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1. Tntroduction:

Let S(a) denote the class of spirallike, regular univalent functions f(),
for which f(0)=0, f'(0)=1. This class was introduced by Spacek [6] as
early as in 1932. The sharp coefficient structure of this class of functions
has been investigated recently in ([81, [4]). As recently as in 1969, Robertson [5]
introduced another analogous class which includes the class of convex functions

as a proper subfamily. For ~—72i<oc<§, Sf(z) belongs to the class C,(«) if
()) f(z) is regular in the unit disc D (i) f'(z2)#0 in D and (iii) Re

{e"a(1+zj%z?>}>0; ze D. These three conditions are precisely for the func-
z
tions zf'(z) to belong to the class S(wx). It is interesting to note that (see
Robertson [5]) f(z)eC, (x) is univalent if 0<cosx < x,, where X, 18 a positive
root 0.2315... of the equation () 16x3+16x2+x+1=0. We denote the
class of functions f(z)e C,(x) by C(«) for which (i) holds and f(0)=0,
£ (=1

It is known [2] that if «=0 and feC («) then |f"(0)|<n! and the result
is sharp. In the present paper a sharp coefficient bound for the functions
S(@)eC(x) is obtained and from which it is deduced that |/*(0)| can not
exceed n! Cos «. A similar type of result is also obtained for the functions
belonging to class S («) in [1].

2. We need the following lemmas:

Lemma 1. Let f(z)= i a,z", a,=1 belong to the class C(a) and let F be

n=1

defined by

F(z)=‘ei“[1 +w]
/@



6 S. K. Bajpai and T. J. S. Mehrok

Then, for 0<r<1

2n
i—l—fRe{F(re“’)}{f’(re"e)]2d0=cosoc[% n3)an\2r2"-2]
71'.'0 n=1
and

2r
El—f Im {F(re'®)}|f (ré®)|?db=sina i ndla,|2r 2
™ n=1
0

Proof: Fix, 0<r<1. Since f is univalent and belong to class C(x) we
have by Parsevall’s relation that e'*[f’ (2) +zf"' (2)]=f" (2) F(2)
and
2n

2 27
f}f’(z)}2d0+ff’(z)-zf”(z)d0=fe—"“\f'(z)]zF(z)dO
0 0

0
2r

27:[% nt|a,|?r*" + i nz(n——1)la,,|2r2"‘2:|=fe—"°|f’(z)\ZF(z)dO
n=1 n=1 6
or
2r
2w i n3|an}2r2?‘2=fe‘i“lf'(z)izF(z)dO.
n=1 by
Equating real and imaginary parts, we have
2n 2
pA §n3{anlzr2"—2=cosocf |f'(z)|2Re{F(z)}d6+sinocf|f’(z)|ZIm{F(z)}d0
n=1
0 0

n 2n
0=cosoc2f @ IZIm{F(z)}de—sinozf |/ (2)|*Re{F(2)}d0.
0 0
On solving these simultaneous equations we have
2

f|f’ (2)|?Re {F(re®)}df=2mcosa ifﬁ |2 r2n=2

: n=1
and

27
f[f’ @ P Im {F(ré®)} dO=2msina S n°|a, |2r2n=2,
n=1
0

This completes the proof of lemma 1.

Lemma?2. Let f(z)= i a,z", a,=1, belong to the class C(x) and {S.}

n=1
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be the sequence of the complex numbers defined by

S,(t)="> ka,e* forn=1,2,3, ...
k=1
Then

2%
f|S,,(t){2dp.f(t)=cosoc > m*la,|?
m=1
0

where p,(f) is a non-decreasing function of # such that

27w

Cosoczfdp.f(t).
0
Proof: Let

2.1 F@=ea|1+7 @
@ =1+ 0

Then there exists a non-decreasing function (. (f) such that

1 oo
=— U+ u,z".
[oerd

n=1

T

2
it
F(z)=fz+e du (1) +isina
0

et—z

where
27

Cos cx=fduf(t).
0

Thus, we have [7] for n>1.

