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1. Introduction.

Let (M, d) be a metric space and let F ={T:AC(d)} be a family of
maps which map M into itself. A point w&M is a common fixed point
for 7 iff u=Tyu for each T;&.¥ . A mapping T:M—> M is called a gene-
ralized contraction iff

(1) d(Tx, Ty)<q-maX{d(x, y); d(x, Tx); d(y, Ty); %[d(x, Ty)+d(y, Tx)]}

holds for some ¢g<1 and all x, y&M. M is T-orbitally complete iff every
Cauchy sequence of the form {T"ix}icy, xEM, converges in M. In [2] we
proved the following result.

Theorem A. A generalized contraction T on T-orbitally complete metric
space M has a unique fixed point.

In a recent paper [1] S. K. Chatterjea proved the following:

Theorem B. If there exists a sequence of continuous mappings {T,}
of M into itself such that for some m and 0 <q<1

(1) for every T, and T; d(T;"x, T["y)<q-d(x, y), x, yEM,

(i1) T, commutes with T;, i#],
then {T,} has a unique common fixed point.

In this paper we investigate a family of maps which satisfy a common
condition of type (1) and which are not necessarily continuous and commuting.
An example is given to show that our results are indeed extension of Theorem B.

2. Let Sbe a set and 7:5—5 be a map of S in §. Denote F(T)=
={xE8:x=Tx}.

Lemma. Let T,, T:M-—>M be two maps on a metric space (M, d). If
(2) d(Tyx, Ty)<q-max{d(x,y), d(x, Tyx), d(y, Ty), d(x,Ty), d(y T,x)}

holds for some q<<1 and all x, yEM, and F(T,) is a non empty set, then F(T,)
is a singleton and F(T)=-F(T,).
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Proof. Let ucF(T,)CM be any fixed point. Then by (2)
d(u, Tu) = d(Tyu, Tu) < q-max{d(u, u), d(u, Tyu), d(u, Tu), d(u, Tu), d(u, T,u)}
=q'd(ua Tu)5

and hence d(u, Tu)-(1—¢q) <0, which implies d(u, Tu) =0. Therefore, u CF(T).
Let now v& F(T,) be arbitrary. Then v& F(T) and by (2)

d{u, vy=d(T,u, To)<q-max{d(u, v), 0,0, d(u, v), d(u, v)}=q-d(u, v).
Thence v =u. Therefore, F(T,)={u}=F(T).

Now we shall use Lemma to prove the following results:

Theorem 1. Let {T,:ncI'} be a sequence of maps on a complete
metric space (M, d). If for some q&(0, 1)CR

, 1
(3) d(T,x, T,y)<gq-max {d(xg »), d(x, Tyx), d(y, T,y), ~2—[d(x, T, +

+d, T, x)]}
holds for each n=1,2, ... and all x, yC M, then there exists a unique point
uc M such that T,u=u for eachn=0, 1, 2, . .. and for arbitrary x,&M a sequence
4) x5 %, =Toyxg, X, =T %, X3=ToX,, ..., Xp_ 1 =ToXp 5y X3, =T Xpp 1, «-.
converges to u.

Proof. We prove that (4) is a Cauchy sequence, where x,&EM is
arbitrary. By (3) for x=x,, , and y=x,, ,

d(Xyp_y> X)) =d(Ty X _ys Ty Xp,_y)

< {4-max {d(xzn-z’ xZn-—l)’ d(x2n—2! TO xzn_z), d(x2n-1’ Tn x2n—-1)’

1
E‘[d(xzn_za Ty X0 )+d (X0 _ys TyXon_3)]=

1
= ¢ -max {d(x2n~2 s Xan_1)s d(Xpu_ys Xpn)s E d(Xy_ss x2n)} .

