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0. Introduction.

In this paper, we shall consider monotonic mappings of ordered sets and, in
connexion with it, a class of inequalities with finite d.fferences. Further, using
obtained results, we will prove two theorems on fixed points. We have been
inspirated by an idea of S. B. Prefi¢ [1].

1. Let (0, <) be a set ordered by the order relation =<, and let o be a
binary operation on 0 with inverse operation « (o) and satisfying the conditions

(4 @ (x,5,2€0) x<zoy = xa (o) y<z,
() (x,y,2€0) xo(zoy)=2zo(x0y),
©) (x, 5, 2E0) xy=>zox 20y,

Definition 1. Let (0, <) be an ordered set. We say that the mapping
[:0¥—>0 (k& N) is increasing, resp. decreasing, if

L i E0AXx<y; (=12, ., )= f(xp o XSy - Vi)s
resp.

v E0AX<y, (i=1, ..., K= (x o, x) = (s - Vi)
We shall also consider semi-homogeneoys functions, defined as follovs.

Definition 2. The mapping f:0*—0 (K& N) is called semi-homogenous
on the ordered set (0, <) if

(B) JQoxy,oo, dox )< ho fi(xy, .o, X)) (N f (X, o, x)E0)
and homogeneous if
©) SQox oo, hox))=hof(x;,..., x )\, f(x,..., x)E0),

where ,,0% is a given operation on O.
It is clear that (B) = (C).
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In our considerations we shall use the following property of an ordered
set (0, <)

("P) For any two elements a and b of O, the set {a, b} has an upper bound.
Evidently, in this case every finite subset of 0 has an upper bound, too. We
denote by a= _/[(S) the fact that @ is an upper bound of S.

Our results

Proposition 1. Let (0, <{) be a set ordered by the order relation =
and having the property (), and let for the relation < and the operation ,,o%
a 0 be satisfied the conditions (A). Suppose that the mapping f:0F -0, with a fixed
natural number k, is increasing and semi-homogenous, and that two sequences x,
and X, of elements of 0 satisfy the conditions

(1) Xp 1S (@ (M0 X, .0y @ (Mo X, g ),
fla (n)oX,, ..., a,(M)oX, ;)< X,y
where a,(n), ..., a,(n)&0. Then there exists an element L0 such that
) x,<Lo X, (nEN).
Proof. Let us put
L= M{x;a(c)X;,..., x0(0) Xs}

We shall prove that then (2) holds. We apply the mathematical induc-
tion. Since

< LoX;=xa(o) X< L{i=1,..., k),

(2) holds for n=1,..., k. Let us suppose that (2) holds for n,n+1,...,
n+k—1, i.e that

3) XpeiaLoX, i i=1,...,k).
Then we have, by (1) and (3),
Xp <T@ (Mo x,, .oy @ (M)ox, )
<SS (a (myo(LoXy), ..., a(mo(LeX, (1))
<S(Lo(a (o X,), ..., Lo(a(m)oX, k()
<Lof{a,(moX,,..., aq(meoX, )
Lo X, -

So (2) holds for every n< N.
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Remark. If we omit the supposition (b) characterising the ordered set
(0, <) we also can prove proposition I. The proof is similar, but the relations
(1) should be replaced by

Xn+k<.f(xn5 ey xn+k-'1)
Xpoxrzf (X oo Xyr 1) (nEN).

Proposition 2. 1° Let f:R*—R (k& N) be and monotonically increa-
sing and semihomogenous mapping a let the sequence (x,) of real numbers
satisfy the condition

Xper <@ Xpo ooy @ Xy 1)) (n=12,. .)

k fixed natural number where a,, ..., a, are real constants. Then there exist posi-
tive numbers L and 6 such that

4 x, < L-o n=12,...).

2° Especially, if f is a continuous mapping and |f(|a,|,..., |a})| < 1, then
there exists a O < (0,1) with property (4).

Proof. It will be done in several steps. We begin by the following

Lemma. Let the mapping f: R*—~R (k& N) be increasing and semi homo-
geneous. Then for given a,, a,,..., a, ©R there exists a positive solution of the
inequality

fla, a,x, ..., ¢ xk1) < x* (kEN).

