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1. Introduction

The recent decade has seen an everincreasing amount of attention to
problems of unsteady fluid mechanics. A class of such unsteady flows are
unsteady boundary layer flows in two or three-dimensions. The boundary layer
equations with appropriate boundary conditions are solved in various situations
subjected to the assumptions of the separableness of space variables from time.
Such method of treatement greatly simplify the governing equations and
subsequently a solution of interest can be exactly or approximatively obtained
by analytical or numerical methods. The resulting solution has some interest
and application in predicting the structures of the unsteady boundary layers,

In the present paper an elegant mathematical treatement of the three-dimen-
sional incompressible, unsteady, laminar boundary layer flow with the main-
-stream velocities of the forms U(x)Q(¢) and V Q(r) is developed when the
function Q(¢) is given by

) Qty=Ar*(1+ 4,7

Here A4 and A, are non-negative constants; «>0 and » is an integer. U (x)
and V (=constant) done the potential flow about the body in the steady state.
In many practical problems the main-stream velocity may be given in the above
separable form, from theoretical and or experimental considerations.

The method of similarity is used here to solve the unsteady three di-
mensional boundary layer equations and velocity field together with some
boundary layer characteristics are obtained in analytical form. The theoretical
basis for this method is a generalization of a result of Slavichev [1] for
unsteady two-dimensional boundary layer flow.

It should be mentioned that this problem has attracted the attention
of a number of authors over the years [2], [3], [4], [5]

|2. Boundary layer equations

The Cartesian co-ordinate system is employed with the x-axis measured
along the body surface perpendicular to the generators, y-axis parallel to the
generators and z perpendicular to x and y. Thus all physical quantities that
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describe the flow are independent of y [6]. This simplifies the equations, and
in fact the motion in the xz plane is the same as in two-dimensional flow.
With this co-ordinate system the governing equations for the flow are the
classical boundary layer equations. These equations, stated in reference {21, in
dimensional variables aie

au ()w

ox ()y

=0,

2) —tU— W —=

u +w v
ot ox oz Ot 022

where (i, v, w) are the velocity components; u, (x, ¢) and v, (¢) are the main-stream
velocities; ¢ is te time; v is the kinematic viscosity.

The initial and boundary conditions are simply

t=0: u=u,(x, t), v=uv,(t) everywhere,
3) t>0: U=v=w=0 at z=0,
u—>u,(x,t), v—>v,(t) as Z-»o00.

To solve the equations (2) it is convenient to write w, v, and w as

) u=UQQ, w=—2V§Q‘Zg<}), v=VQe,
o dx

where n=2z/2 Vvt is the familiar similarity variable of the viscous boundary
layer theory. With the new independent variables given by (4) the governing
equations {2} reduce identically to

1 03¢ 9 0?
— Y Lpi”Q()( LIJ)—t q/~;
4 dr} 272 o 0107,
2 L2 2
&) : Qt—— ],}_4, "L (()LIJ) + QU (()V 9_9_% __b_qi.):
dx o 0x 0v% o7 0x0y
1 % 1 o9 00 dU o9
——t— +g)(l—@)—t -+t ——qg—"+
4 o092 2 V}a 1) (1=e) ot dxcpan
!
+Q:U(i‘ﬁ op 9% ?2>=
ox 97y 07 Ox
The boundary conditions now become
m(ii:(p:_—_o at 7}=0,
v
(6)
oY
=, o-»1 as ) -»o0,
o,
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In (5) we have put
nA

7 q t)——~— ot
™ ( 144t
where the dot refers to a derivative with respect to 7. We assume g«
(4,>0).

Now we introduce the parameters
®) pe=0-1 Y00k k1,23,

dxk

and the following properties are used

b, 0
U2 "“ =Piesi+ k—1)p,pss t~;—tk=(14.-q>kpk,

0 0 = op. 0 )
9 t—=t—+ t————t-—+ 1+ k
©) ot ot ,Zl ot op, ot ( q)zp"ak
) op, 0
QiU —= UQt-—58 = +k—Dp, p]—.
o Z ox op, Z[Pkn ( )by k} o

With the aid of (8) and (9) the equations (5) can be written as
3 2 ()2
4 o9 2 ov? oy otoy
o ()2.3? 024) ()'l) 2
—(1-+ k +p |1 +d—=— =) |+
( q)zp"aa p,[ .02( )

k=1 %,0P; " o

= oy ¢ 9y %Y
10 S [Pess+—1p (_ i ):0,
(10) kzl[ k1t ( )P, 2] op, om2  on onop

1 9%¢ 1 09 oy o

— T +q(l—)—t22—(+q S kp, 2%+

2o 2 "om g(1—9)— Y ( kZl “ om

oY o9 ob 99

-+ +k—Dp ( ) 0,

kgl [Prys+C )PP} op. om0 opy
subjected to the boundary conditions (6).