27 2w 2T 5 b 27
7':u,,r"=fe""“’Re{F(re”’)}dO=ff———(IllwrzZill2 dedy.f(t)=27:r"fe“'”'dp.ft).
0 0 o 0
Hence
2w
(2.2) u,,=2f e“mdu(t) forn=1,2,3, ...
0
From lemma 1, we have «
2w
i nla,|?r2"=? seca fRe{F(re“’)} If' (re’%|2d0
1 (1=r?) 2n (1-r?
0
27 211:‘ )
zsec“j S €S, (1)t dBdu ()
2n | n=1
0 0
2m

=§1 secoc[f | S, (1) {Zd“f(t)] p2ne2

0
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Hence on comparing the coefficients of r2"-2 from both sides we have

27n

f]Sn(t)[zdp.f(t)=cosa S m|a,|?
m=1

0

This completes the proof of lemma 2.
Lemma 3. We have

k 4i 2 i—1 2
14 2%cos?at 5 902 {1+j<2°°s°‘)}=

i=3 (i— 1);1':2 Jj—1

(2.3)
2cosa

k 2
:H[1+m<‘7)]f0rk=4,5,6,
m=2 m

Proof: First of all we will verify the lemma for k=3. Thus for k=3
we have

3 ; 2 i—1 2 2
1+23cOson_z4zcos x [1 _<2cos a)}
i3 (I—1)% ;3 Jj—1

. 2 2
=1 +23coszoc+4 3;)8 3{1 +2-<2c°s“) }

2-1
2 cos o}
=T]|1+/ (— ) ]
=
This verifies the lemma for k=3. Now assume that the lemma is true for
k=4,5, ..., n. Thea ‘ .

k41 4 fcos? g i—1 2
1+ 23cos? o+ > —“{COS ocn{l_f_j(Z'cosac)J
i=3 (i—1?% 55 Jj—1

2 2 k 2
=H[1+j(2.cosloc>}+4(k—f—llczcos o {l+j(2f;os_a>}

j=2 J= j=2 j—1
B

Thus by induction the proof of the lemma is complete.

Next we state a lemma due to Hayman ([3], p. 40) and derive some of its
consequences which we shall need.

Lemma 4. Suppose that

2.4) Y@D=1+3 byz'=utiv

n=1
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is regular in the disc |z|<1 and u>0 there. Then the limit
. 1—-r .

2.5) A®) = lim <v>¢(re’e)
r—1 \1+r

exists. The set of distinct values 0~0, in 0<0<2m for which a,=A4(0,)#0 is
countable and o,>0, X a,< 1.
Further, we have

(2.6) lim (1-r) 3 b, 2r?"=2X 42,
. n=1

r—1

In fact, the above lemma implies that

2.7) M0 -r)S by =4S,
n=1

If instead of (2.4) we choose the function F(z)=eie+ > u,z" which is regular
n=1

in [z/<<1 and for which Re{F(z)}>0, then

. 1—r 6 . 1. :. i
-t (o o) e

r—1

and

2n 27
%f’F(reie)2de="l—f\F(re’9)~e"“+l\2d6_1+ S lu, | 2p2n
T 2w 5
Y 0

and hence by lemma 4, we have

(2.8) lim (1-r)S |u,|2r"=4%a?
n=1

r—1

where o's have the same meaning as in lemma 4.

3. Theorem 1. If f(z2)= 3 a,z"; a,=1 belong to the class C (), then

n=1
|a,|<cosa and
1

2cosa "l 2 cos o\ 21>
3.1) la,| < T 14—1}1(——) for n-3,4,5, ... .
n(n—l)m:2 1

Proof: Define F(z) as in lemma 2 and write the expressions of f(z),
S (2), and ' (z) in terms of their power series in F(z), then on comparing the
coefficients of various powers of z, we have

n
nn+1l)a,=e’* > ma,u, ,; a=1.
m=1
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Now by elementary calculations, we have
. 2r
nn—-1)a,e*=2 3 ma_,,fe"'(""")’dgf(t)
m=1
0

Using lemma 2 and applying Schwarz’s inequality, we have

2r
n—1
(3.2) n*(n—1)|a,|*<4cosa [[Sn_l(t)izdpf(t)=4cosza > mla,|?
(.) m=1
for n=2,3,4, ... .
From (3.2) it is clear that, for n=2,3