Proof. The mapping g:R"->R™ (R* the set of all positive numbers)
defined by

|
®) swotr(nh teal )
k1 X
is decreasing. By our suppositions, there exists a 0 & R such that g (0)<6, i.e.
(5) fa,, a,6,..., a, %) < f(la], |a,]0,..., a0 < 6
q.e.d.

We continue with the proof of our proposition. According to Lemma,
there exists a 6 R, such that

0> f(a,, a,9,..., a 61,
Then the sequence X,=0" of positive numbers satisfies the condition
Xn-rk = f(ax Xpsonos Xn+k—1) (nEN),

so that we conclude, by the proposition 1 (for 0 =R and substituting < to <),
that there exists L& 0 such that

x, < LX,(n=12,...),
i.e.
x, = LO"(n=1,2,...)

which was to be proved.
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Proof. of 2°. Since the mapping f is continuous, for the mapping
g:R*—>R"* defined by (5) there exists 6<(0,1) with the property g(8)<6, i.e.

f(% L%"—E)gl,

which implies (5°).
Remark. When the semihomogeneity in Proposition 2 is substituted by
SOx, G AX)ENS (X, ... X)), ME [o, 0)CR

then also are valid the conditions 1 and 2 of the Proposition 2 beside other
suppositions. The proof is similar, only that the element “#CR is
¥ =max (a, %,.. Xk

Rl

Similarly in Proposition 1 can this condition be restricted. By the pre-
vious proof, our assertion holds.

), ©>0)

1.2. We shall expose some applications of previous propositions.

Example 1. Lemma 1 of 8. Prefi¢ given in [1] is a special case of
our Proposition 1. It is sufficient to put 0 =R, =< to substitute < to o, to
substitute the ordinary multiplication to -, and to applicate Proposition 1 with
f:R*—=R defined by

f(xl,..., xk)le“r’.o-’{"xk.

In the same manner one can deduce Lemma 2 from [i] from our Pro-
position 2. We cite this lemma:

Lemma. (Presié {1}, p. 76.) Let x, be a sequence of non negative numbers
satisfying the condition

xn+k§alxn+"'+akxn+k-1 (n=1,2,-~~)

a,, a,, ..., a, being non negative constansts. Then there exist positive numbers
L and O such that (4) holds.

Let us cite another mere concrete example.

Example 2. Let {x,} and {X,} be sequences of non negative numbers
satisfying
ax,+b P ax, .1 +b

cx,+d cx,,+k_1+d’

aX +b+ +_a__{,n+k—l+b
cX +d CXn+k—1+d

m=12,...;a,b,¢,d,>0; ad—-cb>0; X,,..., X;>0).

Then we have, with a positive constant L,

x,<LX,(n=1,2,...).



Monotonic Mappings on Ordered Sets, a Class of Inequalities with... 167

Proof. The mapping f:R*—R"* given by

f(x):ax+b

(a, b, ¢, d>0; ad—bc>0)
ex+d

satisfies all conditions of Propositition 1. The application of this theorem gives
our assertion.

A consequence of our results is also
Corollary 2. (Dj. Kurepa, [2], p. 103.) If we have in a metric space
P [xn-H > xnlg)\l p [xn9 xn—I] e +)\kp [xn—k-H * xn—r‘c] (A!ZO),
where A+ - - - + M E[0,1), then the sequence {x,} is fundamental.
Proof. This assertion follows immediately from the part 2° of Propo-

sition 2, since the sequence (p[x,, x,,,]) has the properties of the sequence {x,}
mentioned in this proposition.

We give another example illustrating the application of Proposition 2:
Example 3. Let x,=0 and

ax,+b
XppgS———+In(l oy X,y + %, 0+ 05 X,,35)

n

(ad—bc>0; a, b, ¢, d>0,0,=20; nEN)
Then:
1. there exists . #E R, such that x,< _F6"(nc N, 6>0),
2. if
b
fz--}_—w‘-ln(l+oc1+ozz+oc3)<i,
c+d

then x, >0 (n—> ).

Example 4. Let T:X— X where X is a complete metric space and p
its metric, where for all x, yc X, a,ER,

a.
(D) e[Tx, Ty]<max (alp[x, Y ayelx, Tx], azply, Ty], —zip[x, Tyl asely, Tx]),

and max (g, ..., @)<[0, 1), then there exists a unique fixed point £€X of
the mapping T: X — X.