3. Solution of the problem

The problem of determination of the velocity field will now be solved
if equations (10) are solved. For such purposes series sclutions to partial
differential equations (10) are sought in the following forms

Y=o, D)+, (0, )Py + 9y, (0 )PP +9, (), )Py +

(11) . 9 )PP+, (0, O pp (0 Py
=0y (1 )+, (0, P+ (0 ) P*+ 0, (0, 1) Py +

+ 0, (0 D PP+ 0, (0, ) 2o+ (0, )P+ - -
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Substituting for ¢ and ¢ into (10) and equating the coefficients of like
powers and combinations of p, we obtain the following set of equations

3 2 2
t
(12) 7 7 U n
1 0%q, 1 a‘?o op
— T TR g (1) — 1 —2=0,
4 om 2 om 10— =t

with the boundary conditions

¢0=Z—%=<po=0 at n=0,
(13) !
a—%, o> 1 as 7n—>o0
an
3 2
ia"pl_*__l_,naq)l (1+2 )aq"l 0!1)1:
4 o7 2 on? on ot o
2 2
(14) =—1+("—%) —4, 2%,
o on?
1 o%, 1 bcp 00 09
— —n———(1+2 — =g 2,
2 o T2 "oy —(1+29) ¢, Y by o
with the boundary conditions
¢1=(;_%:@1_0 at =0,
(15) !
a%, o, —>0 as 7 —>o0;
o
and so on.
Now, taking into account that
(16) 19+9(q—o)=(n+a) (g—a),

functions ¢, and ¢, can be split up as folows
bo=Fo (D) +(@—0) F,(0), @=G,(M)+({@—0) G, (),
) b1 =F®P ) +(@—0) F,D () +(@—o)* F,P (),

@, =GV (M) +(q—2) G, () +(q—2)* G2 ().
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When these equations, with (16) in mind, are substituted in (12) and (14),

and terms in like powers of (g—a) are collected, we obtain the following
ordinary equations for F® and G®

(18)

F"+2nF" +4x(1+F)=0, G +29G +4a(l+G)=0,

E," +2qF,—4(n+0)F, =4(F,/—1), G, + 291G, —4(n+a)G,=4(G,— 1),
FW" 420 F W' —~4 Qo+ NFWY' = —4(1—-F,? + F, F,""),

G 427G —4 20+ 1) G,V = —4F,G,,

FWV" 4 20F " —4 2a+n+1)F,®' =4 QF®W' —F,F,” — F,"F,+ 2F,F,),
G,V +24G,V—4Q2a+n+1)GN=4(2G,Y—G, F,~F,G,),

F®" 4+ 2qF,®"—4(2a+2n+1)F® =4(FY'—F,F," + F,),

G,P" 420G, —42ua+2n+1)G,P =4(G"—F,G,),

where primes refer to derivates with respect to . Boundary conditions, according
to equations (13), (15) and (17), may now be written as

(19)

F,(0)=Fy (0)=G, (0) = F,(0) = F (0) =G, (0) =0,
Fo' (o), G, (0y—>1, F/(), G,(0)—0,
F 0 (0)= FV (0)= G, (0) = F,® (0) = F,® (0) = F,® (0) -

—F,® (0)= G, (0)= G, (0) =0,
FW" (), FW (), F® (), G® (), G,® (), G, (o) 0.

Now we consider two particular cases which are most important in view

of practical protlems, namely

(20

(i) Q@)=A4A(1+A,t) and (i) Q@)y=At(1+4,1).
In the case (i) the solutions of (18) subjected to (19) are

F) =G,=erfy, F,=nverfy +-1—_(e—n2_ 1),
V=

2
F'=G,=2v?erfn+—=ne "—272
Vr

S=@r-ne o (=),

3)n V=

Fo(l)r=_(1+l)(1+2n2)+(,1_+_2_) (1+27]2)erf71+
3n 2 3=

2
Fl=?n3arf§+

2 2 1 3 )
+——=me |+ 2—w—-«)ﬁ:rfz +——mne "erfn+
A M G
+£e~2ﬂ2_ie—'ﬂz+l’

T 3w
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4 1 4 2
GV=—(1+2 2+(—~———> 1+29)erfn+——ne |-
0 3n( %) 5 37:( n?)erf Vnn

1 1 4
—|—+7r?erf2n——=ne Merfn——e ",
(2 vz) T s

18 18
For— (L3 N3 iq2m2 4 +(h——) 341272+
! (3 51':)( ORRL PR b | SRR

+4m¥erfn+-—= (57+2713)e 712] (%_y]2+

Va
4

1 13
—*erf2 7+ ——mnle” 712—2(1+—) —
n) 7 [V—(n p n) i n?

