +1(Z V)—(—1)v(¥, 2)=3(Y, 2)
—g (Y, 2)(G—D),

(3-3) 7o X N=m—Dly(X, )—3(, Y]
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We get from (3.3)

3.6) G= :

n—1

(R—r).
4

It is easy to see that from (3.3) and (3.5) follow the equations

a7 X, Y)=#-['p &, )4 — "o (X, ¥)—S(X, V) —g (X, Y) (G—D)]
n—11% 4 n—1 4

38 1 Y):'—['p X, ¥)+ "o (X, 1)~ S (X, V) ~g (X, ¥) (G—D)],
n—1| 4 n—1 4

and from (3.4), the equation
"R=—r+(1—n)(2G—D).
4

Substituting G from (3.6), we get

Dz—L{R+2R—ﬁ
A n—1 + 4
Consequently
G—D=— ! (R+"R)
n—1 4 4
or, putting R=—(R+"R),
4 4 4 1
G—D= R
n—1 4

Substituting this in (3.7) and (3.8), and then (3.7) and (3.8) into (3.2), we
obtain:

RX,NZ—"o(X, Y)Z—g(X, Z)""R(Y)+g(¥, Z)""R(X)

4 4 4 4

1 1
e zy+- e (¥, Z)———g (Y, Z) B |X
n—1]| 4 n—1 4 n—I1 4

3.9

| 1 1
o Ip (X, Z) b Illp (X, Z)_____g(X, Z)R Y

1] 4 1 4 n—1 x
=KX, Y)Z+—1—i[S(Y, Z)X—-SX,Z2)Y],
n._.
where the tensor field ’R(X) is defined by
4
g(”f(xﬁ,Y)=””§(X;Yl

The tensor on the right of (3.9) being the projective curvature tensor
P

P(X, Y)Z of the connection V, we have the theorem:

11*
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The tensor on the left of (3.9) is independent of a \-form . It is equal to
the projective curvature tensor of the Riemannian manifold.

Let R(X, Y)Z=0. Then the projective curvature tensor of the connec-
4 .

0
tion V vanishes. Conversely, if the Riemannian manifold M is projectively

flat, then equations

0
(Vxm)(¥)=n(X)m(¥)—g (X, Y)W(P)=~1>_1f_nS(X, Y)
4

are completely integrable. Consequently a pseudo-metric connection V whose
curvature tensor R(X, Y)Z vanishes, exist. Thus we get the theorem:
4
4

In order that a Riemannian metric admits a pseudo-metric connection V
whose curvature tensor vanishes, it is necessary and sufficient that the Riemannian
metric be projectively flat.

Also we have the theorem:

If the Riemannian manifold admits a pseudo-metric connection whose Ricci
tensors "o (X, Y) and "o (X, Y) vanish, then the curvature tensor R(X, Y)Z of
4 4 4

4
the connection V is equal to the projective curvature tensor of the Riemannian

manifold.
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