Example 5. The above assertion is valid (from the Example 4.) even
when the condition (D) is substituted by

a
e [Tx, Ty]éln(l +a plx, yI+a,p[x, Tx]+asp[y, Ty]+-2-“-9[x, Tyl +asply, Tx])

and then In(1+a,+ - .- +a)<[0, 1).
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Remark. Proposition 1 can be extended to pairs of inequalities with
finite differences having the form

X, =S n (a,(m), a,(m)ox, ..., a, , (n)°xn~1)’

Xn>f,, (ao (i’l) a, (H)OXI sy Gy (il)OXn~1),

or to pairs of systems of inequalities of this type. An example of results of
this kind is the following

Proposition 3. Let (0, <) be an ordered set, f,: 0=~ 0 (nEN)
a monotonically increasing and semi homogeneous mapping, and x,, y,, X,, Y,
sequences satisfying

X, < Sn (@), @, (Wox,, ..., a_ (M)ox,_y, b (Woy,,..., b,_ (Moy,_;)
YufnCo @) e (m)oxys ..oy Cuy (Mo X, dy(W)oyys. .oy dy i (W)oy, )

X =f.(a,(n), a,(M)eX,,...,a,_ (WoX,_,, by(m)Y,,..., b, ,(W)eY,_)
Y, =f.(co(n), c,(m)oX;,..., cop_ (W)oX,_,, d(M)oY,,...,d,_,(n)Y,_ )

where a;(n), b;(n), c;(n), d;(n)=0(i=1,2,...,n—1). Then there exist elements
L,, L,=0 such that

X, <X LioX,, v,<XL,oY, (n=12,...).
Here o is an operation on O with property (A).

The proof is similar to the proof of Proposition 1.

Corollary. Using the mapping f:R*—R defined by
2n—1
Sulxys oo, x)= > x(xz0),

i=1

as in the case of Corollary 2, we obtain the corresponding lemma of S. Presié
(1L p- 77.).

2. Let (X, p) be a complete metric space, k a given natural number and
the mapping f: R*— R be continuous, increasing and semi homogenous; let further
T be a mapping of X* to X and let satisfy the condition

(6) P[Txa Ty]g‘f(al P[ul’ vl]a' L] akp[uk’ vk])l;
X=(y,. .. w), y=, ..., ) U, v,EX(i=1,..., k),
where a,,..., a, are positive numbers such that

(7 fay,...,a)|<l.
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Remark. Specifying the mapping f and the dimension k, one can with
help of (6) and (7) obtain sufficient conditions which lead to the operators of
contraction given by Banach [6], Kannan [4], Lj. Ciri¢ [3], M. Taskovi¢ [5],
S. Presié [1], P. Kurepa [2]. Especially, if the mapping f:R*—R is defined by

JO, o x)=x+---+Xx,

we obtain the operators of S. Presi¢ introduced in [1].
The Paper [5] contains a further result in this direction.

Theorem 1. Suppose that the mapping T: X*— X, with fixed kC N, has
the properties (6) and (7). Then:
def
() There exists a unique fixed point £ < X of the mapping G (x) = T(x,..., x).
(II) & is the limit of the sequence {x,} satisfying

(8) Xpw=T Xy ooy Xy py) (n=12,...)

independently of initial values.

(1) The rapidity of convergence of the sequence {x,} to the point € is eva-
luated by

en

e [%, E]gL-—l 0’ 6<(0,1), (n=1,2,..)),

where L = max
1<izk

e [x: xi+1]}.
ei

Proof. Applying Proposition 2 to the sequence (p[x,, x,,.,]) one gets

P[xn+k’ xn+k+1]§L6”(n=1,2,...); 66(091)’

and consequently

7

1-0

(9) P[xn+k’ xn+k+p]§L (}’l,pZI,Z,...),

which implies that (8) is a Cauchy sequence, and consequently converges in
X. The inequality of the fixed point &, follows from the inequality

P[E, g*]ép[g, E..*] !f(al MR ] ak)”
and the relation in (III) is obtained from (9) for p— co.

Remark. The previous considerations have various applications, and,
especially can be usefully applied in further investigations in the domain of
problems of fixed points and Banach’s mappings. (See the paper [5]).