8 4 2
———n—(1+—]lerf o+ —(2—2) e~ 2%+
3= ( 37':)] =)

+—i: *§:—<%£+§Jn—n3e'“+4(1+ji)f+
3V=w 5V= 2 = 3w

4
n+14+—,
s

.(2 1 Py

l/

7 16
G“hﬁ——3+12 +44-+«——~—) 341242+
5l n*+47%) 13 15| "

+44% erfn+V_(5~q+2n3)e ’12]

1 7 1 5
+|——ni——nerfin—| —= =7+ 13 3)e—7'2+
(4 Y 3 7]) Y [3[/7:(2 7 "

+2<3__)” + _n+2<1“i) erfy— 2y 4
V 37 1]
_{_L ._§__<_31_1_§> 3 e—ﬂz_E 2y
V=[5V \2 = K 3n

.8 8
3]/7':7) 37w
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8 8 1/5 8
F =~ (146m2+anpr )——(—— ) (1+6 24
! 4571:( w4 157 ) 3 \a 15n K

8 8 3
+4v;4+1—5>16)erfn+—1—»(v)5+7vf+3?n)e*"z]+

5V=
1 2 1/1 5 4
(s 2o [ L(La S L)oo
(27) 9 K [1/712’q g T g
1(5_'_2)4_{_2(1_'_&)2_*_
3 15% 57 51/

5 6 117 4
+—-+—|erf +— 2—57%)e 27 (1+—) +
o 6] K (2—57%) [ n

T l/rc 3 3w
2(1+_16_>7]3+ 4 —7)2_27]4__5_2_—,]2 8 »,]__E_
457 5)w 457 157 SYm @ 5w

2 8 8
GO =—"{1——- <1+6 24t — 6)+
! 3( 57':) KRR

3
+ 1581/7;(7)5+7v;3+?;—3n) e"’z]+(%n2—%n6) erf2n +
s

1 1[2 32
+ (2 —2m*) e~ 27— | PR
3ﬂ(vz %) l/?c[3( Sn)n

33 184 4 , 8 8
+<———)n—— e +—(1———)7)4+
4 15% 5Vx 3 5w
L e ]

15 5)x 157

where erf % is the standard error function defined by

n
2
22 erfn=— | e %*ds.
Y e
0

123 16 8
oV (146 ane = 6)erf +
(4 57':)[( K K 15n K

133
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From (21) we have

1 ’ 2 ” 2
F"(0)=G/(0)=-=, F"(0)=G'(0)=-=
Y VT:
4 /1 2 4 /1 4
F®" (0) = — _+_), G, (0 =—_<_—_),
23) ") l/Tc(Z 3w 0 Yr\2 3=
FO (0)= 1(1__36_8), G(l)’(O)——_(1—1—£>,
Vr\6 45 Ve\6 5=
FI(Z)H(O):_l_(_I_IJFﬂ)’ G, (0)= i( ]_7+ﬂ)_
iy N k3 T
Y=\ 10 225 Ym\ 24 75
In the case (ii) the solutions of (18) are
1
F'=G,—1—4g, F,=n+4g,,——,
0 0 & 0 =NT283/, 2T
1
F'=G,=4g,—32g,, F =32gy,—4gn+ ——,
1 1= 48, 8, 1 85128302 0T
2 4 6
Fo(l)z?go—s—rg1/2—32g1g2+32g§,2-—32(5—5—r—2>g3,
2 4 36
G(1)="3_g _§g1/2‘4g1_3231g2+32(74'5:‘)33’
, 5 8 1 32
F® :_?go*’%gm +?g1—§g3,2—32g2+
6 144
16452 \g,—512(5— = \g,+ 64
( SFZ)g3 ( 3512 >g4 8:18:—
—256g8,8,+512g,,8,,—64g%,—256g,%,
5 8 32 32
G1(1):“_6‘go+ﬁg1/2 +?g1—g?g3,2—64g2—~
36 6
—64(7+—F)g3+ 512(15+ 9{‘ )g4+64g1g2
(24) —2568,8,—2568,%,
1 12 4 96 32
F@Y - __ + =
1 6 80— 35Fg1/2 3 &t 35I‘g3/2 3 4
6 144
—32({5———)g,+512({5— +
( 5P2)g’ ( 35F2)g“
144
+20480<—1+ P2> —5128,,8:—

—32g,8,+256g,8,—2048g,2,+ 32g%, +2048g%, + 256 8,7,
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gLy, 12, 8 96 64
1 6035I‘1/2 31 351.‘3/2 32