Since
d(Xyn_1» X9n) <G d(Xpy_y5 Xy,) implies d(X,,_;, X,,) =0
and

1 . . 1
d(Xy_ys X30)<q- ‘2— d(x,,_y> X,,) implies E” A(Xyp_2s X20) <A(X3n_3> Xon_1)»
we have

d(Xyn_ys X2) <G d(Xp 25 Xpu_y)-
By the same reason

A (Xpn_2s Xop_1)=A(Ty_y X30_3s Ty X505) <G+ d(Xp5_35 X30_5)-
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Proceeding in this manner one has
d(Xpn_ys X2) <G d(Xgp_ss Xpu_y) <GF (Xgp_3s Xau_n) < -+ + <" 1d(x,, X)).
By routine calculation one can show that the following inequalities hold

id d(xy, X o
d(x, %)< S d(x v <@ 280 )0 o

k=i l—q
Therefore, (4) is a Cauchy sequence. Then completeness of M implies that
for some uc M

(5) lim, x, =u.
Using (3) and the triangle inequality we have
d(u’ Tﬁu}gé(ﬁﬁ x2n)+d(Tn x2n~.17 Tou)‘{'-d{iif xzn)+

1
+ q-max[d(xz,,_,, u), d(Xyu_,s X3), d(u, Tyu), —2—[d(x2,,_1, Tou) +d(u, xz,,)]} .

Hence, as
% d(Xyp_y> Towy<d(x,,_, Tow)<d(xy,_,, w)+du, Tyu),
we have
d(u, Tou) <d (U, Xp) +q{d (Xpn_y, 4)+d (Xy_ys Xon) +d (4, Tou)+d (4, X,,)]}
Thence

1 ‘
d(u, Tou)<1__q[(l T @) dU, x,,) + G- d(xp_ys W)+ G- d(Xy,_y, X3)]-

This implies by (5), that d(u, T,u)=0. Since (3} implies (2), by our Lemma u
is a unique fixed point of 7, and T,u=u for each n=1, 2, ... . This
completes the proof of the Theorem.

Theorem 2. Let ¥ ={Ty\: A& (N\)} be a family of functions which maps
a complete metric space (M, d) into itself and let O0<q<<l. If there exists
some T,&.F such that for each T\ F (A#X,) there are positive integers iy
and j, such that

(6)  d(Tx, Thy)<q-max {d(x, ¥, d(x, THx), d(y, Thy),

1 .

16 T +0, T;gxn}
holds for all x, y& M, then every T, & .5 has a unique fixed point in M, which
is a unique common fixed point for F .

Proof. Let T, E5 be arbitrary. For arbitrary x&M let us consider
a sequence

A 7Y i %
M) x=x, x;=Tsxy, X, =T 5, ..., Xpp_1 =T Xpn_ps Xu=T"X0p_y5 - .
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By (6) ) )
J i
d(xzna Xon+ 1) zd(Tlezn—l’ T):;xbr)

< {q-max {d(XZn—l’ X3n)s A(X3n_ys T{xxn—l)’ d(X;n Tgx?—")’
1 . ,
?[d(xzn—n Tiﬁxand(xzm Tilx2n-1)]}
1
={g-max {d(x2n—1’ Xan)s A(Xans X2pi1)s ‘2‘ cd(Xy_y, x2n+1)]}'

Hence, as in the part of proof of Theorem 1,
d(Xpns Xpny1) <G d(Xz0_15 X30).

Then by routine calculation one can show that (7) is the Cauchy sequence.
Using completeness of M we have that

lim, x,=u
for some uc M. By (6)

d(u, Tiyw) <d (i, X,) + d (T3 Xy_y» Trrw) < d(u, %) +

i 1 i
+¢q-max {d(xzn—n s W), d(xy,_ys X5), d(U, TN); u), ? [d(x2,_y5 le\ u)+d(u, xzn)]} .
Hence

i 1
d(u’ T’-?)‘u) < T___q [(1 + q) d(u9 x2n) +4q- d(ll, x2n—1) +~q- d(xz.l—l » xzn)] .

Then, as lim, x,=u, we have d(u, Tyu)=0. Therefore, u is a fixed point
of TP
By Lemma u is a unique fixed point of T} and T/, as (6)
implies (2). Since
Tot (Tagw) = Ty (T ) = Tayu,

Ty, u is also a fixed point of T{ﬁ and therefore T u=u. Similarly follows that
Thou=u. So we proved that u is a unique fixed point of T3, and Tj.

Now we shall show that » is a unique common fixed point for 7.
Let TwE&.F , A#N#), be arbitrary. Since u=Ty,u implies u:T{Ol u, by (6)
and Lemma, u is a unique fixed point of 73*. This implies that u is a unique
fixed point of T3.. This completes the proof of the Theorem.