We quote still some sufficient conditions that can be obtainked on the
base of the condition (6), by choosing adequately the mapping f: R —R¥,

Example 6. A sufficient condition corresponds to f given by
S, x)=max {x,,..., x} or f(x,,..., x)=min{x,,..., x},
such that the condition (6) can be substituted by the condition
o[Tx, Tyl<max{a, p[u;, v],..., a,plu, v,]}.
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Example 7. f:R2—>R(k=2);
x2
f(x, p)=——(x>2y).
X—y

This example was usefully employed in the paper [5], where was effectively
showed that this mapping determines a new class of sufficient conditions for
the existence of fixed points.

It is possible to apply the preceding theorem to the resolution of algeb-
raic, differential, integral and other equations. These applications are not yet
sufficiently examined.

Theorem 2. Let T:X*—>X (k& N) where X be a complete metric space
and o its metric. If for all x, yCX* there exist nonnegative numbers o, B, v and
g, (i=12,..., k) such that

(10) Sup {oc+ﬁ+2y-+~ 2. q,-}=x<1
x, yeXk (i=1,..., k)

and
olTx, Tyl a(x, y)p [ue, Tx]+B(x, y) o vis T¥]+v (x, y)pluy, Ty]-+

+y(x, yyelve, Tx]+ Z q;plu;, vi]
(i=1,..., 4

where x=(,,..., w), y=(,,...,v), then the assertions I, I, and III in the
theorem 1 are valid.

Proof Follows from Proposition 2, with f(t,,..., t;,) = > hix; to

the sequence (p[x,, »,,,1); we obtain, according to (4):

p[xn.l-k3 xn+k+1)=p[T(xn! s xn+k—1)’ T(xn+l’ R xn+k)]-£—
(X, En+1)9[xn+k_19 xn+k]+ﬁ()€n’ }n+1)9[xn+k: xn+k+1]+Y(}n’ 32n+1)

P[xn-(»k-l’ xn+k+1]+ Z qi(}n’ }n+1)9[xn+i—i’ xn+i]
(i=12,..., k)

__ def
where x,=(X,, ..., X,,x_,). Therefore

(l_ﬁ_\{)p[‘xruk’ xn+k+1]§ 9, P[x,,, xn+1]+ H L/ 9[xn+k-2’ xn+k-1}+

+(at+y+q)e [er-k-l ’ Xn+k]
and

o[, %,,,]S0"  max {”x"’—""*‘]}(nezv, 02(0,1))

G=12,.... k) 6
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Hence, for n, s€EN

(1 1) P[xm xn+s]§(‘ 12 ) 9[xn+j‘13 xn+j]§
J=h, o048
£ max {M} S grtitig & max {P[x.', xn;]}
G=1,..., k) o G=1,0.0, 0 1—0i=1,....k o

which implies that (x,) is a Cauchy’s sequence. Hence, the metric space X
being complete, there exists
E=lim x,

n—o

Let us prove that { is a fixed point of T (in the sense precised above). We
get, according to our hypothesis on T,

e Xaiks TEsovos =017 (s o5 X)) TG -, B)]S
é(lp [xn+k_1’ xn+k]+@p [C’ T(E: ety E)]*:"YP [xn+k_1’ T(E ey E)]-i—

+YP [E.-’ xn+k]+ Z qi P [xn-H'—l’ E]
(=1,...k)

and further, similarly as in the above considerations,

(1 —B—Y) P [xn+k’ T(Ea ey E)]gap [xn+k—1’ xn+k]+ BP [E! xn+k]+

=L..0,

Y0 [Xnsk—15 Xnrxl + 1P L6 x,,+k](‘ 12 o ;0 [Xari-15 €l
f

Hence,

. def
E= llmx,,+k:T(£, cves E):@(E)
which was to be proved.

We will prove, finally that the fixed point £ is unique. Let us suppose
that £*=£% is a fixed point too. Then

olE, E*=pITE, ..., E), TEY,...E, M=p[E, TE, ..., O]+
+Be[E*, TEX ..., ENl+ye &, TEY, ..., BN+ B TE, ..., )]+

+ Z q; plE, €%
(i=1,..., k)
and consequently

i.e. since p[&, £*1>0
1§2Y+qu

which contradicts (10). This contradiction proves our assertion. Making § — oo
in (11), one gets (III). The proof is complete.

I am very thankful to prof. H. Kurepa, prof. S. Presi¢ and prof. Adamo-
vié for their useful advices.
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