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1. Let P, Q, R, S be four non empty sets and
A:PxQOx R—S,
then we call the ordered fivefold (P, O, R, S; A4) a ternary G-groupoid (a gene-

ralized ternary groupoid).
Let us introduce the following denotation

Lix=4 (x, b, ¢}, L§y=A(a, ¥, €}, L§Z=A(a, b, 2)
where aCP, bEQ, ¢c&R are some fixed elements. We call the mappings

L% (k=1, 2, 3) G-translations with respect to fixed elements.

If L (k=1, 2, 3) are surjections for arbitrary f.xed elements, then a
ternary G-groupoid we call a ternary GD-groupoid (a G-groupoid with division).
Namely, a ternary G-groupoid we call a ternary GD-groupoid, if for each
acP, b&Q, ccR, dES the equations

A(x, b, c0)=d, A{a, y,c)=d, A(a, b, z)=d

have always solutions at xP, y&Q, z& R, but not necessarily single-valued.

If they are single-valued (or if Lf (k=1, 2, 3) are bijections), then a ternary
G-groupoid we call a ternary G-quasigroup.

For G-groupoids, GD-groupoids as well as for G-quasigroup we shalil
involve the notion of homotopy.

Definition. For a ternary G-groupoid (P’, Q', R’, S§’; B) we say to
be a homotop'c image of a G-groupo.d (P, @, R S; A) if there is a quadruple
H={«, B, v, 3] of surjections

«:P—>P, B:0—Q, y:R>R, 3:5>8
such that the following condition
SA(x, y, 2)=B(ax, By, v2)

is fulfilled for every x&P, y&=Q, z&R.
If «, B, v, § are bijections, then the homotopy H we call a isotopy.
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2. Here we shall prove some theorems concerning ternary GD-groupoids
satisfying so called generalized (2, 2)-modular law (1).

Theorem 1. If four ternary GD-groupoids A, B, C, D, where
B:Q,x Q3% 0, Qs D:Q,x Q3% Qs— 0,
A:0,xQsx Qs> Q C:0,x0,xQ,~Q
satisfy the equation
) A(x, B(y, z, w), v)=C(y, D(x, z, v), u)
for every x€Q,, yEQ,, 2EQ;, uEQ,. vEQ, and if L3:0—> 0, Li:0Q,~>Q

{for arbitrary fixed elements) are bijections, then there exists a group (Q, o)
such that

A(x, . D)=LiyoK(x, 2)
® B(x, y,2)=(L2)" (P(x, 2) o L1L7)
C(x, y, 2)=P(x, 2)o L1y
D(x,y,2)=(L5) " (L5L7 y o K (%, 2))
where L3 : Q,~Q, is a mapping onto and K arbitrary binary GD-groupoids.

Proof. From (1) by fixing x=a£ 0, v=p& Q,, then y=b& Q;, u=d< Q,
and finally x=a, y=»5, u=d, v=p, we obtain

LiB(y, 2, )=C(y, L7z, u)
3) LSD(x,z,v)=A (x, 13z, )
LIS =L5L7
Substituting (3) into (1) we obtain
A, IH'C(y, LD z,u), v)=C(y, (LS) ' A (x, L3z, v), u).
Because of the third equality from (3) we have

A, D 'Cl, U LISz, u), ©)=C(y, (L) ' A(x, L3z, v), u)
i.e.
@ A I TC, L) u, ) =C(y, L) A(x, (L)1, ), u)
where L{I3z=1C0Q.

Let
A, ) ', ) =S(x, 1, v)

©) cy~1
C(y’ (LZ) t, Zf)=T(y, z, Zi)

Then we have that the GD-groupoids 4 and § as well as C and T are isotopic.
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By using (5) the equation (4) becomes

(6 Sx, Ty, t,w), )=T(y, S(x, ,0), u).
If we fix in (6) u=dcQ,, then we obtain
Q) S(x, F(y, 1), )=F(y, S(x, 1, v))

where F(y, t)=T(y, t, d), i.e. that F is a binary GD-groupoid F:Q,x Q—Q.

Let us regard a homotopic image (Q. Q, @, o) of GD-groupoid (Q,, 0, 0; F)
at the homotopy G=-—[L‘1v , 1,1] (1 = identity mapping and Liy=F (y, k) where
t=k a fixed element from Q), i.e.

® F(y,)=L{yot

That homotopic image (Q, @, Q. o) = (Q, o) is also a GD-groupoid
(see the Lemma [1]).

If we fix in (7) t=k& Q we obtain
©) S(x, Ly, 0)=F(y, K(x, 9))
where K(x, v)=S(x, k, v).

From (9) by using (8) we find

S(x, Liy, =LiyoK(x, v)

i.e.
(10) S(x, w, 'D)=WOK(x, ’0)
where Liy=wcQ.

If we substitute (10) into (7) we obtain

F(y: t)OK(x, v):F(y, tOK('x, ‘D))

(Liyo K(x, v)=Liyo(to K(x, v))
or

Eom)ol=Eomol)

where Lfy:&EQ, n=t= 0, K(x, v)={{& Q. It means that (Q, o) is an associa-
tive D-groupoid. Hence (Q, o) is a group.

Substituting (10) into (6) we obtain
T(y, t, )oK(x, v)=T(y, to K(x, v), u)
hence by fixing t=e, where e is a unit of the group (@, o), we obtain

T(y’ e, u)OK(x7 ‘U)=T(y, K('xa 7))! u)
or

(1) T(y,s,u)=P(y, u)os
where K(x, v)=s=Q and P(y, wy=T(y, e, u).
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Thus, the general solution of the equation (6) is
S(x, w, v)=wo K(x, v)
T(y, s, )y=P(y, w}os.
By using (12), from (5) and (3) we obtain (2).
In such a way the theorem is proved.
From (8) we have that (Q, o) is a group if we fix t=kEQ i.e.