36 96
+32( 7+ 512({15+ +
( ST )gs ( 7F)g4

32
+61440 ( 1 +§F?) g,—32g,8,+256g,8,—2048 2,8, + 256 2,2,

where I' (5/2) is the usnal Gamma function and g, is the Gauss’ error function
or order 2y defined by

25 — | (s—m)*Ye " ds.
25) 8 ()= +1)f( 7)
Functions (24) give
1 17 4 1” ’ 4
F"(0)=G, (0)=ﬁ’ F"(0)=G, (0)=m,
F (0) = (31 128) Go(‘)'(0)=—:<l——2i>,
26) Vn 30 225w Yr\6 75=
F0"(0)— (9 12032 > G (0) =2 <1 6656 )
V= \70 11025~ Ve\2 11025
F o 0)=2 2 ( 176 | 22144 ) 6,0 (0)— 2 (_3 70912 )
Y\ 945 33075~ Y=\ 9 99225%

When these universal functions are known, it then becomes a simple
matter to determine the boundary layer characteristics. Thus, the skin friction
components at the body surface are

1 At
T, =—opu, v/t | F'' (0)+—
2 ° /{0() 1+ A4,

1

F"(0) +

dU A
+—

| A A A EO O

2 2 Atx+3 a+3
+ AT TP E 0 (0) +‘1+TF1‘2”’(0)]},
27 | ) !
—_— t
T, =— vel/\:/t G, (0) +-—L
2 ° { o (O 1+4

G,/ (0) +

1

T {ATH (144,060 (0) +
X 1

w2 “+2 oy Azx-} 3 a3 .
+ Ay G( (0)—!————G1 (OIS
1+A4¢
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4. Applications
We are now in position to apply (27) for any particular case. We select

the plate and the cylinder as convenient examples.

Thus, as is know, for a flat plate inclined with angle § to the horizontal
the velocities at infinity are

(28) U,=Wycosf and V, =W;sinB,
where W, is a constant.
If we introduce the dimensionaless quantities

29 u=U_u*, v=U_v*, Z:»—b—z+’ t=it+, R=M,

VR U, v

where b is the length of the plate and R is the Reynolds number, then the
coefficients of the skin friction are

(30) C, Cz 4 1 (1 Bt ),

=@:Vﬁ V't (1+Bt) +1—|—Bt

in the case (i) and

Cz 4 1 Bt
31 Com—m e —— 1 ,
@1 * tgB V=R l/tBt(1+Bt)[ +3(1+Bt)]

in the case (ii), respectively. Here B is a constant (=4,b/U,) and the cross
has been omitted. These coefficients are plotted againts Bt in Fig. 1.

&,

0. 02 04 06 08 1 B

Fig. 1. Variation of C, with Bt.
For a circular cylinder of radius a we have

(32) U(x)=2U, sin>,
a
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and (23) become

szszwsinin/m{H Al A s X ]2 84040 (14 4,0~
a 1+A4,t ad, a
ABt3
(33) —1-3284,21>+1-003 -1 }
1+ 4,1

T, =pV, Vvrt {1 +—4L+—A— cos - 0.-3044,t(1+4,t)—
1+4,t aAd, a

Ap3e3
—0-2054,2t2+1.922 2 },
1+A,t
in the case (i) and
7, =4U, sinil/v/‘n:t 1+0-333 4,1 +
a I+4¢

x A4t
+ cos— | 0-8524,2¢2(1+ A4,£)—0-2194,3¢3+ 0027 ,
aA? a 1+A4,¢t
(34)
—— At A x 2,2
T, =2pV,_ Vv/mt{1+0-333 +——cos—|0-079A4.2t>(1+4,8) +

1+4,t aAd? a

Rz
+0-3084,2r+0-005 -2 }
1+ A,t

in the case (ii), respectively.

In accordance with the usual practice in unsteady boundary layer, we
are interested in finding the position of separation of forward flow from the
contour and therefore the time ¢, at which separation occurs. This position is
given by t,=0 and separation corresponds to having cos x/a= —1. i.e. the last
stagnation point. According to equations (33) and (34), the time of separation
is given by

+ At

—2[2-8494%t2(1 +At)—
1+ 4,1, [ I i)

(35) A3t3

—1-43843¢3+1.003 —-2~|=0,
1+ 4,1,

in the case (i) and

At

1+0.333 —A[0-8524.2t2(1+ A, t)—
1+ 4,1t

(36)

A4t A
—0-.2194.3t3+0.027——=—|=0,
1+4,1t,

in the case (ii), respectively, where

(37 P

= a=0,1.
aAFt!
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Fig. 2 shows the variation of X with 4,1,.

<5

0 i i
4] 05 1 Adts

Fig. 2. Dependence of A by 4,1,.
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