Note that the Theorem 2. also includes as a special case Theorem B and
the following result of S. K. Chatterjea [1].
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Theorem C. If there exists a sequence of mappings {T,} of a complete
metric space (M, d) into itself such that for any two mappings T,, T; we have

1) d(T7"x, Tj"y)<qd(x, y)
2) d(T"x Ty)<qd(x, )
for some m and 0<q<.1; x, y&M, then {T,} has a unique common fixed point.

Now we give an example of a family of maps satisfyving the conditions
of Theorem 1, for which the conditions of Theorem B and Theorem C did
not hold.

Example. Let M=[0, 1] be the subset of reals with the usual metric

and let ¥ ={T,, Ty» -.., Ty, ...} be a family of functions which maps M
into itself, defined as follows

1 . .
Tox:-s—xz, if x rational,

1 . . .
:~6—x2, if x irrational

and
n . .
T,x= x?, if x rational,
1+5n
n . . .
= x?, if x irrational, n=1,2,... .
l+6n

Let x,y&M and T,E.F be arbitrary. If, for example, Tyx<T,y, then
. 1 1 1 )
ATy Tyy) = - d(Tyx ) <o AT, % )+ Ay, T, ).

The case T,y<T,x is now obvious. So we see that (3) is satisfied with

1 . . . . . o ..
q :-2~. The point u=0 is the unique common fixed point for . . But it is

clear that every T;&.F is not continuous and that T,T;x#T,T;x for x#0
and iz%j.

Theorem 3. Let M be a complete metric space and let {T,} be a
sequence of functions which map M into itself. If there exists some q(0<<g<1)

and a convergent series > a,(a,>0) such that
k=1

®  d(T,x Tmy)<q-max{d(x,y); d(x, Tyx); d(y, Tys\9);

i
S T+ d T,,xn}w,,

holds for every x,y&M and each n=1,2, ..., then there exists a mapping
T:M—M defined by Tx=1m,T,x which has a unique fixed point in M.
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Proof. Let x&M be arbitrary and consider a sequence

Xo=x; X, =Txg, X,=T3%x), .c., Xy=TpXp_15 ... .
By (8)
d(x,, xn+1)=d(Tnxn—1: Tn+1xn)

<¢-max {d(xn—l’ x5 d(x,, xn+1); %'d(x —1 x,,+1)}'§*a,,

and hence

1
d{x,, x,,+1)<1—-a,,+q-d(x 1 Xp)-

Proceeding in this manner we get that

1
d(x»’ xfz+1)<l (an+q'an—1+qzan—2+ R +qn—la1)+qnd(xo, xl)‘

-9

Then, as the series

® 1
3 [1 @ gn ) g, xl)]
k=1 -

is convergent, by routine calculation one can show that {x,} is the Cauchy
sequence. Since M is complete there exists lim, T, x& M. Put Tx=1im, T, x. Then

d(Tx, Ty)=d(lim,T,x, lim, T, y)=lim,d(T,x, T,,,y)
< lim, [qmax {a’x, y); d(x, T,x); d(y, Tp,,¥);
S T ) 0L T, x)]}+a,,]
<g-max {d(x, P A T9; T s T +d0, Tx)]}.

Hence, by Theorem A, it follows that T has a unique fixed point. The proof
is complete.

Theorem 4. Let M be a metric space, and let {T,} be a sequence of
mappings which map M into itself. Let T,: M — M be a generalized contraction
and let M be Ty-orbitally complete. If each T, has at least one fixed point u, and
if the sequence {T,} on the subset I={x: there is some T, such that x=T,x}
converges uniformly to T,, then the sequence {u,} converges to the unique fixed
point uy of Ty,.
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Proof. By Theorem A, T, has a unique fixed point u,. We have
d(u09 u,,)=d(T0u0, Tnun)<d(T0u0’ TO un)+d(T0un! un)

<g-max {d(ug, u); d(u,, Tyu,); —;—[d(ug, Tyu,)+d(u,, ua)]}+d(Toun, u,)

<49 [d (uo ’ un) + d(un’ TO un)] + d(TO u,, un)

and hence

1
d(u,, u,,)<1—tq- d(u,, T,u,).
q

Since {T,} on I converges uniformly to T,
d(u,, T,u,)=d(T,u,, Tyu,)—>0, n->oo

and we have that lim, d(x,, %,) =0 which completes the proof.
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