(12)

F(y,t)=L{ (K)yot
where it is emphasized which element is fixed. If we fix t=m&Q we obtain
F(p, )=Li(m)y*t

the groups (Q, o) and (Q, %) are isomorphic.
Really, from
(13) Li(yyot=Li(m)y=t

for t=e, where e is the unit of the group (Q, o) we obtain

Likyy=Limyxe

i.e.

(14) Lim)y=L{ (k)y=e .
Substituting (14) into (13) we obtain

15) LI K)yot=Li(k)yre lxt.

Let us regard a mapping f: Q— Q defined in the following manner

f(x)=xxe L

Since f is a translation of the group (Q, *) then f is a bijection. From
the definition of the mapping f and (15) we obtain

fxoty=(xot)yxe l=xxeTxtxe ' =f(x)*f(2).

Thus, the groups (Q, o) and (Q, %) are isomcrphic.
Let us involve in the set of all surjections from a set X into a set Y
the relation of equivalence in the follow.ng manner
def
a~B & (3a, bEY) (VXEX) (ax=a-Px-b)

where (Y, -) is a group.
If we put
a=L3, B=L§L7=I3I3, y=L§

in the equalities (2) then the following theorem is valid.
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Theorem 2. If four ternary GD-groupoids A, B, C, D, satisfy the condi-
tions of the Theorem 1., then the general solution of the equation (1) is

A(x, y,z)=ayo K(x, z)
B(x,y, 2y=a"1 (P(x, 2) o )
Cx,y,2)=P(x,2)0yy
D(x,y,2) ="' (By o K(x, 2))

where (Q, o) is a group determined up to an isomorphism and mappings «, B, v are
determined with accuracy up to an equivalence and K and P are arbitrary binary
GD-groupoids.

(16)

3. Let us consider a functional equation so called the generalized
(i, ))-modular law

A, Xy oo Xiys BYis oo Vads Kipgs oev s Xp)

=C(YpVaseesYjmts DO s X1y Viigr e oo s Xioo Xj g ovns Xds Vigyoeees V)

where A, B, C, D are quasigroups defined on the same non empty set Q of
the arities

(17)

(Al=n, [Bl=m, |C|=m+j—k, |D|=nt+k—j

(The arity of the operation K is denoted by | K|).

A special case of the equation (17) for k=j, m=n is regarded in the
paper [2].

To short notations we involve some abreviations. So the sequence

Xps Xgy1s -+« X, we denote by xi. The symbol x; we regard to be empty
if s<k. The same, an ordered s—k+ [—tuple (x,, x;,,, ..., X)) we denote

by (x). If xk, then we write x,.
Utilizing involved notations the equation (17) becomes

(18) AT, BOY, XL )=Cf™", DG ¥ X)), v

Let us consider the case of the equation (18) for l<i<n, I<j<k<m.
Put

A, p, xr ) LAY, y, (17,)
B(Y) e By, (%), (V1))
CIY 2, ym) &L C(( Y, 2. (V)
D(xiL, yk, ) S DY, (), (7))
If, moreover, we involve the following notations
X=™D, Y=Y, Z=0H, U=, V=)
then (18) becomes
(20 AX,B(Y, Z,U), V)=C(Y, D(X, Z, V), U)

(19)
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where A, B, C, D, because of (19), are ternary GD-groupoids. Since
E:qu-lek—jume—k_}Q 5:Qi~1ka—j+1><Qn—-i___>Q
A:Q1x Qx>0 C:QI7 x @ x @k -0

then taking into account the relation (19) by means of which these GD-grou-

poids are defined we have that GD-groupods 4, B, C, D satisfy the conditions
of the Theorem2.; then from (20) we have

AKX, y, V)=ayoK(X, V)
B(Y,Z, U)=a~'(P(Y, U)oBZ)
C(Y,z, Uy=P(Y, U)oz

DX, Z,V)=y"'(BZ o+ K(X, U))

i€

A(Xi_l, s x?-i-l) =O(yOK(X';"1, x?+1)

B(ym =a L (P(¥{7L, ¥y D)o BOH))
@1 1 1 j+1 j

Cy{~% 2, ¥n) =PI, yi)evz
D= ph X7, )=y BN o K(x7Y, %7, )

where (Q, o) is a group, K, P and B are quasigroups of arities |K|=n—1,
|P|=m—1, |B|=k—j+1, and « and vy are permutations of the set Q
(a quasigroup of the lenght one).

Thus, the relations from (21) represent the general solution of the
equation (17).

The equation {17), by using the parastrophic of quasigroups, can be
reduced to the so-called general (1, n)-associative law. Then by applying the
Theorem of Hossza [3] we find the solution.

Remark. In the meantime, while this paper was accepted for pub-
lication, the author has learned B. Alimpi¢’ results, communicated at the
Symposium ‘“Quasigroups and functional equations* held in Belgrade, Sept.
18-21. IX 1974, in which she considered the balance laws of the form w, =,
on quasigroups, where w,, ,, are terms. The equation (17) is a special case
of the considered law.

REFERENCES

i11 S. Milié, On GD-groupoids with application to n-ary guasigroups, Publ. Inst.
Math. T 13 27), 1972, 65—76.

[21 S. Milié, On modular systems of quasigroups, Math. Balkanica, 2 (1972), 143—150.

[31 M. Hossz, Algebrai rendszereken értelmezett fiiggvényenlétek, I, Az asszocia”
tivitds fiiggvényegyenlétek dltaldnositdsai, Magyar Tud. Akad. Mat. Fiz, Oszt, Koz, 13 (1963)
1—15.