4 2
(3.3) la,|2< 2% 131 g, |2=cos?
and
2 2
(3.4) a2 300872 1+2(2L°sﬁ) .
32.22 2-1

Hence, the theorem is true for n=2,3. Assume the truth of (3.1) for n=k
and establish the truth for k+ 1. Thus from (3.2) and the hypothesis, we have

(k+1)2k?|ay. |? <4cos?a[l3-|a, |2+ 2% a,|?+ - - - +K | |F

.4 cos? 2 2
<400820t[1+23cos2cx+ﬂ—2?ﬂ(l+2< Cosf) )+

2, k—1 2
+4kcos an[l _H,(Z.coscx) ]
(k—1)* ju3 j-1

Now by using lemma 3 we obtain

k 2
k2 (k +1)? | @ |2 < 4 cos?a] | 1_i_j<2cosoc\
j=2 j—=1/

This establishes the theorem by an appeal to the induction hypothesis, as the
result is true actually for n=3.

Sharpness of the theorem follows from the function

2ia 1 _
f@=e [(1 et 1].

Corollary: If f(2)=2z+ S: a,z"e C(a) then
n=2
L
- o 2
M for m=3,4, ... .
m?(m+1)?

3.5 la,, | <cos a[cos2a+
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and. in particular
(3.6) |a,, | <cosa.

Proof: That (3.5; holds for m =3. Suppose (3.5) holds for n=4, ..., m,
then from (3.2) we have

(3.6) m*(m+1)?|a,,, |?<4cos?a[l>+23|a,|2+3% a2+ - - +m?|a,|?]

<4cos?o[13 —cos? o +cos? o+ 23 cos?a+ - - - +m3 cos? a]
m (m+ 1))2 .
<4cos2a[[%] c0s2a+sm2a]

=m? (m -+ 1)? cos* & + sin? 2 a.

Hence
in2
| @iy | <cos?a coson—ﬂ .
m? (m+ 1)?
. . . 4sin? o
This establishes (3.5). Further, since cos?a+———<1 for m=2,3, ... .
m?(m+ 1)?

(3.5) implies |a,, |<cosa. This completes the proof of Corollary I.
4. A Growth Theorem.

Theorem . If f(z)=z+ 3 a,z"cC () then

n=2
2n
" (pi®
,flog‘f (re )[duf(0)=2cosoc2a\2’
Lo

as r— 1, where «,’s are defined as in lemma 5.

Proof. Using (2.2), we obtain for every r, 0<<r<C1
27 2w 27

2fF(re”’)dgf(6)=2f—l;3dp.f(0)+2 S un\/‘r"ve”‘?edpf(ﬁ)
0 o =t

=2efa/dp,,(e)+ S fu, 2
*. n=1
0

oo
=2éacosa+ > rt|u,|?.

n=1
Equating real and imaginary parts, we obtain
2n
4.1 Zf Re {F(re'®) —cosoa}dp, (0) =3 |u,|*r",
n=1

0
and
2n

(4.2) 2 f Im {F(re’%) — sin a} d u, (6) = 0

0
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Also, if G(z)=1 +ifl@ then
1@

Re {F (re')} = cos o Re {G (re’®)} —sin o Im {G (re’%)}
Im {F (re'®)} = cos a Im {G (re')} + sin « Re {G (re'?)}.
The above simultaneous equations yield,

(4.3)  Re{G(re®} =1 +cosa[Re{F(re’®)} — cos a] + sin o [Im {F (re%)} — sin «]
Equations (4.1), (4.2) and (4.3) together yield

2m 2n
ZfRe{G(reie)}duf(e)=2 [dHf(9)+005°‘ > w2
& (;_ n=1
From this equation, we have
27 27 o prr " 27
2fdp.f(6)+2Re wdw(@)ﬂf dup0) +cosa S [u,|2r,
J (e W
0 0 0
27

oo 2rn
2 Re / log f' (re'®) dp.f(e) =COS & Z [_E"_‘__
. 1 n

n=

27
oo 2
2flog‘f’(reie)!dp.f(e):c()sa z ,”_nL o
n=1t H
0

This completes the proof of theorem.
In the end authors esxress their sincere thanks to Professor R.S.L. Srivastava
for his interest and encouragement in the work.
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